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Abstract

This paper examines the role of pricing errors in linear factor pricing models, allowing for
observed strong and semi-strong factors, and latent weak factors. It focusses on the estimation of
& = Ak — ux Which plays a pivotal role, not only in the estimation of risk premia but also in tests
of market efficiency, where A and ux are respectively the risk premium and the mean of the k™"
risk factor. It proposes a two-step estimator of Zk with Shanken type bias-correction, and derives
its asymptotic distribution under a general setting that allows for idiosyncratic pricing errors, weak
missing factors, as well as weak error cross-sectional dependence. The implications of semi-strong
factors for the asymptotic distribution of the proposed estimator are also investigated. Small
sample results from extensive Monte Carlo experiments show that the proposed estimator has the
correct size with good power properties. The paper also provides an empirical application to a
large number of U.S. securities with risk factors selected from a large number of potential risk
factors according to their strength.
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1 Introduction

The linear factor pricing model (LFPM), widely used in finance, explains the time series
of excess returns on each of ¢ = 1,2, ..., n securities in terms of a set of observed risk
factors, fi, k=1,2,...,K,t=1,2...,T. The popular Fama and MacBeth (1973, FM)
two-pass procedure first runs regressions of individual excess returns on the risk factors
to estimate their loadings, [3;;, which are then used in the second pass to estimate the
risk premia of fy;, namely A, using cross section regressions of the time averages of
security excess returns on the estimated factor loadings. In this paper we focus on
estimation of ¢, = Ay — ug, where pp = FE(f) can be readily estimated from time
series data on risk factors and does not require knowing the factor loadings (and hence
is not subject to Shanken bias-correction). ¢, plays a pivotal role both in estimation of
the risk premia as well as in tests of alpha. This follows since a; = ¢+ Zszl Bik Ok + i,
where a; is the intercept in the i*" return regression, c is the zero beta return, B, ¢y, is
what we refer to as the spanning error of the k" risk factor, and 7; is the idiosyncratic
pricing error specific to security 7, originally introduced by Ross (1976). Under market
efficiency a; = 0 (or a; = ¢ if the risk free rate is fixed but unknown), and the spanning
error, [;r¢r, must be zero for £ = 1,2,..., K, which in turn implies that ¢, = 0,
when the associated risk factor, fy;, is sufficiently strong. A two-step estimator of
¢ = (¢1,02,...,0x) can be obtained from a regression of the estimated intercepts,
a;, on the estimated loadings, Bik, from the LFPM. As with the two-step estimator
of \g, the two-step estimator of ¢, will also be biased, and requires bias-correction.
Accordingly, we follow Shanken (1992) and propose a bias-corrected estimator of ¢,
which we denote by cﬁnT.

The main theoretical contribution of the paper is to develop the asymptotic distri-
bution of QEnT under a wide variety of assumptions regarding the idiosyncratic pricing
errors, error cross-sectional dependence, and the presence of missing (latent) factors.
The paper also investigates the implications of factor strengths for the precision with
which ¢, (the true value of ¢) can be estimated. The LFPM, following Chamberlain
and Rothschild (1983), assumes that all the observed factors are strong and the eigen-
values of the covariance matrix of the errors are bounded, and hence do not admit a

factor structure. There has been concern in the literature that the factors may be weak



or not pervasive in that many of the ;; may be zero. In our analysis we use a measure
of the strength of factor k, ay, developed in Bailey, Kapetanios, and Pesaran (2016,
2021), which can be estimated from the proportion of non-zero coefficients, [, of the
factor in the LFPM. Similar strength measures can be used to measure the degree of
pervasiveness of missing factors and pricing errors. Strong factors have strength equal
one, semi-strong between one and a half, and weak factors less than a half. Use of this
measure allows us to be precise about the degree of pervasiveness and show how the
strengths of the observed factors, the missing factors and the pricing errors influence
estimation and inference about risk premia.

As noted above, the intercepts in the LEPM return regressions, a;, can be written in
terms of two types of pricing error as: a; = ¢+ Zszl Bik®r +ni, where c is the zero beta
return, 5;r¢ is a spanning error related to factor k, and 7); is an idiosyncratic pricing
error specific to security ¢. The risk premium of factor fi;, A\x = ¢ + i, is the sum of
the spanning error parameter, ¢, and the factor mean, p = E(fx;). In his theoretical
derivations, Ross (1976) assumed the factors had mean zero: p; = 0, so Ay = ¢.
Shanken (1992) considered risk premia of traded factors under market efficiency (setting
¢r = 0), and hence Ay = py. The factor mean, p, can be estimated consistently at the
regular /7T rate directly using time series data {fy, for t = 1,2, ..., T} alone.

The main theoretical results of the paper are set out around five theorems under
a number of key assumptions, with proofs provided in the Appendix. Theorem 1
shows that the standard Fama-MacBeth estimator is valid only when there are no
pricing errors and when n/7T" — 0. Theorem 2 shows that the Shanken bias-corrected
estimator of )\, continues to be consistent for a fixed 7" as n — oo, even in presence of
weak pricing errors and weak missing common factors. Theorem 3 provides conditions
under which the bias-corrected estimator, (,zznT, is consistent for ¢, and derives the
asymptotic distribution of ¢~7nT, assuming the observed factors are strong. Theorem
4 extends the results to the case with semi-strong factors and considers the relevance
of factor strength for the precision with which ¢ can be estimated. Finally, Theorem
5 gives conditions for consistent estimation of the asymptotic variance of (;BnT, using
a suitable threshold estimator of the covariance matrix. In summary, the asymptotic
distribution of the bias corrected estimator, g?)nT, is established in presence of missing

factors and pricing errors, subject to certain regularity conditions on the strength of



the missing factors and the pricing errors.

