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Common agency is a situation where one agent contracts with several
principals, and the principals non-cooperatively provide incentives for the
agent (Bernheim and Winston, 1986). If the agent has private information,
the principals face a problem of mechanism design under common agency. A
specific type of common agency arises when the agency is over contract
complements, which is the case when an increase in activity for principal i
raises the marginal utility of contracting with principal j. Such
externalities arise when the agent's technology possesses economies of
scope or if there are other kinds of positive spillovers in production or
consumption.

There are many interesting economic problems that fit into this
framework. One example is an upstream production unit, be it a firm or a
subdivision of a divisionalized company, which operates under economies of
scope and which contracts to deliver products to several downstream firms or
other subdivisions. Another is air pollution from a single firm, when the
pollution affects residents of different states or nations. A third example
is when a group of firms, producing goods that are complements in
consumption, use the same research or marketing agency. In such cases an
important design or policy question is te what extent the principals should
cooperate and centralize the provision of the agent’'s incentives. Given the
positive externalities that exist in production or consumption,
centralization seems to be a good idea. This is indeed one of the main
results we have about mechanism design under a common agency: In a static
setting all parties are worse off under a common agency than they would be
if the principals formed a joint agency. The principals are worse off

because incentives are inefficently low powered, and the agent is worse off



since low powered incentives generate small information rents (See Stole
(1990), Martimort (1990) or Fudenberg and Tirole (1991)).

This result appears to have quite strong policy implicatioms. For
example, horizontal integration in a downstream industry buying from a
single upstream producer should--under economies of scope--improve
efficiency, and this could be a strong argument against anti-trust measures.
It is therefore important to study the robustness of these policy
conclusions. Particularly, since most economic relationships last over time,
it is of considerable interest to examine whether they generalize to an
intertemporal setting.

The intertemporal problem is interesting because decentralised
provision of incentives--or delegation of contracting authority--may
mitigate the ratchet effect. This effect arises when the agent is aware that
any information he reveals about his productivity now, will be exploited by
the principals in the future. This occurs when contracts are incomplete in
the sense that full long-term commitments are infeasible. Unless high
ability types then are given very generous incentives early in the relation-
ship, they will mimic the behaviour of less efficient types in order to
capture future information rents, see e.g., Freixas et al.(1985) and
Laffont-Tirole (1988). A decentralised common agency over contract comple-
ments dilutes incentives and so, under this agency form there are less
information rents for the agent to wait for. This can reduce the ratchet
problem. Relative to centralized contracting, decentralized provision of
incentives has therefore two counteracting effects in a dynamic setting; it
induces static inefficiency but, on the other hand, it gives a dynamic gain
by reducing the ratchet problem.

In an earlier paper (Olsen and Torsvik 1991), we showed by a numerical

example that intertemporal welfare could improve if the number of principals



was increased from one to two. There we studied a specific common agency
problem associated with the privatization of a publicly regulated firm, see
also Laffont and Tirole (1991). In this paper we study the intertemporal
effects ;f a common agency in a more general framework, and we focus on a
different question, namely what is the optimal degree of centralization.
Static inefficiency increases with the number of principals, that is, with
the degree of decentralization/delegation, but so do the dynamic gains. It
is therefore interesting to study which of the two effects that dominate as
the number of principals increases. We prove here that under certain
conditions it will never be optimal to centralize the provision of
incentives completely. We also (partly) characterize how the optimum degree
of centralization depends on various important parameters in this principal-
agent problem.

The dynamic problem we study in this paper at a relatively general
level has implications for several important economic relationships. Some
further examples will show the relevance and the nature of the problem we
study. First, our analysis can have interesting implications for the design
and internal organization of firms. To illustrate, consider a divisionalized
firm where one division delivers services with positive spillovers to other
divisions. For example, suppose there is a research lab providing general-
purpose products (software) that can be used by all divisions. If the
research lab has private information about the tasks it is to perform, it
is optimal to centralize or coordinate the incentives provided to the lab in
a static context. In a dynamic setting it may be optimal to delegate
decision power and move to a structure where divisions act more like

independent profit centers. 1

1 There is a parallel between our argument in favour of
decentralisation and the "influence rost" approach (Milgrom 1988, Milgrom
and Roberts 1992). That approach emphasizes that a decentralised structure

4



We think our model also has something to say about ownership structure
--about how centralized ownership should be. The professional management of
a firm will typically know more about the firm's true productivity than the
owners. Owners must then put the management on an incentive scheme to align
the managers’ incentives with their own. The optimal scheme trades of f
efficiency against rent extraction. If there are several parties that
independently give the management incentives to produce, incentives will end
up being inefficently low powered. In a static setting the firm's value is
therefore maximized if there is one owner only. Due to the dynamic effects
discussed above, this needs no longer be true in a multi-period setting.
So, if the founders maximize the long run value of the firm it may be
optimal to split the ownership into several parts.2

Another example is the regulation of pollution when emissions impose
costs on several parties, and the management of the polluting source has
private information about abatement costs. A recent case is the transborder
pollution problem generated by Russian nickel factories on the Kola
peninsulaA3 There has been some political discussion about a solution to the
problem where the three neighbouring Nordic countries give the firm

incentives to reduce emissions. If these countries operate non-

gives the centre control of relatively less quasi rents, which in turn
gives the subunits of the organization less incentives to devote resources
to unproductive activities that aim at influencing the distribution of these
rents. In a standard principal-agent setting, the costs associated with
pooling behaviour can be interpreted as a kind of influence costs. Our
argument is that in an intertemporal setting, a decentralized incentive
structure generates smaller information rents, and thererfore gives subunits
of the organization less incentives to undertake (wasteful) activities for
the sole purpose of hiding the unit's true productivity.

2 The costs and benefits of ownership pointed at here are clearly quite
different from those considered by Grossman-Hart(1986) and Hart-Moore(1988).

3, similar issues related to multi-country pollution arise along the
river Rhine, see Stroebele (1991). Baron (1985) gives an analysis of multi-
principal pollution regulation in a static context,



cooperatively, too little incentives will be provided. So if a once-and-for-
all contract can be written, all parties would be better off if the
countries formed a joint agency. But as we have seen, the non-cooperative
solution has a positive effect if contracts must be made repeatedly. This
naturally leads to the following question: What is the optimal degree of
cooperation? Is it for example possible that the principals are better off
if two of the countries form a "joint venture" and operate as one principal,
so that the agent is regulated by two rather than three principals? This
will reduce the static inefficiency relative to the fully non-cooperative
solution. But since incentives will be more powerful, it will also be more
difficult to separate high ability types from low ability types. Which of
these two effect--the positive static or the negative dynamic effect--
dominates, depend on central parameters of the problem such as the
importance of the future relative to the current period, how likely
principals think it is that the firm is of high ability, etec.

