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Abstract

We analyze the effects of commodity taxation in markets where suppliers implement second-
degree price discrimination schemes, such as offering different package sizes and quality-
differentiated versions of the same product. In these markets, suppliers distort the quantity (or
quality) intended for all types of consumers, except for those with the highest marginal willingness
to pay. We show that differentiated ad valorem taxes can alleviate this distortion, and thus increase
government revenue as well as welfare, provided the tax rate increases with the size (or quality)
of the good supplied.
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1 Introduction

Second-degree price discrimination is extremely common in markets where firms have market power
and serve heterogeneous consumers. This practice can take different forms, such as offering a
product in different package sizes (e.g., soft drinks in 0.5 and 2 1 bottles), or in versions that differ
in quality (e.g., a smartphone with 16 and 64 GB of memory) and/or functionalities (e.g., a car with
or without an integrated satellite navigator). Typically, these goods are subject to standard indirect
taxation regimes (e.g., VAT, sales taxes, etc.). Although different goods may be taxed at different
rates, the same tax rate generally applies to all versions and package sizes of the same product. Given
how pervasive price discrimination is, it is important to fully understand the effects of taxation when
firms adopt this kind of pricing policy.

Taxes on consumer goods and services may have multiple purposes, the most common ones being
to raise revenue for the government, either at the national or local level, and to correct distortions in
the economy.! Conventional wisdom suggests (in line with the findings of previous literature that
we present below) that taxes should result in higher equilibrium prices and reduced supply, imposing
a burden on consumers as well as firms. This implies that taxes could not be concurrently used to
raise public funds and to correct underprovision arising in presence of supplier market power. In this
paper, we show that this presumption holds for standard tax instruments, such as unit and ad valorem
taxes applied uniform to all goods sold by the supplier. However, we reach a different conclusion
if we allow the government to apply different tax rates on different package sizes and versions of
the same good. More specifically, we characterize conditions such that imposing differentiated ad
valorem taxes can generate revenue to the government and alleviate the typical distortions imposed
by a price-discriminating supplier, thus increasing total welfare.

Suppliers implementing second-degree price discrimination must ensure the appropriate self-
selection by consumers. Given that firms cannot observe consumers’ type, they achieve this
objective by appropriately designing the size/quality of different packages/versions, and pricing
them accordingly. Generally, a supplier must ensure that consumers with high willingness to pay
for its product do not self-select on versions or package formats intended for consumers with lower
willingness to pay. These “incentive compatibility” constraints limit the amount of revenue that can
be extracted from the consumers with higher willingness to pay, who receive an information rent in

equilibrium (i.e., they pay less than what they would be willing to). Economic analysis (Maskin and

A classic example of corrective taxation is the case of taxes used to discourage excessive consumption of goods
that generate negative externalities. Examples include environmental taxes (e.g., on polluting fuels) or sin taxes (e.g.,
on tobacco and sugar). We ignore these externalities in this paper, but we briefly discuss how our results could be
generalized to a setting with externalities in Section 7.



Riley, 1984; Laffont and Martimort, 2002; Stole, 2007) has shown that the most profitable way of
dealing with this problem is to (i) set the quality/quantity intended for the “high” type at the efficient
level (i.e., such that marginal utility equals marginal cost), and (ii) distort the quality/quantity for all
other types (so that marginal utility exceeds marginal cost). By so doing, the supplier can reduce the
information rent of the high types.

For the sake of simplicity, in the baseline model we focus on a setting with a monopolist
supplier and two consumer types. Our main result is that, by applying an ad valorem tax on the
package/version of the good intended for the “high” type, the government can alleviate the distortion
imposed on the “low” type. Therefore, this tax produces a “double dividend”: it raises welfare and
generates revenue for the government at the same time. The intuition is straightforward: by taking
away a percentage of every dollar of revenue extracted from the high type, the government makes
collecting revenue from the low types relatively more attractive to the supplier. As a result, the
supplier’s incentive to distort the allocation intended for such types diminishes. The drawback is
that, by the same token, the tax introduces a distortion in the allocation intended for the high type.
However, starting from the laissez-faire equilibrium, this second distortion is small in magnitude and
welfare increases.

Quite intuitively, the policy maximizing welfare is such that differentiated tax rates are applied
to the two bundles. However, a tax targeting the package intended for the high type is not the
only policy that can reduce the distortion induced by market power. More specifically, the welfare-
maximizing policy is such that the government subsidizes only the package intended for the low
type. In fact, compared to the “high type” tax, the subsidy has the advantage of not distorting the
allocation intended for the high type. However, in practice subsidies have the obvious downside
of costing money, which the government must collect via distortionary taxation in other markets.
Therefore, a tax on the high bundle is preferable when the government faces a (strict) budgetary
constraint.

In the final part of the analysis, we show that the “surplus enhancing” effect described above
is specific to differentiated ad valorem taxes targeting the “high type” package. More conventional
forms of taxation, including uniform unit and ad valorem taxes (or subsidies) on all the versions of
the good provided by the supplier, as well as unit taxes that target either package, have the standard
effect of aggravating the distortions imposed by the supplier. In a nutshell, these taxes all have the
same effect as a uniform increase in the cost of production. Therefore, the firm’s optimal response
can only be to reduce supply. Finally, we show that our main result is robust to including competition
among suppliers and more than two consumer types.