The small sample properties of &nT are investigated using extensive Monte Carlo
experiments, allowing for a mixture of strong and semi-strong observed factors, latent
factors, pricing errors, GARCH effects and non-Gaussian errors. Small sample results
are in line with our theoretical findings, and confirm that the bias-corrected estimator,
&nT, has the correct size and good power properties for samples with time series di-
mensions of 7' = 120 and T = 240. The results are quite robust to non-Gaussian errors,
GARCH effects, pricing errors, missing weak factors and various forms of error cross
section dependence. In line with our theoretical findings, the Monte Carlo evidence
also showed that the precision with which ¢y is estimated falls with a4, the strength
of the k' factor.

In our theoretical derivations and Monte Carlo investigations we assume that the
observed risk factors are known. In practice they have to be selected from a large set of
potential factors. Given that both the theory and Monte Carlo indicate the importance
of factor strength, in the empirical application factor selection is based on a threshold
for factor strength. This procedure is applied in a high dimensional setting with both
a large number of securities (n from 1,090 to 1,175) and potential risk factors (m from
177 to 189). Various procedures could be used to determine whether a factor had a non-
zero coefficient in each return regression. We used Lasso. A factor strength threshold
of 0.75 produced a small number of plausible factors always including the three Fama-
French factors. Estimates of ¢, were obtained with samples of length 7" = 240 and
T = 120 months, ending in four years, 2015, 2017, 2019, 2021. The spanning error
parameter of the market factor was only significant in the 7" = 240 sample ending in
2021, which included the COVID-19 pandemic. The joint null hypothesis that ¢, = 0
was rejected in all four periods, suggesting market inefficiency. This was mainly due to
two risk factors, a measure of short selling suggested by Dechow, Hutton, Meulbroek,
and Sloan (2001), and the Fama-French value factor, HML.

Related Literature. There is a large literature that relates to our research agenda.
On estimation of risk premia, following Fama and MacBeth and Shanken (1992), esti-
mation of risk premia is further examined by Shanken and Zhou (2007), Kan, Robotti,
and Shanken (2013), and Bai and Zhou (2015). The survey paper by Jagannathan,
Skoulakis, and Wang (2010) provide further references.



Testing for market efficiency dates back to Jensen (1968) who proposes testing
a; = 0 for each i separately. Gibbons, Ross, and Shanken (1989) provide a joint test
for the case where the errors are Gaussian and n < T'. Gagliardini, Ossola, and Scaillet
(2016) develop two-pass regressions of individual stock returns, allowing time-varying
risk premia, and propose a standardised Wald test. Raponi, Robotti, and Zaffaroni
(2019) propose a test of pricing error in cross section regression for fixed number of
time series observations. They use a bias-corrected estimator of Shanken (1992) to
standardise their test statistic. Ma, Lan, Su, and Tsai (2020) employ polynomial spline
techniques to allow for time variations in factor loadings when testing for alphas. Feng,
Lan, Liu, and Ma (2022) propose a max-of-square type test of the intercepts instead
of the average used in the literature, and recommend using a combination of the two
testing procedures. He, He, Huang, and Zhou (2022) propose two statistics, a Wald
type statistic which require n and T to be of the same order of magnitude and a
standardised t ratio. Kleibergen (2009) considers testing in the case where the loadings
are small. Pesaran and Yamagata (2012, 2023) consider testing that the intercepts in
the LEPM are zero when n is large relative to 7" and there may be non Gaussian errors
and weakly cross-correlated errors.

Strong and weak factors in asset returns are considered by Anatolyev and Mikusheva
(2022) and Connor and Korajczyk (2022). Beaulieu, Dufour, and Khalaf (2020) discuss
the lack of identification of risk premia when many of the loadings are zero. There has
also been concern about the consequences of omitted factors. Giglio and Xiu (2021)
discuss the problem and try to deal with it using a three-pass method which is valid even
when not all factors in the model are specified or observed using principal components
of the test assets. Onatski (2012) and Lettau and Pelger (2020a,b) provide extensive
discussions of weak factor and latent factors, respectively.

A large number of risk factors have been considered in the empirical literature.
We use the Fama and French (1993) three factors in our Monte Carlo design. In our
empirical application we use the five factors proposed by Fama and French (2015)
and the large set of factors provided by Chen and Zimmermann (2022) . Harvey and
Liu (2019) document over 400 factors published in top finance journals. Dello Preite,
Uppal, Zaffaroni, and Zviadadze (2022) argue that despite the hundreds of systematic

risk factors considered in the literature, there is still a sizable pricing error and that



this can be explained by asset specific risk that reflects market frictions and behavioral
biases. There is a large Bayesian literature, including Chib, Zeng, and Zhao (2020), and
Hwang and Rubesam (2022) on selecting factor models. The issue of factor selection
is also addressed by Fama and French (2018)

The rest of the paper is organized as follows: Section 2 provides the framework for
estimation of ¢,. Section 3 sets out the assumptions and states the main theorems.
Section 4 presents the Monte Carlo (MC) design, its calibration and a summary of the
main findings. Section 5 discusses the problem of factor selection from a large number
of potential factors. Section 6 gives the empirical application using monthly data on
a large number of individual US stocks and risk factors over the period 1996-2021.
Section 7 provides some concluding remarks.

Detailed mathematical proofs are given in an online mathematical Appendix. Fur-
ther information on data sources, MC calibration,and MC results, plus some supple-

mentary material for the empirical application are provided in two online supplements,

A and B.