Our setting is a simple model with two periods. We assume an extreme
degree of contract complementarity where the marginal cost of providing
other principals with an extra unit of the good after a unit is made
available for one principal, is zero. This assumption simplifies our
exposition considerably. The trade-off between the dynamic gain and the
static loss of common agency exists, however, for all degrees of contract
complementarities. Moreover, primarily for reasons of tractability, we
restrict attention to linear incentive schemes.

The next section develops the model. Then we briefly illustrate the
static case in Section 3 before we turn to the dynamic model in Section 4.
Some numerical examples are presented in Section 5, and Section 6 concludes,

Most proofs are relegated to appendices.



2. The model.

There are n2l principals and one agent. We focus on a case where there
is extreme "contract complementarity"; the agent produces a non-rival good
for the principals. Principal i has (constant) willingness-to-pay pi for the
good, and makes each period a transfer tl to the agent. The agent produces
quantity y at cost ¥(y,8) and has low (8 = 8) or high (6 = 8) productivity.
The agent's productivity is private information. Output but not cost is
commonly observable. The cost functions are strictly convex, and the high
productivity type has strictly lower total as well as marginal costs for
every positive level of output.

The per-period utilities of the agent and of principal i are,
respectively;

tle. .. +t™ - y(y,8) and ply - cf,
Transfers are restricted to be linear functions of the observable y, thus

el - ai+biy‘
The principals act non-cooperatively. In a cooperative solution they would
choose (tl,..., tM) jointly to maximize Z(piy-ci) = Py-a-by, where P-Epi,
a=zal and b=zbl. our goal is to compare the relative merits of cooperative
and non-cooperative solutions as the number of principals (n) varies. We
shall therefore assume that the total willingness-to-pay P is independent of
n, thus

p1+...+pn = P = constant, all n>1.%4

4 A second interpretation of the model is that the agent is the manager
of a firm owned by n principals. The firm produces output y which is sold at
a constant (e.g. competitive) price P. Only the manager knows the parameter
8 in the cost function. Each owner charges a "rental" Tl(y)-ﬁi+31y from the
manager, whose per-period utility is thus Py-y(y,8)-A-By, where A—EiAi,
B-EiBl. The owners' aggregate surplus, and hence the (per-period) value of
the firm is then A+By. The issue we address is then how the (intertemporal)
value of the firm depends on the number of owners, and further what is the
optimal number of owners. By setting a =-al and bl-P/n Bl this model becomes
formally equivalent to the public goods model in the text.
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The agent's reservation utility is assumed to be independent of type,
and is mnormalized to zero. Provided he participates, he chooses quantity
y=y(b,8) such that the marginal cost equals the "bonus" b;

b=p’ (y,8), b=zbl,
(In order to avvoid corner solutions, we assume ¥'(0,8)=0 and Y’ (=,8)==, We
also assume ¥"(y,8) bounded away from zero.) The quantities corresponding to
low and high ability will be denoted g(b) and §(b), respectively. The IR-
constraint for type 8 is

a+by-(y,8)20, a=-zal,

As a reference case, consider the full informationm solutions. The

cooperative or single-agency (n=1) solution is obviously to set b=P in
order to generate efficient production y*(B)ny(P,B), and then extract the
full surplus by setting a=$(y*,8)—Py*, It is easily seen that the aggregate
bonus under common agency (n>l) coincides with the efficient single-agency

bonus P.° The individual fixed fees al

are not uniquely determined, but the
aggregate fee is unique, and coincides with the optimal single-agency fee.
Under full information the resource allocation is therefore efficient and
independent of the number of principals. For future reference, let w
(respectively Y*) denote the total surplus accruing to the principals when

the agent has high (respectively low) ability, thus

= By*-P(3%) and W = PyT-u(y™).

3, Static case.
As a prerequisite to the analysis of dynamic common agency, we consider

in this section the static (one-period) case. We assume that the agent

5 This holds provided all principals participate, which is a
maintained assumption, see Section 3. Then principal i is (by the IR-
constraint) led to choose b' so as to maximize pi}' - [\b(y,s)-b'iy-a'f-],
where b‘i-zj,ibl, a'i-zj#iaj. and ¥’ (y,8)=bl+b-1, This yields b -pi.
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contracts with all principals, and that the bad type is never excluded. b
This type’s IR-constraint will then be binding, thus

0 = a+by(b)-¥(y(b)).
The good type will therefore collect a rent. For a given bonus b, this rent
is given by
(3.1) R(b) = b[y(b)-y(b)] - [$(y(b)) - ¥(y(®N]
Note that R(b) is increasing in the bonus b; the marginal information rent
R'(b) = §-¥ is clearly positive.

Principal i chooses (ai.bi} to maximize her expected surplus

v(pi-bhyy®) + (1-v)(pi-bl)y(b)-al
subject to the IR(B) constraint, where v is the probability that the agent
has low abilirty, a=al+a-l and b=bl+b-1. Taking account of the "IC-
constraint" (y'(y,8)=b) this maximization yields

0=(pi-bl) vy’ +(1-1)3'] - (1-»)[y-y],
where primes denote derivatives. The first term on the RHS of this equation
is the marginal value for principal i generated by the agent's production
response to an increase in the bonus bl. The second term is the marginal
cost to principal i of increased rents to the (good type of) agent. Summing
over all i, we see that the equilibrium aggregate bonus ble. . .+b™=b, depends

on n and is given by

6 These assumptions are invoked in order to keep our arguments
simple. No principal would in fact find it advantageous to offer contracts
which exclude the bad type if the probability for this type is sufficiently
large, or if there are large costs associated with zero output. The contract
complementarity makes it advantageous for the agent to contract with all
rather than with only a subset of the principals. If the good is excludable
(such as computer software) each principal also has an interest in
contracting with the agent. If the good is non-excludable, additional
considerations of free-riding would have to be taken into account if
participation is not mandatory for the principals.
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n(l-v) [y(b_)-y(b )]
(3.2) P-b - n- n

vy' (b ) + (1-u)§*(bn)

The aggregate fixed fee is then uniquely given by

(3.3) 0 =atu(by), w(b) = by(b)-¥(y(b)),

where w(b) is the surplus produced by the bad type for a given bonus b. The
individual bonuses bl are uniquely determined, but the individual fixed fees
are not. Any combination (al,‘..,a“) whose sum equals the aggregate fee
given above will constitute (part of) an equilibrium.

The equilibrium bonus is distorted relative to the efficient bonus
(by<P), and--given some regularity conditions--the degree of distortion
increases with the number of principals (bp;1<by). This occurs because of
"multiple rent extraction" (Fudenberg and Tirole, 1991): Consider, for a
given aggregate bonus b, the aggregate surplus accruing to the group of n
principals; let this be denoted w(b), thus

w(b) = (P-b) [vy(b)+(1-v)y(b)] + w(b).
The marginal "social" cost -- i.e. the marginal cost for the group, acting
collectively -- in terms of increased information rents induced by an
increase in the bonus b, is (l—u)[}—*-y]. In the non-cooperative solution,
every principal. takes this cost into account as a private cost. The marginal
cost of increasing the agent's incentive bonus is thus exaggerated, and more
so the more principals there are. Indeed, the equilibrium condition is
easily seen to be of the form

0 = dw(b)/db - (n-1)(1-v)[y(b)-y(b)]
If w(b) is concave, it is thus certainly the case that the higher the
number of principals, the lower is the equilibrium bonus.