Overall, the results provide novel insights for the design of commodity taxes in presence



of suppliers that implement second-degree price discrimination, by offering their goods in
packages/versions that differ in size or quality. Our findings indicate that the government should
adopt ad valorem taxes and impose a higher tax rate on the larger package or top quality version of
the product. By so doing, the government can increase welfare as well generate revenue. In more
practical terms, our results call for (ad valorem) taxes targeting, e.g., larger packages of household
products, full-optional versions of goods such as smartphones, and first-class travel tickets.”

The remainder of the paper is organized as follows. Section 2 provides a review of the literature.
Section 3 describes the model, and Section 4 characterizes the effects of differentiated ad valorem
taxes on quantities, prices, consumer surplus and welfare. Section 5 compares the effects of
differentiated ad valorem taxes with uniform ad valorem taxes and (uniform and differentiated) unit
taxes. Section 6 extends the analysis to more than two types (Section 6.1) and duopoly (Section 6.2).

Section 7 concludes.

2 Literature

The literature on price discrimination is very extensive. See, e.g., Tirole (1988), Laffont and
Martimort (2002) and Stole (2007) for comprehensive overviews of the topic, and Bergemann et al.
(2015) and Haghpanah and Siegel (2022) for more recent contributions. Despite the widespread
adoption of second-degree price discrimination in real-world markets, only a handful of studies
have investigated the effects of taxation in such setting. Laffont (1987) studies (unit) taxation of
a monopolist that applies nonlinear pricing. Cheung (1998) shows, in a similar setting, that ad
valorem taxes dominate unit taxes from a welfare perspective. Both papers consider only tax rates
that apply uniformly to all sizes (or versions) of the good supplied, and obtain that taxes cannot
alleviate the distortions imposed by the monopolist. Focusing on a specific form of second-degree
discrimination, i.e. menus of multi-part tariffs, Jensen and Schjelderup (2011) find that taxation
(either ad valorem or unit) increases the usage fee for all consumers, and so reduces consumption
at the margin, although the effect on the access fee is ambiguous. More recently, D’ Annunzio et al.
(2020) show that ad valorem taxes can correct the tendency by suppliers to restrict consumption by
“low” consumer types if differentiated tax rates are applied to the usage and access parts the tariffs.
The present paper differs by focusing on firms that adopt pricing strategies such as quantity discounts
and versioning. We obtain novel and counterintuitive effects of taxation by allowing for different tax

rates on different versions of the good supplied. McCalman (2010) considers a similar type of

2Clearly, if consumers’ type is correlated with their income, the kind of differentiated ad valorem taxes we propose
may also have redistributive effects. A discussion of this point is beyond the objective of this paper.



differentiation when analyzing the effects of unit trade tariffs in presence of a foreign monopolist
supplier that adopts price discrimination. However, he does not consider differentiated ad valorem
tariffs. As a consequence, tariffs have conventional effects on equilibrium quantities and prices in
his model, although they can increase domestic welfare (that is, when the surplus of the supplier is
ignored).

The incidence of indirect taxes in business-to-consumer markets is a classical topic in economics
(see, e.g., Fullerton and Metcalf, 2002). Many previous studies have looked at tax incidence
in imperfectly competitive markets, focusing in large part on firms that supply a single product
and adopt uniform (linear) pricing (Delipalla and Keen, 1992; Anderson et al., 2001; Auerbach
and Hines, 2002). Weyl and Fabinger (2013) provide general principles for the pass-through of
production costs (akin to unit taxes) in that context. A fundamental result in this literature is that
taxes result in lower supply and increase prices, with very few exceptions. These include Cremer and
Thisse (1994), who show that taxation can increase welfare in presence of a vertically differentiated
oligopoly with endogenous quality, and Carbonnier (2014), who shows that price reductions can
be obtained with price-dependent tax schedules in a setting where suppliers adopt linear prices.
Although we focus on a price-discriminating supplier, there is a similarity with these two papers,
because our results call for differentiating ad valorem tax rates according to the size (or version) of
the product supplied.

Our study also relates to a much smaller, but growing, branch of the indirect taxation literature
that studies multi-product firms (with linear pricing). This literature was initiated by Edgeworth
(1925), who provided an example where a monopolist supplying two substitute goods responds to
a unit tax on one good by reducing the price of both (though supply of the taxed good goes down).
This finding is known as Edgeworth’s paradox of taxation, and was later re-elaborated by other
authors, including Hotelling (1932), Coase (1946) and Salinger (1991).Hamilton (2009) considers
an oligopoly finding that ad valorem taxes can increase output in the long run (with endogenous entry
and product breadth). More recently, Armstrong and Vickers (2022) provide general conditions for
the Edgeworth’s paradox to occur, focusing on unit taxes. D’Annunzio and Russo (2022) show
that ad valorem taxes can not only reduce prices, but also increase supply of all goods provided
by a multi-product firm. Though the results of the present paper are somewhat similar, the logic
behind them is different since we focus on markets with single-product suppliers that adopt price

discrimination.