2 Estimation of risk premia using linear factor pric-
ing model

We follow the literature and consider the LFPM
rit = Ry — 7‘{ = a; + B + uq, (1)
fort=1,2,...,nand t = 1,2,...,T, where R;; is the return on security 1, rtf the risk
free rate, and r;; is the excess return explained in terms of the K x 1 vector of observed
factors f, = (fis, fot, - fxe)'- The intercept a; and the K x 1 vector of factor loadings,
B; = (B, Bia, -, Birc)’, are unknown. The idiosyncratic errors, u; have zero means and
are assumed to be serially uncorrelated. The observed factors, f;, are assumed to be
covariance stationary with the constant mean p, = E (f;).
It will prove convenient to write (1) in matrix notation by stacking the excess
returns by t = 1,2, ..., T, for each security i
ri, =a;7r +FB3, +u,, fori=1,2....n, (2)

’ / !/ .
where rio = (11,72, ...,rir), F = (£, 8, ... 1), o = (wir, iz, ..., wir)’, and 77 is a



T x 1 vector of ones. Similarly, stacking the excess returns by ¢ for each ¢ we have

ro =a, + B,f; +uy, fort=1,2,....T, (3)
where ro; = (714,72, ooy Tnt)'y @ = (1,82, ..,8n)", By = (Bo1s Bozy s Bok)s Bor =
(Bik, Boks vy Buk)’s and Uop = (Ung, Uty ..., Upe)', With V,, = E (uepul,). Under the Ar-
bitrage Pricing Theory (APT) due to Ross (1976) the pricing errors, n; are defined
by

ni=E(ry) —c—BiXg, fori=1,2,...n (4)
where c is zero-beta expected excess return, \g is the K x 1 vector of risk premia. Ross

assumes that the pricing errors are bounded such that

St <o 5)
=1

The focus of the literature has been on testing for alpha, a; = 0, and the estimation of
the risk premia, Ao, using panel data on excess returns, {r;, i =1,2,..,n;t =1,2,.... T},

and F, the T' x K matrix of observations on the factors.

2.1 Fama-MacBeth and Shanken estimators of risk premia

The risk premia are usually estimated using a two-pass procedure suggested by Fama
and MacBeth (1973). The first-pass runs time series regressions of excess returns, 7,
on the K observed factors to give estimates of the factor loadings, 3, :

B = (F'MF) ™ F'Mrr. (6)
The second-pass runs a cross section regression of average returns, 7, = 7} Zthl Tit
on the estimated factor loadings, to obtain the FM estimator of A :
Sour = (B;TManT)_l B M, (7)
where B, = (BlT,BQT, ...,BnT)’, Tno = (F1i7,Tors ooy Tur), My = Ip — T o1l 71

is a T-dimensional vector of ones, M,, = I, — n~ 7,7/

', and 7, is an n-dimensional

vector of ones.

As is well known, when T is finite FM’s two-pass estimator is biased due the errors
in estimation of factor loadings that do not vanish. The small 7" bias of the two-pass
estimator of Ay has been a source of concern in the empirical literature. Under standard
regularity conditions and as n — 0o, we have

-1
72 (F'M;F\ ! 72 (F'M;F\
s + — <—T> (zﬁﬁdﬁ - (TT) Xo |, (8)

5\nT — Ao —p T T




where

Ygp = lim (n'B,M,B,), dsr = fir — pio, and > = lim n™' Y 07 >0.  (9)

The bias of A,z is due to terms that involve d sr and o2, Following Shanken (1992),

72 can be consistently estimated (for a fixed T') by

T .
~2 D i U

It = T —K —1)’ (10)

where

. N N

Uig = T — &7 — Byt (11)
and as before 4;7 and BiT are the OLS estimators of a; and 3,. Using these results the

bias-corrected version of the two-pass estimator is given by!

EY B/ Mn_no
Ao = Hy (T , (12)
where R ) .
B/ M,B, ~ F'MsF\
H,, = nTTT T, TT . (13)

When all the risk factors are strong, under certain regularity conditions, there exists a
fixed T such that for all 7' > Ty, then

p lim (XnT) = A7 = Xo+ (fip — ) - (14)
Shanken refers to A’ as "23)_{)—01?)0813" risk premia to be distinguished from g, referred to
as "ex ante" risk premia. See also Section 3.7 of Jagannathan, Skoulakis, and Wang
(2010).

In this paper we exploit Shanken’s bias correction procedure by applying it to ¢,=
Ao— o which we identify directly in terms of the observables. To this end, taking
expectations of both sides of equation (1) and using the resultant expression for F(r;)
in (4), we have E (r;) = ¢+ B Xo + 1; =a; + By, which in turn yields

a;=c+ B.py+mn, fori=1,2,....n. (15)
Therefore, ¢, = Ao — py can be identified from the regression of a; on 3, for i =
1,2, ...,n, so long as the idiosyncratic pricing errors, 7);, are sufficiently weak relative
to the strengths of the risk factors in a sense which will be made precise below. Under
market efficiency we must have 3¢, = 0, for all 7 with n;, i = 1,2, ..., n sufficiently

bounded such that the APT condition given by (5) is met. Accordingly, we refer to

!See also Shanken and Zhou (2007), Kan, Robotti, and Shanken (2013), and Bai and Zhou (2015),
and the survey paper by Jagannathan, Skoulakis, and Wang (2010) for further references.



{Bidy,i=1,2,...,n} as spanning errors, since they are spanned by the factor loadings,
and refer to {n;, i = 1,2, ...,n} as the idiosyncratic pricing errors. Most tests of alpha
developed in the literature do not distinguish between these two types of pricing errors
and focus on testing {a; =0, i = 1,2,...,n}, see the discussion in the introduction.
Estimation of ¢ and ¢, and inference about their statistical significance complement
the tests of alpha (a; = 0) that do not distinguish between spanning and idiosyncratic
pricing errors. Further, tests on c and the individual elements of ¢, also help with the
interpretation of the test outcomes by identifying particular risk factors that might be

behind the non-zero spanning errors.