The concavity condition on w(b) also ensures that an equilibrium
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exists for any n>l, and that the equilibrium bonuses are unique. We shall
therefore invoke this assumption in the following.?

The equilibrium bonus b, depends on the probability v that the agent
has low ability, and so does of course the equilibrium surplus accruing to
the principals. The total equilibrium surplus accruing to this group is
(3.4) wn(v) = (B-bp(v)) [vy(by(v)) + (l—u)i(bn(v))] + wiby(v))

Letting v»1 for fixed n, we see that b, ~+P and wn*g*.

While the aggregate equilibrium surplus is uniquely determined, its
division between the principals is not unique. For every feasible
combination of individual fixed fees (al,AA.a“) there will be some division
of the surplus. Assuming some equilibrium is selected, the surpluses wé(u]
accruing to each principal i, i=1,...,n are well defined, and depend on n
and v. We shall assume that some such selection takes place, e.g., via focal
points. For example, in the symmetric case pi-p for all i the individual
bonuses are necessarily equal, and then the natural focal point is to set
all fixed fees equal as well. .

The agent's information rent is according to (3.1) given by
(3.5) nn(v) = R(bg(v)).

It follows from the properties of the equilibrium bonus b,(v) that the rent
is strictly increasing in the probability v, and strictly decreasing in the

number of principals n. As v=+1, the rent converges to R(P).

4, The dynamic case.

In this section we consider a two-period model of common agency, where
no long-term commitments are feasible. We first consider the continuation

equilibrium ensuing after an arbitrary first-period (aggregate) bonus. That

7 oOne can easily check that this assumption is satisfied e.g. for
a quadratic cost function.
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part is just a simple adaption of the analysis given in Freixas et al.
(1985)--hereafter FGT. Then we go on to characterize full intertemporal
equilibria for the n-prinecipal case, and finally to a comparison of these

equilibria as n wvaries.

4.1 Continuation eggLLi_b;ia.s

In this subsection we consider the continuation equilibrium
corresponding to a first-period bonus b. There are three types of such
continuation equilibria (FGT, Proposition 4, p.l18l): pooling, semi-
separating and fully separating. In all cases the low-productivity type
produces the optimal static quantity y(b). In a pooling equilibrium the
high-productivity type also produces y(b), while in a fully separating (FS)
equilibrium he produces his one-period optimal output y(b). In a semi-
separating (SS) equilibrium the high-productivity type randomizes between
y(b) and y(b).

By pooling in the first period the high-productivity type looses some
profits A(b) -- relative to full revelation. This loss is given by
(4.1) A(b) = b[y(b)-y(b)] - [¥(¥(b))-¥(y(b))]
In exchange the high-productivity type gains second-period rents &m,(v,),
where & is the discount factor and v, is the updated probability that the
firm has low productivity. There are three cases: 1) A(b)<én,(v); pooling,
2) ém,(v)<A(b)<ém,(l); semi-separation, 3) &m,(1)<A(b); full separation.

In case 3, the first-period loss associated with pooling exceeds the
maximal second-period gain. In case 2 there is some randomization

probability x, (of choosing j(b)) such that gains and losses balance, i.e.,

8. The analysis in this subsection is only slightly more general than
our previous one (Olsen and Torsvik, 1991). Note that our linearity
restriction eliminates equilibria where also the bad type pools, see Laffont
and Tirole (1988).
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(4.2) A(b)=bm, (v (xy)), wv(xg)=v/[v+(1-xp)(1-v)]

Here v(x,) is the updated probability that the agent is a bad type, given
that he has produced y(b) in the first peried. In case 1 any degree of
randomization will be non-prefitable for the firm.

The first-period loss for the high-productivity type associated with
producing y(b) is independent of the number of principals n. The second-
period rents accruing to the high-productivity type én,(v) do however depend
on this number. These rents are determined by the respective static (second-
period) equilibria. Since in a static context incentives are less powerful
the larger is n--at least for w<l--we have m ,1(v) < my(v) for wv<l, and
Tn41(1) = m,(1). These observations immediately yield the following result:

Lemma 1: Let P,, SS, and FS, denote the sets of first-period bonuses
which yield, respectively, pooling, semi-separating and fully separating
continuation equilibrium for n principals, nzl. Then P,,1CP,, S8,C88.,1,
and FS,=FS,,1. Moreover, for a first-period bonus b in the interior of 854,
the revelation probabilities x,(b) and x,,1(b) satisfy x, (b) < x 41(b). =

The last assertion follows directly from the relations defining these
probabilities, namely A(b)=bm,(v(%,)), n2l, and the fact that w,() and wv()
are strictly increasing functions. The regions for two agency settings are
illustrated for the "well-behaved" case -- i.e., where A(b) is strictly
increasing -- in Figure 1 below.

(Figure 1 here.)
These considerations show that for a given first-period incentive scheme
there is "more separation" (or revelation) under common agency than under
single agency. The reason is of course that in the former case the agent has
relatively less to loose by revealing himself early.

Example. Consider the following example, adapted from FGT. The cost

function is quadratic;
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¥(y,0)=y2/20, ecla,l),
where 8=1 for the high-productivity type, and 8=a<l for the low-productivity
type. For this model we have
y(b,8) = 6b
bp(v) = Plvatl-v]/[vat+(l-v)K,], Ky = l+n(l-a).
The SS-region is the interval (b;,b**), where
bi= wby(v), ¥ - uP, - [5/(1-2)]1/2
In this region the randomization probability is given by
%n(b) = 1-a[v/(1-¥)][#P-b]/[bKy-4P]

It is known that the optimal first-period scheme under single agency
may induce the firm’'s types to pool, semi-separate or fully separate. (FGT,
Proposition 8, p.188). We will here be particularly interested in the semi-
separating case.

Before we proceed to the formal model of the intertemporal common
agency equilibrium, it will be helpful to give an intuitive description of
what is going on as the number of prinecipals increases. We focus on a
first-period bonus that induces semi-separation for n principals, and
assume first that this bonus remains fixed as we increase the number of
prineipals from n to n+l. The bonus will in fact not stay fixed in
equilibrium, but we start out with this assumption in order to separate the
various dynamic effects of decentralization. The changes in output and thus
in the principals’ surplus are then generated solely by the increase in the
revelation probability; x,(b) < x41(b).