3 The model

We consider a monopolist providing a single good to two types of consumers, indexed by i = H, L,

where H stands for “high” and L for “low.” We normalize the total number of consumers to one,

denoting the share of type H consumers by v € (0, 1). The utility function of a consumer is
u(q,6;)—p, i=H,L,

where ¢ is the quantity of the good in the bundle supplied by the monopolist, p is the price paid and
On > Oy is the parameter capturing the intensity of preferences for such good, assumed to be private
information of the consumer (Maskin and Riley, 1984). We assume that g—; >0, g—;;‘ <0, g—g >0 and
aaq% > 0. The cost of providing one unit of the good to the supplier is c. Note that, although we
refer to ¢ as the quantity of the good for concreteness, this variable can also be interpreted as quality
(Mussa and Rosen, 1978).

The supplier offers to consumers two “bundles”, (g;, pi), to choose from, each intended for one
type. These bundles can be interpreted as two packages of different sizes (e.g., a “regular” and
a “supersize” package), each with its own price, or as two versions of the good, one of which is
offered with extra features (e.g., a phone with more memory or processing power). To concentrate
on the effects of interest, we let the government impose different ad valorem tax rates on each
bundle, denoted by #;, i = H, L (we consider uniform ad valorem taxes and unit taxes in Section 5).

We assume without loss that taxes are paid by the supplier, whose problem can thus be written as

max T=v((1—tu)py —cqu)+(1—v)((1 —t) pL—cqr), (D)
qH,PH.9L.PL

s.t. u(qu,0n) — pu > u(qL,6u) — prL, (2)

u(qr,6L) — pr > u(qu,6L) — pH, 3)

u(qm,0m) — pu >0, 4)

u<QL79L)_pLZO7 (5)

where (2) and (3) are the incentive compatibility constraints, while (4) and (5) are the participation
constraints for H and L-type consumers (we normalize the utility from no consumption to zero),
respectively.

To complete the setup, we write the social welfare function, obtained as the sum of consumer

surplus, profit and tax revenue. This expression boils down to welfare in this market

W =v(ug —cqu)+ (1 —v)(ur —cqr). (6)



4 Analysis

Using standard procedures (Laffont and Martimort, 2002), one can show that only (2) and (5) are
binding at the allocation that solves the monopolist’s problem. Therefore, we shall ignore (3) and

(4), and we have

PH:M(QHaeH)—M(QL79H)+M((]L79L)7 (7)
pL=u(qr,0L). (8)

Hence, we can rewrite the monopolist’s problem in (1) as

max 7= v((1—tg) (ug —upr +ur) —cqu) + (1 —v) (1 —t2) ur — cqr), 9)

where we have used the shorthand notation u; = u(q;,6;), i = H,L, and ugy; = u(qr,6y). In the
above expression, ugy, — uy represents the high type’s information rent, which the supplier must
accept to prevent them choosing the bundle intended for the low types. Therefore, the supplier
cannot extract the entire surplus from consumption of the high types. There is, instead, no such rent
left to the low types, meaning that the supplier extracts all of their surplus.

The equilibrium quantities included in the two bundles solve the following system of equations

on _ duy
dqn = 9dqu

o8 (O
9% . 3QL 9qL

(1—tg)—c=0, (10)

8ML

)+ (5

Setting taxes aside (ty = t7 = 0), these equations indicate that the supplier offers an “efficient” bundle

(l—tL)—c) =0. (11)

to the high types, in the sense that their marginal utility from an additional unit of the good equals

its marginal cost. The bundle intended for the low types, however, is distorted downwards (since

Jdupr,

Ta aqL by assumption), in order to reduce the information rent.

4.1 Effect of taxation on quantities, prices and consumer surplus

It is interesting to analyze the effects of the tax rates on the quantities g7 and gy. As we show in

Appendix A.1, we have

dqr dqr dqn Iqn
atL <O al >O a_[L—O, alH <0 (12)



The sign of the last derivative is counterintuitive: the quantity intended for the low type increases
with the tax rate that targets the high bundle. To see why, recall that the supplier tends to distort gz
downwards because it wants to extract more revenue from the high type by reducing the information
rent. The ad valorem tax ty takes away part of the revenue earned from selling to the high types
(without affecting the revenue from the L bundle directly), so it makes it relatively less profitable
to implement this distortion, as can be seen from (11). By the same token, though, the tax induces
a downward distortion in gy. However, as we shall see, this latter distortion is of second order
magnitude, and thus less relevant from the perspective of welfare (at least starting from the laissez-
faire equilibrium).

It is also interesting to look at the effect of taxes on prices, (7) and (8). These effects mirror, of

course, the effects on quantities. Given (12) and recalling that aa"# > 3_22’ we have
IpL IpL apy Ipu
g < 0, T 0, oy 0, I < 0. (13)

Notably, the tax on the H bundle reduces the price of that bundle, but increases the price of the other
one. This is because the quantity included in the L bundle increases with 7 (see (8)), implying that
the H bundle is sold at a higher price. Combined with the fact that gy decreases, the resulting effect
on py is negative. This change also implies that the information rent left to the high types (i.e.,
their net surplus) increases. Hence, quite interestingly, the high types benefit from the tax applied to
“their” bundle, while the net surplus of the low types remains equal to zero in equilibrium.

The tax on the L bundle has a different effect. It induces a reduction in ¢, as one would expect,
but no change in gy. Accordingly, p; goes down, but pg increases, because the information rent left

to the high type goes down. Therefore, the tax makes no consumer better off.