2.2 Estimation of ¢,

In view of (15), the estimation of ¢, can be carried out following a two-step procedure
whereby in the first step a; and 3, are estimated from the least squares regressions
of r;; on an intercept and f;, and these are then used in a second step regression to

estimate ¢,. Specifically,

-~

~ ~ -1 .
bpr = (B;LTMTLB”T) Bl M, a,r, (16)
where énT = (é,lT,é,lT, ...,énT)l = fnT_BnTllTa and as before BnT = (/BlT’ ﬂQT? ey ﬂnT)l'
This estimator is consistent for ¢, so long as n and 7' — oo, and bias-corrections are
necessary to ensure the large n consistency of the estimator when 7' is fixed. A Shanken

type bias-corrected estimator of ¢, is given by

B, Ma,r .2 (FMF\ '
TTJFT 152 (T) iy

where H,,7 and EZT are given by (13) and (10), respectively. It is also easily established
that

Gur = Mur — P, (18)
and for a fixed T" and as n — oo, we have
p lim anT = p lim Ayp — .
Hence, upon using (14) o o

p,}ﬂ& ‘f;nT = Ao+ (fir — po) — o = Ao — o=y, (19)



and there exists a fixed Ty such that for all T > Ty, ¢, converges to ¢, as n — oo.
Also using (14) and (18), and noting that Ag — p, = ¢, interestingly we have

At = Np = G + fir — X = b — .
So inference using the Shanken bias-corrected estimator of A around A7, is the same
as making inference using qznT around @,,.

The asymptotic distribution of &nT depends on both n and 7. Assuming the
observed factors are strong and under certain regularity conditions, to be introduced
below, we have

VnT (&nT — ¢o> —a N (0,255VeE55) (20)
where
Ve = (1+ X3 A) p lim [n"'B,M,V,M,B, |.

The variance of q‘i;nT is consistently estimated by

—

Var (anT> =T'n'H 7 V§7nTH;% , (21)
where H,,7 is given by (13),
Veor = (14 5ur) (07 BIM,V,M, B, ) (22)
and / .
Sur = X;LT (F %TF> Ants (23)

X7 is defined by (12), and V, is a suitable estimator of V, = E (uyul,). How to

estimate V, and the conditions under which Var <q3nT> is consistently estimated by

o —

Var (énT> is discussed in sub-section 3.2.

Note that even when V,, = 021, the variance of q,’;nT does not reduce to 02255, the
standard least squares formula used for the case of known factor loadings. When the
loadings are estimated the scaling term (1 + )\62]71)\0) is required and its neglect can

lead to serious over-rejection even if n/T — 0 as n and T — oo.

2.3 Factor strength

In this paper we deviate from the standard literature and allow the observed and
latent factors to have different degrees of strength, depending on how pervasively they
impact the security returns. Bailey, Kapetanios, and Pesaran (2021) define the strength

of factor, fi;, in terms of the number of its non-zero factor loadings. For a factor to be



strong almost all of its n loadings must differ from zero. Given our focus on estimation
of risk premia, we adopt the following definition which directly relates to the covariance
of B;. See also Chudik, Pesaran, and Tosetti (2011).

Definition 1 (Factor strengths) The strength of factor fr; is measured by its degree of

pervasiveness as defined by the exponent o, in
> (B = Br)” = o(n™), (24)
i=1
and 0 < o < 1. We refer to {ag, k=1,2,...., K} as factor strengths. Factor fi
is said to be strong if ap = 1, semi-strong if 1 > oy > 1/2, and weak if 0 < ay, <

1/2. Condition (24) applies irrespective of whether the loadings, B, are viewed as

determanistic or stochastic.

In the above definition &, (n“*) denotes the rate at which additional securities add
to the factor’s strength and «; can be viewed as a logarithmic expansion rate in terms
of n and relates to the proportion of non-zero factor loadings. In the literature it is
commonly assumed that the covariance matrix of factor loadings defined by

. _ - = = /
Yigp = pqgl_{go [n ! ; (161 - Bn) (/87, - /Bn) ] ) (25)
is positive definite, where 3, = n"t>"" | B; = (81, B2, ..., B)’. For X5 to be positive
definite matrix it is necessary that all the K risk factors under consideration are strong

in the sense that
n

pnhj& n_lz(ﬁik—gk)z >0, fork=12,.. K. (26)
In terms of our definition ofl?altctor strength, 335 will be positive definite if all the
observed factors are strong, namely if a, = 1 for £k = 1,2,..., K. However, such an
assumption is quite restrictive and is unlikely to be satisfied for many risk factors being
considered in the literature. Bailey, Kapetanios, and Pesaran (2021) show that, apart
from the market factor, only a handful of 144 factors in the literature considered by

Feng, Giglio, and Xiu (2020) come close to being strong.

2.4 Missing factor

We now turn to the structure of the errors, u;, in the returns equations, and consider

two possible sources of error cross-sectional dependence: a missing or latent factor and

10



production networks. The issue of missing factors has been investigated in the recent
literature by Giglio and Xiu (2021) and Anatolyev and Mikusheva (2022). The issue of
production networks has been investigated in the recent literature by Herskovic (2018),
who derives two risk factors based on the changes in network concentration and network
sparsity, and Gofman, Segal, and Wu (2020), who focus on the vertical dimension of
production by modeling a supply chain, in terms of supplier-customer links. They find
that the further away a firm is from final consumers the higher its return. They use
this to create a factor TMB (top minus bottom). Both sources of cross-sectional error
dependence could be important, since network dependence cannot be represented using
latent factor models. See Section 3 of Chudik, Pesaran, and Tosetti (2011).

To allow for both forms of error cross-sectional dependence we consider the following
decomposition of u;

Wit = Vigt + Vit (27)
where ¢; is the missing (latent) factor and v;; is weakly cross-correlated in the sense
of approximate factor models due to Chamberlain (1983) and Chamberlain and Roth-
schild (1983). Here we allow for a single missing factor to simplify the exposition, but
note that increasing the number of missing factors has little impact on our analysis,
so long as the number of missing factors is fixed. Using the normalization E(g?) = 1,
and assuming that 7,9, and v;; are independently distributed then E(uyuj) = 0;; =
Vivj + 0vijy and as shown in Lemma A.1, n=' 37" 37" |oy;| = O(1) so long as
the strength of ¢:, a, < 1/2 and Auax(Ve,) < oo. This is despite the fact that
Aax(V) = O(n®), where V, = E (v;v}) and V, = E (w;u}).> In the Monte Carlo
experiments, we consider the possibility of missing factors, as well as weak spatial and

network cross-dependence that satisfy conditions of approximate factor models.