A higher randomization probability has an impact on the surplus both in
the first and in the second period. In the first period there is a higher
probability that the low cost type produces a high output. This may in fact

be disadvantageous for the principals; more separation will lower their

surplus if the first period bonus is "large". The point is that an increase
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in production is not desirable from the principals’ point of view if the
bonus is higher than the marginal value of output (P). And there are
parameter values such that a very high first period bonus must be given to
induce separation. On the other hand, more revelation increases the first-
period surplus if the bonus that induces semi-separation is lower than the
marginal output value P.

The second-period impacts of a higher randomization probability are
more involved. For in the second period there are two "states"; one where
the low cost firm has revealed its identity and one where it has not. More
revelation increases the probability of the first state, and this increases
the second-period surplus. In the other state, where the low cost firm
produced as if it had high costs in the first period, there are two forces
at work when we increase the number of principals. One effect is the
dilution of the second period bonus that follows from decentralization
(b,(v) decreases as n increases). The other effect is that decentralization
increases the revelation probability, which in turn increases the updated
probability that the firm is of the high cost type, and this pushes the
second period equilibrium bonus upwards (b,(v) increases in v). It turns
out that the last two effects exacly balance in equilibrium. So the net
effect on the second period-surplus is therefore positive.

Summing up we see that for a fixed semi-separating first-period bonus the
intertemporal surplus effect of increasing the number of principals consists
of a first-period effect that can be either positive or negative, and a
second-period effect that is positive. But, of course, to get the total
effect of decentralization we must take into account the negative effect on
the first-period incentives as well. In the next section these effects are
studied more carefully, and we derive propositions about their relative

magnitudes and thus about the total effects of decentralization.
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[ erte mm equilibrium.

Consider principal i, and suppose the aggregate first-period bonus
b=bl+b-1 is in the semi-separating region (beSS,). The surplus accruing to
this principal in the first-period is then

(PE-b1) ([14(1-1) (1-xp) 1y (B)#x5 (1-») 3 (b)) -al,
where ai,bi must satisfy the IR-constraint for the low-ability type (0 =
ai+a‘i+by-g(y)), and xp=x,(b) is the probability that the high-ability type
reveals himself. The first-period effect of a marginal increase in bl,
taking the IR and "IC" constraints into account, is then given by
(4.3) (pL-b) ([v+(1-v) (1-xp) 1y +(1-v)x,y")

-(L-)xg[3-y) + (p1-b1) (1-0) [3-y] (dxp/db)
These three terms capture, respectively: (i) The direct effect associated
with increased production; this effect is positive if and only if bi<pi.
(ii) The direct negative effect induced by increased information rents; note
that the agent’'s rent will increase only if the agent is good and reveals
himself. (iii) The indireet effect induced by increased revelation; this
effect is also positive if and only if biﬁpi‘

The second-period expected surplus accruing to principal i is given by
(4.4) [+ (1-v) (L-xp) Jwl (v +(1-v) =@,
where v =v(x,) is the updated probability that the agent has low ability,

*1 and W%(un) are the second-

Xn=%Xpn(b) is the revelation probability, and w
period payoffs to principal i when the high-ability type reveals,
respectively does not reveal himself in period 1. Clearly the second-period
expected surplus depends on the first-period bonus b only via the revelation
probability Xn(b).

Let W(n,b) denote the aggregate intertemporal surplus accruing to the

group of principals when the first-period aggregate bonus b is in 8§, thus
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(4.5) W(n,b)=Hy (n,b)+8Wy(n,b),

where
(4.6) Wy(n,b) = (B-b)([v+(1-1)(1-x4(b))]y(b) + (L-¥)xp(B)y(b))+w(b)
(4.7) Wy(n,b) = [o4+(L-1) (1-Xg (b)) 9 (v (3 () ) )+ (1) Xy (D)W

Differentiating principal i's second-period surplus (4.4) with respect to
bi. combining this with the marginal first-period surplus (4.3), and
summing over all i=l...n, we obtain the following equilibrium condition for
the aggregate first-period bonus b -- provided this bonus belongs to the

semi-separating region:
au -
(4.8) 0 - Eg(n,b)-(n-l)(l—v)xn(b)[y(b)-f(b)]

The last term in this equation captures the first-period "common-agency
effect”. This effect is of course absent under single agency (n=1). It would
also be absent if the group of principals acted cooperatively in the first
period and non-cooperatively in the second perioed, i.e. if we had a
situation where single agency was followed by common agency. In the latter
case the optimal first-period bonus would satisfy 8W(n,b)/8b=0. The first-
period common-agency effect tends to lower the equilibrium bonus relative to
this optimal bonus -- provided W(n,b) is concave in b.

Consider next the pooling region. For a first-period aggregate bonus in
this region, both types produce y(b), and no information is revealed.
Formally this corresponds to setting x,(b) = 0 on the analysis above, and it
is then easily seen that any equilibrium in this region must have a first-
period bonus given by b = P.

Finally, in the fully separating region the good type produces }(b)
with certainty. The second-period payoffs are in this region independent of
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the first-period incentive schemes, hence it is clear that an equilibrium
first-period bonus in the FS-region must coincide with the static
equilibrium bonus b,(v). We summarize this discussion in the following
proposition.

Proposition 1: For n21, if the equilibrium first-period aggregate bonus
b=b(n) belongs to the semi-separating region (55,), then it is a solution of
(4.8). If the equilibrium first-period bonus induces pooling (respectively
full separation), then the bonus is b = P (respectively b = bp(v)). =

It is relatively straightforward to give sufficient conditions for
existence of an n-principal S$S-equilibrium. Some such conditions are given

in Appendix A.

4.3 Comparisons

In this subsection we shall compare equilibria as the number of
principals wvaries. It has already been shown that for a fixed first-peried
bonus, the degree of first-period revelation increases as the number of
principals increases (Lemma 1). Unless the given bonus is rather large (i.e.
unless b>P), the higher degree of separation will be shown to be beneficial
for the principals; this is the positive dynamic effect associated with
having more principals. But more principals also dilutes the power of first-
period incentives, and thus gives rise to a negative static effect. The
present subsection aims at analysing this trade-off.

Consider the intertemporal equilibrium, and in particular the surplus
accruing to the group of principals. For a semi-separating first-period
equilibrium bonus b(n), this surplus can be writtemn as W(n,b(n)), where
W(n,b) is given by (4.5). Variations in the number of principals n will
affect the surplus "directly" via the argument n, and "indirectly" via the

equilibrium bonus b(n). In order to analyze the two effects jointly, it is
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helpful to first treat n as a continuous variable. The functions W(+) and
b(+*) are in fact well defined for any positive real number n, so in a
formal sense it is acceptable to let n vary continuously. Doing so, we find
that the equilibrium surplus function W(n,b(n)) generally has a positive
derivative for n=1, implying that the surplus accruing to the principals is
maximal for some (real) number n strictly exceeding one. To see this,

differentiate the surplus function W(n,b(n)) to obtain

db
gg (n,b(n)) = %g (n,b(n)) + gg (n,b(n)) " (n)

For n=1, the bonus b(l) maximizes W(l,b), hence the second term on the RHS
vanishes, We will show below (Lemma 2) that W(n,b) depends on n enly via the
revelation probability x,, so we may write W(n,b) = F(xp(b),b). Moreover,
from Lemma 1 we know that x,(b) is strictly increasing in n, so dxy/dn>0. It
then follows that aW/dn = (38F/8x)(dx,/dn) is positive for n=1,b=b(1l) if the
intertemporal surplus under single agency is locally strictly increasing in
the revelation probability [dF/dx>0 for n=1, b=b(l)]. We show below that
this is indeed the case, and hence we have the following result.