4.2 Effect of taxation on social welfare

Consider now the effects of taxation on welfare. Differentiating (6) and given the first-order

conditions of the supplier’s problem, we obtain

aqL( 1% <8uHL 8uL

8W L V&qH aLtH

ty+(1—v) )(l—tﬂ)+§—gi&>, (14)

8tH T 8tH atH 8Z‘H 1—v aqL B aqL
8W L 8qL \% 8uHL aLtL aML
a—tL.— (1—\}) al’L <1_v ( aqL _aqL> (1—IH)+athL). (15)



As a first step, we consider the above derivatives at the laissez-faire equilibrium, where 1y =7, = 0.

Given (12), we obtain

8W ,_v8qL (auHL _ 8uL) >0 8W L 8qL (8uHL _ auL> <0
dty ~ dtg \ dqr  dqr ’ Jdqr  dqr '

oy me (16)
These expressions show that welfare increases with the introduction of a subsidy on the L bundle or
a tax on the H bundle. As shown above, this tax reduces the distortion that the supplier imposes on
the L bundle. Although the tax also creates a distortion on the H bundle, this distortion is of second
order when starting from tgz = t; = 0. Therefore, introducing an ad valorem tax on the H bundle
produces a double dividend: welfare increases and, at the same time, the tax generates revenue to
the government (which can, in principle, be used to reduce other forms of distortionary taxation).
Although the tax on the H bundle has an unexpected, welfare-enhancing effect, it is not the best
instrument if the government’s only goal is to maximize welfare in this market. This is easily seen
by comparing the first-order derivatives (14) and (15): unlike 7z, the (negative) tax rate f; does not
distort the quantity gg. Accordingly, one can easily show that the first-best policy, i.e. the unique

solution to the system of first-order conditions aaTVZ = gTVZ =0, is such that the L-bundle is subsidized:

BuHL _ M
FB v e Iqr
tL - —

1—v Jur

dqL

<0, ifF=o. (17)

Nevertheless, in practice government budgets are constrained. Furthermore, the money to finance
subsidies is generated by imposing other, typically distortionary, taxes. It is therefore interesting
to characterize the second-best optimal policy that maximizes (6) under the constraint that the
government pays no subsidy. Under this condition, we find that the optimal policy is such that

9qL <_3MHL _ M)
diy \ dqr  dqr

8qL <3uHL _ 814L> 3QH duy

dty \ dq ~ dqr) Ity dqn

SB_O
- Y

1 nP = > 0. (18)

This result confirms that, by targeting the bundle intended for the high types with an ad valorem tax,
the government can increase welfare while generating additional revenue.’
Our results provide novel insights for the design of commodity taxes with a price-discriminating

supplier that offers its product in packages of different sizes or versions that differ in quality (e.g.,

3We could augment the model by including a cost of public funds (i.e., a weight higher than one for government
revenue) in the welfare function, and solve for the optimal policy conditional on this cost. We do not engage in such
exercise to keep things short and simple. Still, we expect that, when the cost of public funds is high enough, the result
of such exercise would be that the optimal policy involves no subsidy and a higher tax rate on the H bundle.



the number of enabled functionalities). Specifically, by adopting ad valorem taxes with a higher rate
on the larger package (or top quality version), the government can increase output and welfare, as
well as generate revenue. In the next section, we show that the same results cannot be obtained with

other, conventional, forms of taxation.*

5 Other tax instruments

It is natural to wonder whether the government can obtain an increase in output and welfare by
adopting other tax instruments than the differentiated ad valorem taxes we considered above. To
answer this question, in this section we consider a uniform ad valorem tax rate applied to all bundles.
We also consider unit taxes. We show that none of these instruments can produce the same welfare-

enhancing effects described above.

5.1 Uniform ad valorem tax

Suppose the government imposes a uniform ad valorem tax on the two bundles, i.e. ty =1, =1t. As
we show in Appendix A.2, such tax can only reduce the quantity in both bundles, i.e.
Ign

<0, S5 <0, (19)

941
ot
To grasp the intuition, replace tg = t7, =t in the first-order conditions of the supplier’s problem, (10)

and (11), and divide both expressions by 1 —¢, to obtain

on  duy c
dgy ~ dqu 1—1t 0 20)

on L duyr  dur dur, c
g~ (G0 003 =005

=0. 21

A higher uniform tax rate simply reduces the marginal revenue from increasing the quantity in either

bundle. Therefore, the tax has the same effect as an increase in the unit cost of production. It follows

“It should be noted that, given it induces a reduction in gy and an increase in ¢y, a sufficiently high tax rate ty
might result in the two quantities being equal. In this case, the supplier could not implement bundles such that py > py,
because the constraint (2) would be violated. Hence, the supplier might stop serving the low-type consumers and offer
a single bundle that targets the high-type consumers. We have ignored this possibility in the above analysis because
establishing a threshold on 7z such that this scenario occurs is cumbersome. However, this possibility does not change
our main result, at least qualitatively. There would always exist a strictly positive 7y (possibly smaller than tlsf ), such
that the supplier serves both types and welfare is strictly higher than in the laissez-faire.

10



that the supplier’s optimal response is to reduce the quantity in both bundles. The effect on welfare

is thus negative.