2.5 Pricing errors

The APT condition (5), given by (18) in Theorem II of Ross (1976), ensures that under

APT the (idiosyncratic) pricing errors are sparse. In this paper we relax the Ross’s

?Note that Chamberlain’s approximate factor model specification requires Apax(Vy) = O(1) and
is violated if a, > 0.

11



condition to .

> =0(n), (28)
where the exponent o, measures tll:el: degrees of pervasiveness of pricing errors. De-
viations from APT are measured in terms of o, (0 < o, < 1). We investigate the
robustness of our proposed estimator of ¢, to . This extension is important for tests
of market efficiency where the null of interest is Hy : a; = ¢ for all ¢ in (15). We note
that under the alternative hypothesis H; : a; = ¢+ (3¢ + n;, therefore it is desirable to
develop a test of ¢, = 0 which is robust to a wider class of pricing errors than those
entertained originally by Ross, where o, = 0. As noted above, market efficiency re-
quires ¢, = 0, but is compatible with a moderate degree of pricing errors characterized

by a,.

3 Assumptions and theorems

We make the following standard assumptions about f;, g, vii, 3;, 7;, and ~; (the drivers

of asset returns):

Assumption 1 (Observed common factors) (a) The K x 1 wvector of observed risk

factors, f;, follows the general linear process
fi=p+Y Uy, (29)
=0

where ||p|| < C, § ~ I1D(0,1k), and ¥, are K x K exponentially decaying matrices
such that ||®,|| < Cp" for some C > 0 and 0 < p < 1. (b) The T x K data matriz
F=(f,f,. .. fr) is full column rank and there exists Ty such that for all T > Ty,
2f = T 'F'M7F is a positive definite matriz, Amax [(T‘lF’MTF)_l] < C, i‘f —
Si=E(f — po) (f — pp) > 0, where pg is the true value of p.

Assumption 2 (Observed factor loadings) (a) The factor loadings By fori =1,2,...,n
and k = 1,2, ..., K are stochastically bounded such that supxE (B%) < C,

ST (B = Br)’ = ©p(n™), fork =1,2,.., K. (30)
=1
(b) The nx K matrix OffGCtOT loadings, BTL = (/8017 BoQa teey BoK)? where /Bok = (Blkra ﬂ?k; vy Bnk:)/
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satisfy
0 < ¢ < A (D'B,M,,B, D, ") < A\pe (D;'B,M,,B,D') <C <00, (31
for some small and large positive constants, ¢ and C, where M,, = I, — n™ ‘7,7,
T, = (1,1,...,1), and D, is the n X n diagonal matrix
D, = Diag(n®/? n®2/? .. nox/?), (32)

Assumption 3 (latent factor) (a) The latent factor, g;, in (27) is distributed inde-
pendently of £, for all t and t', g, is serially independent with mean zero, F(g;) = 0,
E(g?) =1, and a finite fourth order moment, sup;E(g}) < C. (b) The loadings v; are
such that sup; || < C and

>_ il = 0(m™). (33)

Assumption 4 (idiosyncratic errors) (a) The errors{vy, i =1,2,...,n; t =1,2,..., T}
K
and their associated loadings B, and ~y;. They are serially independent with E(v;) =0

are distributed independently of the factors fyy, and gi, for alli,t,t" andk =1,2, ... K,

and finite fourth order moments E(v},) < oo, and covariances E(vyv;) = 0445, such
that

n

squ |0y < 00, and supZC’ov(vi,v?t) < 00, (34)
i =1 % =1
With Amin (V) > 0, where V, = (0,;). (b) The degree of cross-sectional dependence

of vy 1s sufficiently weak so that

T n
Tﬁl/2n71/2 Z Z(/B’Lk - Bk)vit —d N(()?W/%)a fOT k= 17 27 [ K7 (35)
t=1 i=1
where I
wp = p lim =" SN Bk — B (Bjk — Br)owi- (36)
i=1 j=1

Assumption 5 (Pricing errors) The pricing errors, n;, for i = 1,2,....n are indiwid-
ually bounded, sup;|n;| < C, and are distributed independently of the factor loadings,
Bik, and v; for alli,j and k =1,2, ..., K, as well as satisfying the condition

> lml =0 (™), (37)

with o, < 1/2.
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Remark 1 Under Assumption 1 E (f;) = p, and Var(f,)) = Xy = > 2, ¥, ¥),. Also
since || S]] < 3200, 1 ®||? it then follows from part (a) of Assumption 1 that | ;| < C.

Remark 2 Under Assumption 2
D.'B/M,B,D." —, Zs5(a) > 0, (38)
where Xgs(ax) is a k x k symmetric positive definite matriz which is a function of
a = (ay, ag,...,ak)’. This follows from (31) since for any non-zero n x 1 vector c,
¢D,'B,M,B,D_"c > (c'c) \in (D,'B,M,B,D_") > 0.
In the standard case where the factors are all strong (o, =1 for all k), the above limit
reduces to n~'B; M, B,, —, Zss(Tx) = Xg5 > 0.

Remark 3 The high level condition (35) in Assumption 4 is required for establishing
the asymptotic normality of the estimator of ¢,, and is clearly met when vy and/or
Bir are independently distributed. It is also possible to establish (35) under weaker
conditions assuming that vy and/or By, satisfy some time-series type mizing conditions

applied to cross section.

Remark 4 The exponent parameter, o, of the pricing condition in (37), can be viewed
as the degree to which pricing errors are pervasive in large economies (as n — o0).