Proposition 2: Suppose the equilibrium first-period bonus under single
agency (n=1) is in the semi-separating region. Then there is some (real)
number n>1 such that the principals’ intertemporal equilibrium surplus
W(n,b(n)) exceeds the surplus for the single principal:

W(n,b(n)) > W(1,b(1l)), some n>1. =

To complete the proof it must first be shown that the intertemporal
surplus under single agency is strictly increasing in the revelation
probability (x7). For n=l1 it is well known that the principal’s second-
period surplus is strictly increasing in this probability (FGT, Lemma 3, p.
184). It is clear, e.g. from (4.6), that if (and only if) the first-period
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bonus is no larger than P, then the first-period surplus is also increasing
in this probability. (It pays to have more good types produce y(b) rather
than y(b) if and only if b<P.) Hence we know that the intertemporal surplus
inreases with x when b<P. So suppose the optimal bonus b(l) exceeds P. For
this bonus we have (8F/dx)(dxy/db) + (8F/db) = 0. One can easily check that
dF/db<0 for b>P. Since dx;/db>0, we therefore must have 4F/dx>0 at b=b(1l),
x=x1(b(1)), which was the desired conclusion.

The final argument to complete the proof of Proposition 2 is provided
by the following lemma.

Lemma 2. For a first-period aggregate bonus b in 88, k=1, the
equilibrium second-period bonus is the same for any number of principals n
exceeding k. For such a first-peried bonus b, the intertemporal surplus
accruing to the principals [W(n,b)] depends on n only wvia the revelation
probability x,(b), i.e. we may write

W(n,b) = F(xp(b),b), n2k, beESSy.

Proof: If b is in S5y, then b is in S§, for all n2k. For any such n, the
good type will randomize with a probability x, such that A(b)=ém,(v(x,)),
where v(xp)=v/[v+(l-v)(1l-x,)] is the aposteriori probability that the agent
is bad, and m,( ) is the second-period rent. But this rent depends only on
the second-period equilibrium bonus; m,(v(xy))=R(b(v(x,))), see (3.5).
Hence the equilibrium second-period bonus b, is determined by A(b)=6R(b,),
and is therefore independent of n. The second statement in the lemma then
follows directly from the first. m

Remark. The observation in Lemma 2 that, for a fixed first-period
bonus, the second-period equilibrium bonus is independent of n, is simple
but quite important. One interesting implication is that the principals’
second-period equilibrium sur i e reases -- provided the

first-period bonus is fixed and induces semi-separation. For, as n
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increases, the revelation probability x,(b) increases while the second-
period bonus remains unaffected, and this in turn increases the expected
second-period surplus accruing to the principals. This is so because for
every good type that separates, second-period production efficiency is
enhanced, and the principals save rent.? =

The proof of Proposition 2 above exploits the fact that to a first-
order approximation, the "indirect" effect associated with an increase in
the number (n) of principals is negligible for n=1 [dW/db=0 at nm=1, b=b(1l)].
For n>l this is not so. We know that there is then a (first-period) common-
agency effect which inflates the principals’ perceived bonus costs, leading
to an equilibrium first-period bonus which is "too small" in the sense that
the principals’ aggregate surplus is increasing in b at the equilibrium
point, i.e. 8W/8b>0 at b=b(n), n>l, see (4.8). For n>1 the "indirect" effect
is thus negative, at least in well-behaved cases. This negative effect,
which arises because of the first-period static common-agency effect, then
works against the positive "direct" effect caused by the agent’'s dynamic
response to common agency. At an interior optimum, the two effects must of
course balance.

In order to examine whether there is in fact an interior optimum, we
consider now the asymptotic behaviour of the principals' aggregate
equilibrium surplus W(n,b(n)) as n increases without bounds. We then find
the following. First, for a fixed bonus in the first period, the dynamic
common-agency effect induces in the limit full separation in that period.

However, the static common-agency effect drives the first-period bonus b(n)

9 One may further note that, since the second-period bonus B(b) is
independent of n, so is the agent’'s second-period rent. For a fixed first-
period bonus b in SSi, all parties’ second-period payoffs therefore (weakly)
increase as n increases. Note also that for a fixed b in S5y, the agent's
intertemporal rent is fixed, and is in particular independent of the number
of principals.
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asymptotically to zero, such that in the limit no production is carried out
in the first period. For a similar reason, there is in the limit neither any
production in the second period if the agent has not been revealed as a
high-ability type. Hence there is asymptotically only production if the
agent has high ability, and then only in the second period -- after the
agent’'s type has been revealed. The principals’ aggregate intertemporal
surplus therefore approaches the wvalue 6(1-y)§* as the number of principals
goes to infinity. If wliu)z{l«v)\:r*, a single principal can obtain a payoff
exceeding S(L-v)w* by offering a pooling contract in period one. Hence there
must then be some finite number of principals which maximizes the aggregate
intertemporal surplus. 10

Proposition 3: For the "well-behaved case" the following holds. The
equilibrium first-period bonus b(n)-0, and the principals’ surplus W(n,b(n))
satisfies W(n,b(n))+86(1-v)w* as n+o. Hence, if wy(v)2(l-v)w*, the prin-
cipals’' aggregate surplus is maximal for some finite n. =

The proof is given in Appendix B. It follows from this result and
Proposition 2 that there is some finite real number n*>1 which maximizes the
surplus function W(n,b(n)). Restricting n to its natural domain of positive
integers, we can for the parametric example given in Section 4.1 prove the

following:

10 Note that wy(v)z(1- u)w is precisely the condition which makes it
non-optimal to exclude the bad type in static single agency. Our maintained
assumption is that such exclusion is not allowed. If it were allowed, the
conclusion 1n Propositon 3 would still hold if we invoked the stronger
assumption w >(l v)w*. To see this, note that for n sufficiently large the
bad type would certainly be excluded in period 2, and therefore also in
period 1, so the principals’ payoff would be (1+8)(l-v)w*. Since wi(v)=z wr,
a si_ngle principal would not exclude in period 2. Suppose she neither
excludes in period 1, and offers a bonus b=P. Her first-period payoff is
then w*. and the second-period payoff is no sma.l.l.er than wy(v). A single
principal can therefore obtain at least (l+6)w which exceeds the
asymptotic multi-principal payoff (1+4)(1- u)w
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Proposition 4: For the quadratic cost function the following holds: For
any integer n>l, there exist parameter values (for v, 6 and a) such that the
principals’ aggregate equilibrium surplus is maximal for a number of
principals which is finite and at least equal to n. *®

This result, which is proved in Appendix C, shows that any (finite)
number of principals may do better than a single principal. We find by
simulations -- reported in the next section -- that the optimal number of
principals may be one, two, three etc., depending on the parameters.