5.2 Unit taxes

Suppose now that the supplier is subject to unit taxes, denoted by 7;, on bundle i = H, L. The profit

function is therefore

w=v(pnr —(c+u)qu)+(1—v)(pr—(c+1)qL). (22)

The supplier maximizes this function subject to the same constraints as above, i.e. (2)-(5).
We solve this problem following the same steps as in Section 4: constraints (2) and (5) are
binding, meaning that equilibrium prices are as given in (7) and (8). Replacing these prices in (22),

and using again the shorthand notation u; = u(q;,6;), i = H,L, and ug; = u(qr,60x), we get

T =v(ug +unL—uL—(c+7Th)qu) + (1 —v) (ur — (c+12)qL). (23)

The equilibrium quantities are the solution to the following system of equations

on L 8uH .

E.—V<E—C—TH)—O, (24)
on L du;  Jdupyr dur _
a—qL-—V(a—qL——aqL)‘F(I—V)(a—qL—C—TL)—O. (25)

These expressions suggest that the effect of either tax rate is similar to that of an increase in the cost
of production of either bundle. Therefore, as we show in Appendix A.3, each tax rate reduces the

quantity in the bundle it applies to. Hence, we have

dqr

JqL Iqn _ 0 9an
8rL

Y44 _ aqL _
81:L ’ 8TH

0 =
<5 8‘6[-1

<0, 0. (26)

It follows that welfare decreases with either tax rate. Intuitively, the similar results apply with a

uniform unit tax rate, i.e. 71, = Ty = 7.

6 Robustness checks

We now present two extensions to the baseline model. First, we consider a setting with more than two

types of consumers. Second, we consider a duopoly of suppliers. The purpose of these extensions is

11



to show that our findings concerning the effect of an ad valorem tax targeting the H bundle continue
to hold. For reasons of space, we provide a summary description here and relegate the analysis to

the Online Appendix.

6.1 More than two types

We consider a setting with three types of consumers in Appendix B.1. Specifically, we assume the
preference parameter 6 can take three different values 6 € {0y, 0y, 0}, with O > 6y > 6. Let
vy, vy and vy, be the shares of consumers of type H, M and L, respectively, with vp + vy +vg = 1.
Furthermore, we assume that \11}_1\3 < VL:F% i.e. that the distribution of types satisfies the monotone
hazard rate property.” The model is otherwise identical to our baseline setup.

The solution follows the same steps as in 4. The main difference is that, in this setting, there are
two incentive compatibility constraints to be satisfied for each type, since each type has the option
of buying two bundles not intended for her or him. Using standard steps (Laffont and Martimort,
2002), it can be shown that, at equilibrium, only the incentive compatibility constraints ensuring that
a higher type does not mimic the type immediately below are binding. Specifically, in equilibrium
the H (respectively, M) type is indifferent between buying the bundle intended for her or him and
the bundle intended for the M (respectively, L) type. Finally, the participation constraint is binding
for the L type. As a result, the supplier distorts the quantity (or quality) of the bundle intended for all
types except the highest one. Types H and M receive an information rent, while the supplier extracts
all the surplus from the L-type consumers.

We find that an ad valorem tax applied to the H bundle has similar effects as in the baseline
model. That is, the tax reduces the distortion on the M and L bundles, by inducing the supplier
to increase the quantity for both types. Furthermore, the tax on the H bundle reduces the price of
the that bundle, while raising the price of the L bundle (the effect on the price of the M bundle
is ambiguous). The logic behind this result is the same as above: a tax on the H bundle makes
collecting revenue from the H types less attractive to the supplier, and so reduces the incentive to
relax their incentive compatibility constraint. It is interesting to note that there is a knock-on effect
on the L bundle as well: its price increases, but the quantity increases too. The reason is that an
increase in the quantity of good in the M bundle, g, relaxes the incentive compatibility constraint
that applies to the M type and, hence, reduces the need to distort the quantity in the L bundle in order
to satisfy such constraint. By the same token, also the tax applied to the M bundle increases the

quantity in the L bundle and induces the monopolist to decrease the price of the M bundle.

S>This assumption ensures that there is no “bunching” of types in the laissez-faire (Laffont and Martimort, 2002,
p-90).

12



To sum up, the analysis with more than two types confirms our baseline findings and suggests
that a tax applied on the largest-sized package of a certain good should bring to an increase in the

size of the other packages, with a positive effect on welfare.

6.2 Duopoly

In Appendix B.2, we consider a setting with two horizontally differentiated, symmetric suppliers.
We assume for simplicity that there is perfect correlation between a consumers’ preference for a
supplier and the marginal utility from consuming the good. Specifically, we consider two “high”
consumer types, each with a strict preference for one of the two suppliers (i.e., these consumers get
zero utility from consuming the good supplied by the other). Moreover, we consider two “low” types
that have a weak preference for one of the suppliers (i.e., they get a smaller, but positive, utility from
consuming from the least preferred one). Moreover, compared to the high types, the low types get a
smaller marginal utility from consuming the good from their preferred vendor.

In accordance with previous literature (Spulber, 1989; Stole, 2007), we show that the bundles
offered by the duopolists in equilibrium are similar to those offered by a monopolist. Specifically,
each supplier serves only the two types (high and low) that have a preference for its good, and offers
a distorted bundle to the low types to relax the incentive compatibility constraint of the high types.
The main difference with respect to the monopoly case is that each supplier must leave the low types
with some surplus to avoid such types switching to the rival. As a result, the price charged to the
high types must decrease as well. Intuitively, therefore, competition implies that the suppliers can
extract less surplus from consumers overall. However, the first-order conditions of the maximization
problem of each firm have the same shape as in (10) and (11). Thus, the effects of taxation in this

setting are the same as in the monopoly setting considered above.