Letting m,, = (1, M2, .-, M)’ we have

> 02 = [1nall? < nallog Iall, = sup; |n;] (Z lml) : (39)
L =1

=1
and under Assumption (5) it also follows that

> o= 0(n). (40)

Simalarly

Z%? = O(n™). (41)

Remark 5 Whilst (37) implies (40), the reverse does not follow. By allowing for

a, > 0 we are relaving the Ross’s boundedness condition that requires setting o, = 0.

Remark 6 The assumption that the observed and missing factors, f, and gy, are dis-
tributed independently is not restrictive and can be relaxed. For example, suppose that
gt = g+ 0'f, + Ugt)
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where f, and vy are independently distributed. Then using (27) we have
Wit = Yiftg + v (0'F) + Yivge + vat,
and the return equation (1) can be written as
Tit = (ai + %‘Mg) + (IBZ + %‘9)1 f, + YiVgt + Vit,
with vy now acting as the missing common factor, which, by construction, is distributed

independently of f;.

Remark 7 Assumptions 8 and 4 ensure that u;; have zero means and are serially
independent, but allow uy to be cross-sectionally weakly correlated. This assumption
is not strong for asset pricing models, since realized returns are only mildly serially

correlated and that can be captured by the serial correlation in the observed factors.

As we shall see, to estimate and conduct inference on the risk premia associated
with the observed factors, fi;, we require o, > v, < 1/2, where o, denotes the strength
of the latent factor, g;, and similarly defined by > , 7? = &(n®). Namely, the latent
factor must be sufficiently weak so that ignoring it will be inconsequential, and observed
factors sufficiently strong so that they can be distinguished from the weak latent factor.

The main theoretical results of the paper are set out around five theorems. Theorem
1 considers the Fama-MacBeth two-step estimator and derives its limiting property as
n and T — oo. To eliminate the bias of Fama-MacBeth estimator we require n/T — 0,
and to eliminate the effects of pricing errors we need Tn®/n — 0, which results in
a contradiction. Thus the Fama-MacBeth estimator is valid only when there are no
pricing errors (1; = 0 for all 7) and when n/T — 0. Theorem 2 provides a proof that
the estimator of 62 (denoted by 32T) proposed by Shanken (1992) continues to be
unbiased for a fixed T" as n — oo, even under the general setting of the current paper
that allows for missing factors as well as pricing errors. Theorem 2 also establishes
that 5.5 — 82 — O,(n~Y/2T~1/2)  which is essential for establishing the results for the
bias-corrected estimator of ¢,, namely &nT given by (17), summarized in Theorem
3. This theorem provides conditions under which q‘Z')nT is a consistent estimator of
¢, and derives its asymptotic distribution assuming the observed factors are strong,
again allowing for pricing errors, a missing factor, and other forms of weak error cross-
sectional dependence. Theorem 4 extends the results of Theorem 3 to the case where

one or more of the observed risk factors are semi-strong and shows how factor strength
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impacts the precision with which the elements of ¢, are estimated. Finally, Theorem 5
presents the conditions under which the asymptotic variance of &nT can be consistently

estimated.

Theorem 1 (Small T bias of Fama-MacBeth estimator of A) Consider the multi-
factor linear return model (3) with the missing factor g, in u; as defined by (27) and
the associated risk premia, X, defined by (4). Suppose that Assumptions 1, 2, 4, 3 and
b hold and all observed factors are strong. Suppose further that the true value of the
risk premia, Ao, 18 estimated by Fama-MacBeth two-pass estimator, S\nT, defined by

(7). Then for any fived T > Ty such that Amin (T'F'MrF) > 0, we have (as n — 0o)
1

. R 52 ,1 (FM;F\ ' FMF\ ",
)\nT—)\oz(NT_No)_T 255+‘72T< T > ( T > AT+ 0p(1),
(42)
where fup =T 'S0 £,
B’ M,B, N
= Ji (52, and = i 113 >0

i=1
The proof is provided in Section B.1 of the Appendiz.

To derive the asymptotic distribution of Aot — Ao it is required that both n and
T — oo, jointly. Also, noting that
Anr = Xo = (fig — o) + ((ﬁnT - ¢0> ;
it is clear that increasing n is not relevant for the distribution of fi; — py, but joint
n and T asymptotics are required when investigating the distribution of gignT — @y
Focussing on the latter, and using result (B.12) in the Appendix, we have
<n—1B;TManT) VnT (anT - qu) = nV2TV2B M, + n”V2TYV2GLU M.,
+ 0 V2T2GLU! M, T, — 0 Y2TYVAGLU Ui G,

Where U,; = (U0, Uge, ... Upo ), Wio = (i1, Uigy ..., Uir) , Gp = MpF (F’MTF)A,
Upo = (Uto, Uzo, vy Uno)'y and Uy = T 1 ZL u;;. Consider first the terms that include
the pricing errors, m,,, and using the results in Lemma A.2 note that
n"V2ATV2B M, m, = O, (TY2n Y2 en) | =127 26, Ul M, = O, <n71/2+a”+%> '
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It is clear that the effects of pricing errors on the distribution of qAbnT vanish only if
TY2p=Y2%en — 0, and ay, + o, < 1. Also
nT PTG UL M Tiye = O, (T772) B
n V2TV QLU U Gl — %53 (F %TF) Xp 10, (T712).
Finally, for the first two terms involving B,, and U, we have
n~V2TY2B! M, (T, — UnrGrs) = O, (1) . (43)
It is clear that the small T" bias of the asymptotic distribution of the two-step estimator,
given by /%, (FIMTF>_1 A7}, does not vanish unless, n/T" — 0. At the same time

T
for the pricing errors to have no impact on the distribution of the two-step estimator

we must have Tn® /n — 0. Both conditions cannot be met simultaneously. It is
possible to derive the asymptotic distribution of q,’A)nT, and hence that of A7, when
n/T — 0 and n = 0, but these are quite restrictive conditions, and to avoid them we
follow Shanken (1992) and instead consider a bias-corrected version of quSnT, namely
q’~)nT given by (17). As noted earlier qznT = X1 — fir, where Aot is the bias-corrected
version of A,z originally proposed by Shanken.