The numerical examples indicate that, within some range, the optimal
number of principals is an increasing function of the discount factor §. One
can easily verify that for & sufficiently small, single agency (n=1) is
indeed optimal--see Proposition 6 below. Intuitively, the reason is that for
6 small, equilibria are fully separating, and the (static) first-period
effects then dominate.

It is perhaps less intuitive that for & sufficiently large, single
agency returns to be the optimal agency form. It is well known--and
intuitively reasonable--that when the weight attached to the second period
is sufficiently large, the single-agency equilibrium is a pooling one. But
for given &, semi-separating equilibria can always be induced by increasing
the number of principals. The numerical examples indicate that doing so is
beneficial for the principals if & is not too large. However, when the
second-period weight & becomes "very large", all the multi-principal SS-
equilibria are apparently dominated by the single-principal pooling equi-
librium. For quadratic cost functions (see the example in Section 4.1) we
can prove that (at least for some parameter combinations) single agency is
indeed optimal when & is sufficiently large. The reason is that a highly
decentralized structure (many principals) has a serious negative effect on

the second-period surplus, because the bonus that is given in that peried is
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extremely low when & is high. (This is of course precisely the reason why
the high ability agent is willing to randomize). The negative effect of the
low powered bonus dominates the positive revelation effect for high é&'s.
This result is stated as Proposition 5, the proof of which is given in
Appendix D.

Proposition 5: Suppose costs are quadratic. If (for given probability
v) the two types' productivities are sufficiently close, or if (for given
productivities) the probability v is sufficiently large, the following then
holds: For sufficiently large & single agency (n=1) is optimal, and the
equilibrium is a pooling equilibrium. =

Our final result is concerned with the polar case of small discount
factors.

Proposition 6: Suppose A’'(b)>0. Then the (optimal) single-agency
equilibrium is fully separating if the discount factor & is sufficiently
small. In that case single agency (n=1) is also optimal. =

Proof: Let 5 be sufficiently small such that the optimal static bonus
by(v) induces full separation (FS), i.e., b**<b1(v} -- see Figure 1. Since a
first-period bonus of magnitude P then also is in the FS-region, pooling
cannot be an equilibrium, for any nzl. Consider, for nzl, a bonus b which is
semi-separating. Since b<P, more separation will now increase both the
first-period and the second-period surplus accruing to the principals. The
intertemporal surplus is therefore bounded above by wn(u)+6[vv_¢*+(l-v)&*}‘
Moreover, this value can be attained if (and only if) the optimal static
bonus b, (v) induces full separation. 50 is indeed the case for n=1, and the

result then follows from wp(v)<wy(v), n>l. ®
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5. Numerical examples.

The discount factor &, which captures the relative importance of the
second period, is a key parameter in the study of the trade-off between the
static losses and the dynamic gains associated with an increasing number of
principals. The effects of varying this parameter are here illustrated by
simulations done for the gquadratic cost example of Section 4.1. Table 1
below reports the results.

(Table 1 here)

The table illustrates that it is optimal to form a single agency if the
second period is of relatively little importance compared to the first
period (for low wvalues of §); n*=1 for é=0,5. We can also see that as &
increases so does the optimal number of principals; n*=2 for &=1, n*=4 for
§=2, etc. For even higher values of & single agency returns to be the best
agency form; n*=1 for &=10. These are the results we typically find,
irrespective of what values we choose for the other parameters (v and a).

To get some intuition for why n* increases with &, recall that for SS-
equilibria the second-period surplus increases with n. For the first-period
surplus, an increase in the number of principals has two effects. First
there will be more revelation, which has an ambiguous effect on the
principals’ surplus (the first-period effect depends on whether the bonus is
higher or lower than the marginal value of output P) and, second, the bonus
given in the first period will be comparatively low, which has a negative
effect on the first-period surplus. As the second period becomes more
important, that is, as & increases, more weight is put on the second-period
gain induced by having more principals. This gives the intuition for why an
increase of the number of principals from n=1 to n=2 enhances welfare when

é=1 but lowers welfare when 6=0,5.
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6. Concludi ma

A decentralized provision of incentives generates inefficiency if the
agency is over contract complements. The reason is that decentralization
leads to low powered incentives. This is well known to be true in a static
context. In this paper we ask if centralization is optimal also in a dynamic
model. And if not, how the optimum degree of decentralization--or
delegation--varies with other exogenous variables. We were motivated to
study these questions by the observation that the dilution of incentives
that follows from a decentralized agency has a positive dynamic effect: It
makes it less tempting for the high-productivity type to hide his identity
early in the relationship, that is, it mitigates the ratchet effect.

We have shown that in a dynamic framework there are cases where it is
never optimal to completely centralize the provision of incentives. The
static conclusion does therefore not generalize to a dynamic framework. Our
study also gives some interesting indications about how the optimum degree
of centralization varies with other parameters. Of particular interest is
the parameter that captures the importance of the future relative to the
current period. We find that it is optimal to make incentive provision
highly centralized if the future is considered to be of either very high or
very low importance. In the intermediate case, where the future and the
present are of more equal importance, it appears that the optimum degree of
delegation increases as the weight attached to the future increases.

In this paper we have used a specific model with an extreme degree of
contract complementarity--the agent produces a public good--and we consider
only linear contracts. It is an open question whether the insights from this
model are robust in the sense that they are valid also in more general

settings.
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i Exd -equilibr
Recall that in the "well-behaved" case, the semi-separating region SSj

is an interval (b},b**). Let the function f(n,b) be defined by the RHS of
the equilibrium condition (4.8) for b in (b},b**), and extend £() to the
closed interval by taking limits. We then have the following result.

Proposition A. Suppose the principals are symmetric; pi-P/n, 1) P | 18
Suppose further that A(b) is strictly increasing, b;SP and that
(A.1) £(n,b)>(<)0 as b<(>)b(n), be[b,b**]
for some b(n)E(b:.b**). Then an intertemporal equilibrium exists, and the
first-period aggregate bonus is unique and given by b(n)€SS,. =

Proof: The definition of f(n,b) as the RHS of (4.8) yields
(A.3) f(n,b) = (P-b){[v+(1-u)(l-xn)]y'+(l-u)xn§']

- n(l-v)xn[¥-y]

+(P-b) (1-v) [y-y] (dxp,/db)

dw dx
+ 8(L-v) (W -wy (vy) +vy dy_:(un)} db—“,
where we have used the fact that wvy=v/[v+(l-v)(l-x,)] satisfies [w+(1-
v) (1-xp) ] (dvy/dxp)=(1-v)v,.