7 Conclusions

We have studied the effects of taxation in markets with second-degree price discrimination. We
have shown that differentiated ad valorem taxes can have unconventional effects. By imposing an ad
valorem tax on the bundle intended for the high types, the government can have a double dividend,
increasing welfare and generating revenue. Instead, we have shown that uniform ad valorem and
(both uniform and differentiated) unit taxes always decrease quantities and welfare. In the baseline
model we consider a monopolist supplier and two types. We find similar results with more than

two types and with competing suppliers. In practical terms, our results call for (ad valorem) taxes
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targeting, e.g., larger packages of beverages, and first-class travel tickets.

Some of the markets where firms apply the kind of price discrimination we consider in this
paper are subject to specific excise taxes, intended to control the consumption of unhealthy products.
Examples include sugary food and beverages, alcohol and tobacco products. Although we have not
considered the implications of health-related consumption externalities in the paper, we note that, by
inducing suppliers to reduce the size of the largest packages, the differentiated taxation we analyze
here may result in an additional social benefit if we consider the largest package to be more harmful.
However, these differentiated taxes also increase the size of the package intended for the low types.
Hence, an analysis of the effects of differentiated taxation in these specific markets should consider
the characteristics of different groups of consumers to capture the effects of these relative changes.

This analysis is an interesting topic for further research.
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A Proofs

A.1 Establishing the signs of the derivatives in (12) and (13)

By totally differentiating the first-order conditions of the monopolist’s problem in(10) and (11), we
find that

’n Px _ Im _I=x ’m 9’n _ J’m _I’=m
aqi dq3 99id1i 9491 IqrIqL dq;j dq? dqjdti  dq;idti dgudqr . .
gz_ H ) 8t-:_ H 717]:H7L7‘]7£l'
1 l
where H = ‘)2—’2“)2—? — < 9’z )2 >0, &f <0, &f < 0 by second order conditions. Moreover,
9q7 gz dquadqL 9q; aq;
P ’r ’n v (dumr du ?w_ __ duy ’m  _ _ dup

dqudqr 0, dgu ot =0and dqrity — 1-v < da. ~ daL) ~ 0, Jqudtn — dau ~ 0 and Jqron — dqu

0. Hence, we have

8qH - azﬂ'&u}]
(o) = (et un) <
sn(%>—sn(—azn v <9uHL_8uL>)>O
o) T oz 1-v\9q.  oar

94 _
atL B

0
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8qL . 82717 8uL
sgn (8_tL) =sgn (961H 3qL) <0.

Let us now compute the derivatives of the equlhbrlum prices pH =uy —uyr+ur and pr = uy,

with respect to t;, i = H, L. Taking into account that > 0 and -2 Jq a g > 0, we have

dpn _ dup dqy <0, dpr  dur dqr

al‘H N 8qH 81‘[-] 8tH N &’qL 8tH > 0.

JpH aqL (9MHL B 9ML) -0, dpr  dupdqr <0

8tL - 8tL 8qL 8qL 8tL - 8qL 8tL

A.2 Uniform ad valorem tax
Consider profits in (1) with #;, =ty = ¢. The first-order conditions of the monopolist’s problem are

on . al/tH
aCIH. aC[H

a_ﬂ'_v(_c%tHLJr%) (1—tH)+(1—V)<

dqr " dqr.  Idqr
By totally deriving the above first-order conditions of the monopolist’s problem with respect to

(1—tn)—c =0, 27)

aI/tL
aqL

(1—1,)— c) =0. (28)

a uniform tax ¢, we find that

%’ 9°n _ 9*m  d*n
aqi dq3 9991 9qidt IqrdqL
or H ’
_2xx ( Px \? 2’ P x
where H = 94 ez o7 Jandar) 0, a— <0, o0 < 0 by second order conditions. Moreover,
qar 9%9u
327[ _ 8 T _ aMH . 8uL 8MHL
Jandar = O dqnor Vaan <0and(9 o= <8qL < 0. Hence,

sn<8ﬁ>—s n( o’n 9z )—s n(—vaﬂ)<0
si\7or ) T8 g% dqu ot — o8 dqu ’

sn% =sgn ’n 9z sn—%— L <0
8i\7or ) T8 0% dqrot ¢ qL vaqL '

Furthermore, the introduction of a small ad valorem tax has negative effects on welfare

awW

o 8qH 8uH 3qL aML
s ;:o_ 5 v(&qy c)+ o (l_v)(8qL_C) <0.
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A.3 Unit taxes

By totally differentiating the first-order conditions of the monopolist’s problem in(24) and (25), we
find that

*n P *m d'n *n d*n  P*m 3=
aqi _ 8q3 aq[afi aqia’tj 8qH8qL an _ 8%2 aqja’l,',' 8q,~81:,- 8qH8qL

8_1','_ H ’ 81',-_ H

7iaj:HaL7 ]7&1

2. 2 2 2 2 2 ...
where H = 2292 _ < o°m ) >0, on 0, e/ ) by second order conditions. Moreover,

— 9q dq dqndqL B_q? 8_%2
’n P _ *n P’ _ P 1
T = O Taem = 0 and daom =0 o = Y and Jeon = (I —v) < 0. Hence, we have
0 0%rm
sgn (aﬂ =sgn|{ ——v| <0
Jdqr Jdqn
AL _ o, 731 _
aTH aTL

8qL . 0’rn
sgn (8_11) = sgn (E (1 —v)) <0.