To investigate the asymptotic properties of qgnT we first need to establish conditions
under which -, defined by (10), is a consistent estimator of 52 = n~! Sor o2, which
enters the bias-corrected estimator. The proof of consistency in the literature does not
allow for missing factors or pricing errors and only considers the case where T is fixed
as n — oo. For derivation of asymptotic distribution of anT we also need to consider
the limiting properties of /E'\ZT under joint n and T" asymptotics. The following theorem

. . ~2 . _
provides the required results for 7, , as an estimator of 2.

Theorem 2 Consider ?iiT, the estimator of 32 given by (see (10)),

T .
=~ thl Z?:l u?t

InT = (T — K — 1)’ (44)
and suppose that Assumptions 1, 3, and 4, are satisfied. Then for a fivred T
lim E (EZT) =52, (45)
where 62 = lim,, ., 62, and G2 :T;L_Lofzz;l o?. Furthermore
Gop— 52 =0, (T2, (46)

For a proof see sub-section B.2 in the Appendiz.

Result (46) shows that 32T continues to be a consistent estimator of 52 = lim,, o, 52

for a fixed T as n — o0, even in the presence of pricing errors and a missing common
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factor. This result also holds when one or more of the factors are semi-strong.
Equipped with the above result we are now in a position to present the theorem

that sets out the asymptotic distribution of énT.

Theorem 3 Consider, q?)nT, the bias-corrected estimators of ¢ given by (17). Suppose
Assumptions 1, 2, 4, 8 and 5 hold, all the observed factors are strong, (cy, = 1, for
k=1,2,..,K), and the strength of the missing factor, ., defined by (33), satisfies v,
<1/2.

Gur = b= Oy (T 207" ) 4.0, (T30 14757 (47)

+ Oy (n) + O (T7'0717)

where a,, denotes the degree of pervasiveness of the pricing errors defined by (28). (a)
When T is fized, o, < 1/2 and o) < 1, then there exists Ty such that for all T > T;

p lim <</3nT> = %o (48)
Also
vnT <anT — ¢0> = Eg,é&n + Op (n*%+ "Z‘”) i Op (T1/2n*1/2+°‘") + Op (T*I/Z) :
(49)
where X5 = plim, o (n"'B,M,,B,, ),
€7 = n*I/QT*WB' M, U,rar, (50)
and ap = 7 — MyF(T'F'MF) ' Ne. (b) If o, < 1/2, ay < 1/2, and \/? a0,
as n and T — oo jointly, then
VT (¢ ¢0> N (0,=55Ves5h), (51)
where
Ve=(1+X2;'"X) p lim (n"'B,M,V,M,B, ). (52)

For a proof see sub-section B.3 in the Appendizx.

Result (47) establishes the finite T’ consistency of ¢, for @, so long as a., < 1/2
and o, < 1, thus extending the Shanken result to a much more general setting. To
the best of our knowledge the asymptotic distribution in (51) is new and shows that
the asymptotic covariance matrix of d;nT includes the term X3 (T—'F/ MTF)fl)\*T, that
arises from the first stage estimation of the factor loadings, and must be included in
the analysis for valid inference. It is also clear that this additional term does not vanish
with 7' — oo, and tends to )\62]71)\0 > (AgA0) Amax (2;1) = (AOA0) Amin (Xf) > 0,
which is strictly non-zero unless Ag = 0. Shanken type bias correction addresses the

mean of the asymptotic distribution of &nT, but not its covariance.
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The O, (Tﬁl/ 2) term in (49) arises from the sampling errors involved in the esti-
mation of the factor loadings and 2, and tends to zero at the regular VT rate. But

n has to be sufficiently large to eliminate the effects of pricing errors on identification
T

of ¢, as dictated by condition |/<n* — 0, as n and T'— oo0.” The requirement that
T need not be too large relative to n for estimation of ¢, is consistent with separating
the estimation of ¢, from that of p,, allowing the use a relatively small 7" and a large

n to estimate ¢, and a relatively large 7" when estimating .

3.1 What if one or more of the risk factors are semi-strong?

We now turn to an intermediate case where one or more of the observed factors are
semi-strong, in the sense that their factor strength, a4 lies between 1/2 and 1. The
case of weak risk factors is already covered in the proceeding analysis, and such factors
can be included in the error term, u;, with little consequence for the estimation of risk
premia of the remaining factors that are strong or semi-strong. Weak factors do not
have any explanatory power and can be dropped from the analysis.

When one or more of the observed factors is semi-strong 333 is no longer positive
definite and Theorem 3 does not apply, but it is possible to adapt the proofs to establish
the limiting properties of gzNSIWT (the k" element of QEnT) for different values of ay .

To this end, analogously to ggnT, we introduce the following estimator of ¢,

ur (@) = Hyp (o) [D;IE;TMnénT + 70Dy (ﬁ) 1&] . (53)
where / .
H,r (o) = D;'B., M, B,rD;! - %EiTDgl (ﬁ) D (54)
It is now easily seen that
Do (fur (@) = ¢y) = Hyt (@) dur (@), (55)

where )
- . n~ _ (F'MsF\
dur (@) = D3'Blr M, a,r + TJiTDal TT fr — Hyr(a)Dody. (56)
D, is defined by (32), and a= (ay, as, ...,ak)’. It is easily established that numeri-

cally q’;nT () is identical to qznT, and its introduction is primarily for the purpose of

3The condition ,/%n“" — 0 can be weakened somewhat to \/gna"/ 2 0 if we also assume that

Bir. — Br are independently distributed over i, but will still require n to be larger than T
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establishing the limiting properties of qz;ka — ¢o, that do depend on ay,. Note that
H,r (o) = nD_'H,rD,!, and q,r (a) = nD_'s,r
where s,r and H,,; are already defined by (B.23) and (B.24). Using these in (55) we
have
D, ($.r (@) = o) = (D "H,aD;Y) " nD, s, = Do H fs,r,
and it follows that ¢, (&) — ¢y = H 28y = @r (Tx) = G, See (B.22).