For ease of notation we will in this proof drop -- except where
absolutely necessary -- references to the index n. In particular, we will
usel; to denote the solution to f(b)=0, thusl; is the candidate equilibrium
bonus. From the expression for f( ) above we have
(A.4) f(b) = (P-b)g(b) + h(b),
where

g(b) = ([w+(L-¥) (1-xp) ly +(L-»)x,y" ) + (1-v) [y-y](dxp,/db)
is positive for b in SS,, and h(b) consists of the remaining terms on the

RHS of (A.3).
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Consider bess, defined by £(b)=0. We shall verify that bl = b/n, &l
= ?(s)/n. i=1,...,n, is the first-period part of an intertemporal equi-
librium. The corresponding second-period strategies are those that divide
the second-period aggregate surplus equally among the principals.

Consider principal i, and suppose she contemplates a deviation ai,hi
from ;i, Gi. For bi+£'iESSn, where Q'i-(n—l)S/n, the marginal wvalue to
principal i of increasing bl is then according to (4.3)-(4.4) given by

(pi-bl)g(bisb i)+h(bisb 1) /=G (bl)
Since pl=P/n it follows that

nG(bl)-£(bi4b 1) = (b-i-(n-1)bi)g(bi+b-1), blsb-less,.
Since g(b)>0 and b-i=(n-1)b/n, it follows that nG(bl1)<(>)£(bi+b 1) for
bi<(>)£/n. From the assumptions regarding f(+) we then see that bi—ﬁ/n is
optimal for principal i, provided bl is restricted to bi+ﬁ'iESSn_

One can easily show that (A.1) implies h**)bn(u), and that principal
i’s marginal value therefore is negative for bi+£'i)b** (in the FS region).
Finally, the marginal wvalue is easily see# to be positive in the pooling
region., Hence no deviation from gi-ﬂ/n can be profitable for principal i,

and the equilibrium is verified. m

The following corollary shows that Proposition A is not wvacuous. (A
proof is available from the authers.)
Corollary. In the quadratic case, f(b**-)<0 and b;SP if and only if

av(l+l/n)+1l-v yn+(1-u)Kn

av[1+(1+a)/2n] + (10K, < # < "ariw

(A.5)

If (A.5) holds, the conditions of Proposition A also heold, and hence there
is an n-principal intertemporal equilibrium. The unique first-period equi-
librium bonus induces semi-separation.
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Appe ; Proof of Pr tion 2

Note that in the well-behaved case, the lower boundary b; for the SS,
region converges to zero as n-w, For fixed b<b**, let k be sufficiently
large that beSS, for all nzk.

We shall first prove that for any positive b<b**, the aggregate surplus

W(n,b) satisfies

(B.1) W(n,b) = (B-b)[vy(b)+(1-»)y(b)]+u(b)
+6((1-w)w* + v[(P-B(b))y(B(b)) + w(B(b))]),

where B(b) is the second-period equilibrium bonus, which according to Lemma
2 is independent of n. Indeed, this bonus is given by A(b)=&R(B(b)). It must
satisfy
(B.2) by (v (b))=B(b),
where b,( )} is the static equilibrium bonus, v,(b)=v(x,(b)) is the posterior
probability that the agent is bad, and x,(b) is the revelation probability
for a good type. Letting n»w, it follows from the formula (3.2) for the
static equilibrium bonus that v,(b)-+1 and

n(l-vp(b)] + [B-B(b) ]y’ (B(b))/[¥(B(b))-y(B(b))] = g(b)
Since l-v=(1-v)(1-x,)/[v+(1-v)(1-x,)], we then have x,(b)+1 and

n[l-xp(b)] » g(b)v/(1-v).
Note from (4.7) and (B.2) that the principals’ second-period surplus can be
written as Wo(n,b)=Fy(xy(b),b), where
(B.3) Fp(x,b) = [v+(1-v)(1-x) ] 1 (P-B(b)) [v(x)y(B(b))

+ (L-v(x))¥(B(b))] + w(B(b))) + (L-v)xw".

The formula (B.l) for the limit of W(n,b) now follows immediately from

(4.5), (4.6) and (B.3), and the fact that v -1, x~+1.
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Next consider the function f£(n,b) defi_.ned in (A.3). Note first that the
term (1-v)[;1*-wn(vn)+vn(dw“/dun)} is the derivative of the principals’
second-period surplus w.r.t. the revelation probability, and can thus
according to (B.3) be written as
(B.4) 8Fy/8x = (1-v) (W -w(B(b))-(P-B(b))¥(B(b))) > O.

In particular, this term is independent of n.

The equilibrium condition for the first-period bonus takes the form
£(n,b)=0, where b-b(n) belongs to (b%,b**). For n sufficiently large we
certainly have f(n,hi))ﬁ -- since b:—bO and thus bgﬂP -- and f(n,b**)(l)"
since the term n[}'r(b**)—y(b**)] dominates., It is relatively straightforward
to show that, for any >0 (c<b**), then for n sufficiently large £(n,b)<0,

all b>e, From this it is clear that b(n)-0 as n-+o.®

Appendix C: Proof of Proposition &:

The proof is based on five claims. These are stated without proofs;
details can be obtained from the authors. The basic idea is to compare
values when the two types' productivities are cleose, i.e. when a is close to
one. We choose parameter values such that bﬁ <P < bﬁ < b*, all k<n. A
first-period bonus b=P will then induce pooling if and only if the number of
principals (k) is smaller than n, otherwise this bonus will induce semi-
separation. We show that the parameters can be chosen such that the
intertemporal equilibrium is a pooling one for k<n and a semi-separating one
for k=n, and that the surplus for the latter dominates.

If the inequalities above (e.g., P<b**=uP) are to hold for arbitrarily
similar types (l-c arbitrarily small), then we must allow for arbitrarily
small discount factors. In the first four steps we invoke the following

assumption:
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Assumption (AD): Suppose é=8(a) is such that p—[ﬁf(l-ﬂ)]lfz satisfies
[1-p]/[1l-a]l=p’ as a-1.W
In the last step (Step 6) we choose, for given v, é=d(a) and the limit

' so as to obtain our desired conclusion. We normalize so that P=1

throughout.

Step 1: Given (AD), the SS-boundaries b; and b** satisfy

ok 1-b"

" _E " 2
-+ p, T +n(1l-v)

1-b
l-a

(1)

Moreover, if b(a}e[b:.b**]. all ae(ag,1), and

[1-b(a)]/[1l-a]+f as a1,

then,
(ii) f(n,b(a))/(1-a) =+ G,(¢),
where ¢p=1+(p'-8)/n, #€[v,1l], and
Ca(d) = [w'+n(1-9)]1(1+ ) -n(1- H+ ~—
ng 2n¢
In particular,
(iii) £(n,b**) /(1-a)~6, (1), £(n,bE)/(1-a) ~+ G, (v).