Consider now a uniform unit tax 77, = Ty = 7. By totally differentiating the first-order conditions

of the monopolist’s problem in(24) and (25), we find that

’n d’n _ J’m _I’=m ’n *’n _ P’m  I=m
dqi dq3 99i0T  9qidTIqudqL  dq; oq? 94,0t 90T dquoqr . o
%:_ H ) aT:_ H 7l7]:H7L7J7él'
where =22 — 0, -2 — _yand -2 — _ (I —v). Hence, we have
dqrdqr — 77 dqudT 9qLot : ’

8qH 8271'
sgn (W) =sgn <a—q%v) <0,

8qL . 0’rn
sgn (W) = sgn (@ (1 —v)) <0.
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B Robustness checks (online)

B.1 More than two types

We assume there are three types of consumers, characterized by the preference parameter 6 €
{6n,00, 0L}, with Oy > 6y > 0. Let vy, vy and vy, be the shares of consumers of type H, M and
L, respectively, with vg + vy +vp, = 1. Furthermore, to avoid “bunching” of types we assume that
e YLtV i e that the distribution of types satisfies the monotone hazard rate property (Laffont
M VH
and Martimort, 2002, p.90). The model is otherwise identical to our baseline setup.
The supplier offers to consumers three bundles, (g;, p;), each intended for one type. These

bundles must satisfy six incentive constraints (two for each type)

u(qi,0) —pi > u(q;,0) —pj, Lj=LMH i#],

and three participation constraints (one per each type)

u(q,-,@i)—pi >0, i=LM,H.

Following standard steps (Laffont and Martimort, 2002), one can show that, in equilibrium, there
are two binding incentives constraints (the ones such that a higher type want to mimic a lower type)
and one binding participation constraint (the one of low types). From these binding constraints we

derive the equilibrium prices. Hence, the supplier maximizes the following problem

max w= Y vi((1—t;)pi—cqi), (29)
(qi.pi) i=L.M.H

S.t. pH =ug-+upy+up—upyr— UM, (30)

PM = Uy +up — upr, 31

pL = ur, (32)

where u; = u(q;, ;) for each i = L,M,H, and u;; = u(qj,Oi) for each i,j = L,M ,H with i # j.

Hence, we derive the following first-order conditions

87r L aMH o

dqn " (861H (1=1n) _C) -0 G
on Aupy auHM> (auM )
IT oy (EM M )yt (S (1 =) —c ) =0, 34
dam (36]M dqu (1=tr) v 36]M( m) ¢ (34)
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on 8uL 3uML) (8uL 8uML) (8u )
— = -— — 1 —tyg)+ I —ty)+ 1—t)—c | =0.
qr - (a‘IL aqL ( H)Tvm Jdq.  dqL ( )L J L( L)=e 35)

Totally differentiating the above equations and taking into account that cross-profits derivatives are
2 . . .

Zero (% =0 for i, j = L,M,H with i # j), we find that
i9qj

’n ’n ’n
dq7 dqrdqm  dqLdty
9°n *n 9’n
dqmIqL 43, dqmoty
’n ’r ’r *n d*n _3*n
aqH _ dqudqr, dqudqy  Idquity . 8qL aq dqydty
oty H H -
where H is the determinant of the Hessian matrix, which is negative by second order conditions,
a 2 < 0 for i = L,M,H also by second order conditions, and aq at = —vy g’:[H < 0. Following

51m11ar steps, we find that the derivatives of gjs and ¢g; with respect to ty are, respectively, such that

sen (5i) =sen (oo (3~ %)) 2 0. sen (35 ) = sem (o (35 - %)) 20

These signs follow from the assumption that a a g > 0. This establishes that the effect of the ad
valorem tax applied to the H-bundle is such that the quantity of the other two bundles increases,
reducing the distortion applied by the supplier.

Similarly, the derivatives of the equilibrium quantities with respect to #3; and #; are such that

dan 5 P ps J 0
-0, e (30) () <0 (3 o) 20

B.2 Duopoly

We consider two symmetric suppliers, indexed by s € {1,2} and four consumer types, indexed
by i € {H,L|,H,,L,}, differing in (i) their intensity of preferences for the good and (ii) their
preference for the two suppliers. The utility when buying from supplier s is us (g, 6;) — p, where
p is the price and 6; is the preference parameter. Let v; be the share of consumers of type i, with

Yi—H, L, H,,L, Vi = |, and assume that each consumer buys from at most one supplier. We assume the
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utility function satisfies the following conditions:
u1(q,0m,) > u1(q,01,) > u1(q,01,) >ui(q,6m,) =0, Vg>0,

175 (qa OHz) > U (q; eLz) > U1 (61» GLl) > Uy (Q7 9H1) = 07 VQ > 07
8u1 81/{1 8u1 8u1
—(q, 6, —(q, 6 —(q,0 —(q,6,) =0, ¥V 0
aq (q7 Hl) > 8q (Q7 Ll) > aq (Q7 Lz) > aq (Q7 Hz) ’ q >0,

a—q(% Or,) > 88—22 (9,6L,) > %—L;z (9,6L,) > %_p;z (¢,61,) =0, Vg>0.

These conditions imply a perfect correlation between the preference for one supplier and the intensity
of preference for the good it supplies (Spulber, 1989). For simplicity, we assume only the “low”
types are willing to buy from either supplier, whereas the “high” types do not get any utility from
buying from their least preferred supplier.

Let (g;, pi) denote the bundle that a supplier proposes to consumers of type i. Given the condition
that consumers self-select on the intended bundle, there is no loss in proceeding under the assumption
that supplier 1 only offers bundles intended for the couple of consumer types that prefer its product,
i.e. Hy and L, whereas supplier 2 only serves H, and L,. We are now going to state the constraints

that the suppliers face regarding each type of consumer. Considering a supplier s, we have the

following incentives and participation constraints that apply to the Hs-bundle:

us(qHs76H5>_pHSzus(q[‘NeHs)_pLs?S:1727 (36)

Us <qHs’ GH‘) _pH3 2 Ug! (qu” GHA) _pLs” S7S/ = 1727 S/ 7é S, (37)
s (qn,6n,) — i, > uy (qu,,0n,) = PHys 55" = 1,2, 5 # 55, (38)
us(qHS’GHs)_pHszov s=1,2. (39)

Constraint (36) must hold in order for H; types not to choose the bundle offered to L; consumers by
the same supplier . The next two constraints, (37) and (38), must hold to avoid that H; types buy
any of the bundles offered by the other supplier, s’. Finally, (39) must hold for Hy types to prefer the
bundle intended for them to not participating in the market at all.

Symmetrically, the constraints that apply to the Lg-bundle are as follows
Us (qu7 eLs) — PL; > U (qHsﬂ GL&) —PH,, §= 1527 (40)

Uy (QLM eLs) — DL Z Ug (QLSMOLS) _pLSH sasl = 172; S/ % s, (41)
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Us (QLN QLS) — DLy Z Uy (CIHSMGLX) _pHslv svsl = 1727 sl 7& s, (42)
us (qr,,0L,) —pL, >0, s=1,2. (43)

Constraint (40) must hold in order for L; types not to choose the bundle offered to H; consumers
by supplier s. The next two constraints, (37) and (38), must hold to avoid that L types buy from
the other supplier. Finally, (39) must hold for L; types to prefer the bundle intended for them to not
participating in the market at all.

Given the differentiated ad valorem tax rates we consider in the baseline setting, the problem of

supplier s is

max n=vu, [(1 —tu) pu, — cqu,) +vi, [(1 —1L) pr, — cqr], s = 1,2, (44)

4Hs,PHs9Ls:PLg

subject to constraints (36)-(43).

We are now going to solve supplier s’s problem characterized above, focusing on symmetric
equilibria. Our first step is to establish which constraints are going to be binding in equilibrium to
determine equilibrium prices. Given uy (qz,,6n,) = uy (qu,,6H,) = 0, constraints (37) and (38)
cannot be binding, because of the participation constraints in (39). Furthermore, given (43), and that
us (qr,, Om,) > us (qr,, 61, ), constraint (39) cannot be binding either. Hence, the equilibrium must be
such that (36) is binding. We have

pHv :pLs+uS (qHNGHV) — Uy (qu’GHv)7 § = 1’2 (45)

Given (45), we can write the constraints (40), after some rearrangements, as

us (qm,, On,) — us (qr,, Om,) > us (qu,,0L,) — us (qr,,0L,), s = 1,2,

which must hold strictly by the assumption that %—”qf (q,0m,) > %—L:; (¢,6r,). Hence, these constraints
cannot be binding. Consider now the constraints (42). These can be rewritten, using (45) and after a

few rearrangements as

Uy (CIHS/ 5 6HS/) — Uy (qu/ ) 9HS/) — DL, 2 Ug (qHsm GLS) — Uy (QLM GLS) - pLsm s = 172

In a symmetric equilibrium (where py, = pr, and g1, = g1,), this inequality must hold strictly by

. duy dug
the assumption that = (4,6m,) > 94

(q,6L,) > BBL;/ (q,6r,). Therefore, the only constraints that
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can be binding are (41) and (43). We have

pr, = us(qr,,0r,) —max (O,usx (qLS,,GLS) —pLs,) 5,8 =1,2,5 #s. (46)

Given (45) and (46), we can therefore write the the problem of supplier s as

max 7, = vy, [(1—t1) (us (qr,,6L,) —max (0,uy (qr,.6L,) — pr,) + us (qn,, On,) — (qr,, 0m,)) — cqm,] 447)

qdHg 9L

+vr, [(1 —1r) (us (q,,0L,) —max (O,usz (qLS,,GLS) —pLs,)) - chs] , 5,8 =125 #s.

Observe that uy (qu, , OLS) — pi, does not depend on gg, nor on gr,. The first-order conditions of

this problem are
on L 8us (qHS, GHS)

Sam an (1—tg)—c=0s5=1,2, (48)
om duy (qr,,0m,)  dus(qr,,6L,) dus (qr,,01,) e
oqr, o (_ qL, - Iqr, (=t ¥, qr, Umm)=e)=0 s(4_9; -

The key observation is that these equations have the same form as (10) and (11), which implies that

the effects of taxation must be also be the same, and so are the implications for optimal policy.
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