Step 2: Given (AD), suppose there is a sequence {aJ}, njal, such that for
every aj there is an n-principal SS-equilibrium. Then there must exist

#€[v,1] such that G,(¢4)=0.

Step 3: Consider n=1. Given (AD), suppose that for every a€(ag,l) there is a
(single agency) pooling equilibrium. Then the intertemporal surplus wP(n)
satisfies

lim{w*-wP (a)]/[1-a]2 = pr+l/2.
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Step 4: Given (AD), suppose G,(¢)=0 has a unique solution ¢=¢, on (v,1].
Suppose also that for every a€(ap,l) there is an n-principal SS-equilibrium.
Let b(n,a) and w(n,a) denote the equilibrium bonus and surplus,

respectively. Then

lim Lb(n,@) _ wien(l-gy) =B,
l-a

=%
11ELEM_L+Ft+l32_ B (1- ¥
2 2¢ 2"n "n ¢
(l-a) n n

)

Step 5: For given n>l, there is vp=vg(n)>0 such that for v<vp the following
holds: For p'=-n(l-¢,), where ¢ €(v,1) is the unique solution to
($-v) by = v/202, we have

(1) G,(#)=0 has a unique solution ¢=¢, on [v,1], and G,(v)>0>G,(1).

(ii)  G(¢)<0 for all ¢€[v,1], all k=1,...,n-1.

(iii) p'[l+v/n]-n(l-v)+v/2n < 0.

(iv) p'+k(l-v) < 0, all k=1,...,n-1.
Proof of Proposition 4: For given n>l, let w<vy and p'=-n(l-¢,) be given as

in Step 5. For 0<a<l define p(a) and é(a) by

p(@)=1-(l-a)p’,  8(a)=(1-a)u(a)?.
Note that by choosing a’ sufficiently close to 1 we can be assured that the
assumptions of Proposition 3 holds, for any a€(a’,l). We will now show that
there is ag (a'<eg<l) such that for every e€(ag,l) it holds:
For é=8(a) we have:
(i) An n-principal equilibrium exists, and any such equilibrium is

semi-separating.
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(ii) For k<n any k-principal equilibrium is pooling.
(iii) The n-principal surplus strictly exceeds the k-principal surplus,
for every k<n.

To prove statement (i), note from Step 1(i) that p’<0 and p'+n(l-v)>0
implies h:<P(-1)¢b** for all e sufficiently clese to 1. Moreover, Step
1(iii) and Step S5(i) implies f(n,b¥)>0>f(n,b**) for all such a. These
conditions are sufficient to guarantee that there is, for any such a, an n-
principal SS-equilibrium, with a unique first-period equilibrium bonus (see
Appendix A). (There can be no pooling or fully separating equilibria.)

Next, Step 2 and Step 5(ii) imply that there is some a"<l such that for
ac(a",l) there is no k-principal SS-equilibrium, k<n-1l. Since p'+k(1l-v)<O0,
k<n-1, (see Step 5(iv)), it follows from Step 1(i) that bi)?(-l). Only
pooling equilibria are therefore feasible for k<n-1. This proves statement
(ii) in Step 6.

Finally, note that a k-principal pooling surplus is dominated by the
single-agency pooling surplus wP(a). From Step 3 and 4 it now follows that
for a€(ap,l), some ag<l, the value difference w(n,a)-wF(a) has the same sign
as

(1-v/$5)/2-B2/ 248 (1-v/81) ,
where fo=p'+n(l-¢,). Since by construction p'=-n(l-¢,)--se f,=0--and ¢ >v,

the conclusion in statement (iii) then follows. m

Appendix D: Proof of Proposition 5:

Define b and w by

(D.1) b=P(1-a)va/[(2-a) (va+l-v)]

(D.2) w=(1-v)w*+vab (P-b/2)

Note that b0 and w+(l-v)w* as a+l. Note further that the static single

agency surplus wl(v}-»\:r* as a»l. So, for given v there is agp<l such that
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(D.3) w1 (v)>w for all ae(ag,l).
One sees similarly that for given a, there is vp such that wl(v)>ﬁ for vg <
v < 1. Fix a,v such that the inequality in (D.3) holds.

For 6 sufficiently large it is known that the single agency equilibrium
is a pooling one (FGT). The equilibrium surplus is thus given by
(D.4) g(P)+6w1(u)-wi°°l

Consider n>1. Since b**-ngbn(v) for & (and hence p) sufficiently
large, all equilibria are then either pooling or semi-separating. If the
equilibrium is pooling, the aggregate surplus accruing to the principals is
definitely smaller than the single-agency pooling equilibrium in (D.4).

If the equilibrium is semi-separating, the principals’ surplus is

W(n,b(n)) = F(xu(b(n)), b(n))

where F(x,b) = Fy(x,b)+6Fp(x,b), and Fy( ),Fp( ) are the first- and second-
period surpluses, respectively (cfr. Lemma 2 and equation (B.3)). Since
F(x,b) is linear in x, we have
(D.5) F(x,b) < max(supF(l,b), supF(0,b)],
where the supremum is w.r.t. bE[O,b**]‘ The interval [O,b**] contains S5,

all n, and the proof is therefore complete if the maximum in (D.5) is--for &

Pool

1 i
It is easily seen that supF(0,b) < W{‘ml. So consider supF(1l,b). In the

sufficiently large--smaller than the single-agency pooling surplus W

quadratic cost case F(l,b) is also quadratic, and for & -- and hence pu--

sufficiently large, there is b# in (P,uwP) such that supF(l,b) = F(l,bu).

Moreover, bp/pAE as p—+=o, where b is given by (D.1), and this implies
F(1,b,)/6 » w as G-,

where w is given by (D.2). The inequality ﬁ(wl(v) in (D.3) and the fact that

Fool

U{W]'/a-wl(u) then implies that for & sufficiently large we have W) >

W(n,b(n)) for any n which yields an SS-equilibrium. Single agency is thus

optimal.
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Table 1: Optimal number of principals for different discount factors and for
parameter values v =0,5, a =0,4 and P = 10.

n=1 n=2 n=3 n=4 n=3 n=6 n=10

=05 40,3 40,2 39
(8,4ss)  (Tss) (6s5)
=1 50,8 53,2 53 51.8
(103ss)  (8,5ss)  (73ss) (6,4ss)
=2 69 75.5 7.5 77,6 76,5
(10p) (10,9ss) (8,3s5) (8,3ss5) (T.4ss)
8=4 118 11438 121,7 122.6 123.3 122,9
(10p) (14,5s5)  (12,58)  (11ss) (9,9ss)  (5s9)
5=10 265 251.9 2336 2422 2484 250 2489
(10 p) (10p) (18.7ss)  (16,5ss)  (14.9s9) (13,5ss) (10ss)

The upper number in each row is the equilibrium surplus accruing to the principals under
different agency forms. The number in parentheses is the first period bonus; S8 indicates
semi-separation and p indicates that it induces pooling. The figures in bold are written in

the column with the optimal number of principals (n*).
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