The convergence results for anT (ax) are set out in the following theorem.

Theorem 4 Consider, ¢, (), the bias-corrected estimators of ¢, given by (53),
and suppose Assumptions 1, 2, 4, 3 and 5 hold, the strength of observed factors, f, =
(fit, foty -, [K1)', 18 given by o= (aq, g, ..., k), and the strength of the missing factor,
gt, defined by (33) is o, Let oumin = ming(oy,) and suppose that o, < 1/2. Then

H,r (a) = D,'B,M,B,D_" + O, (T~ 'n mn*t1/2)
where H,r (o) is given by (54), and by part (b) of Assumption 2, H,r (o) —, Xp(cx) >

, -1
0, for any fixed T > Ty such that Apax [(FMTTF> < C and apin > 1/2 > ay. Also

~ _(0’ +amin)+ “ntoy
¢k,nT (a) . qu,k — Op (n—(ak+amin)/2+1/2T—1/2) + Op Q’)’L k 2 ( n+ )T_1/2> (57)

+ Op (n*(ak+am1n)/2+an) + Op (nf(a;ﬁ min)/2+1/2Tf]_) '
See sub-section B.4 of the Appendix for a proof.

The result in (57) establishes the consistency of gg;wT () = g?)k,nT even if fi; is semi-
strong so long as n — 00, and amin > 1/2, g + Qmin > o) + @y, and ag + umin > 20y,
Clearly, these results reduce to the case of strong factors where a,;, = a, = 1. Turning
to the asymptotic distribution of gzgkﬁnT (o), again only convergence rates are affected,
and instead of the regular rate of v/nT, we have +/Tn(@temin=1/2 and using (57) we
have

VTt D2 (G0 (@) = o) (58)
= 0,(1) + O, (n_l/HW) + 0, <\/Tn‘1/2+a"> +0,(T717?).
The conditions needed for eliminating the effects of the pricing errors are the same as
before and are given by o, +a., < 1 and vTn~/2t% — 0. The asymptotic distribution
is unaffected except for the slower rate of convergence alluded to above. It is also of

interest to note that adding semi-strong factors can adversely affect the convergence
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rate of the strong factor with a;, = 1. As an example suppose the asset pricing model
contains two factors, one strong, ay; = 1 and one semi strong with as < 1. Then
the convergence rate of ¢y ,p(c) — ¢gy is given byv/T n(+e~1/2 which is slower
than the rate we would have obtained for §51,nT (o) — ¢ 1 if both factors were strong

(Qmin = g = 1), namely the regular rate of vnT.

3.2 Consistent estimation of the variance of ¢,

To carry out inference on ¢, or any of its elements individually, we require a consistent
estimator of Var ((ﬁnT) Using (51) and (52) we first note that ¥z is consistently
estimated by H,r given by (13). Therefore, it is sufficient to find a suitable estimator
of V,, = (04;) such that V¢ given by (52) is consistently estimated. Under suitable
sparsity restrictions V, can be consistently estimated using the various thresholding
procedures advanced in the statistical literature by Bickel and Levina (2008a,b), Cai
and Liu (2011), and Bailey, Pesaran, and Smith (2019, BPS). Fan, Liao, and Mincheva
(2011, 2013) also show that the adaptive threshold technique of Cai and Liu applies
equally to the residuals from an approximate factor model. Here we consider the
threshold estimator proposed by BPS which does not require cross-validation and is

shown to have desirable small sample properties. It is given by V, = (Gi5)

g] _ g]1 9] > T Vea(n,8)], i=1,2,...n—1, j=i+1,...n,  (59)
where

Oij = Z Uirlje, Pij = ;:j&” o Uip =1y — A — é;7Tft; (60)

and cy(n,d) = ¢~ (1 - 2—d) , is a normal critical value function, p is the the nominal

size of testing of 0;; = 0, (¢ # j) and d is chosen to take account of the n(n —1)/2

multiple tests being carried out. Monte Carlo experiments carried out by BPS suggest
setting d = 2. The variance estimator given by (59) does not require a knowledge of
the factor strength and applies to risk factors of differing degrees.

Under Assumptions 1, 3, and 4, |V,|| = O (n*), and using results in Fan, Liao,

and Mincheva (2011, 2013) we have
o /(1)

21




Consider the following estimator of V

Venr = (14 1) (n*IB;TMnVuManT) .

where 5,7 = S\HT (T'F MTF)_1 X,r. Under Assumption 1, T7'F'M7F —,%; and
using the results above we have S\nT = énT + iy —p @y + g = Ao. Hence, 5,7 —,
)\62;1)\0 as n, T — oo, jointly, and it is sufficient to show that

n B M, V.M, B, — n'B,M,V,M, B, —,0. (62)
The following theorem provides a formal statement of the conditions under which Vg,nT

is a consistent estimator of V.

Theorem 5 Suppose Assumptions 1, 2, 4, 8 and 5 hold, and all the observed factors
are strong, (o = 1, for k = 1,2,...,K), and the strength of the missing factor, g,
defined by (33), o, < 1/2. Then

. 1
[Veur - Ve =0, ( n;m) | 63
where
vﬁ,nT = (1 + §nT) (n_IE;LTMn{/_uManT) s (64)
V, = (Gi;), Gij is the threshold estimator of o;; given by (59), and
Ve = (1 - )\62;1)\0) p lim (n_lB;MnVUMan ) , (65)

For a proof see sub-section B.5 in the Appendix.
This theorem shows that consistent estimation of Var (ém) can be achieved by
using a suitable threshold estimator of V,, so long as the strength of the missing factor,

., is sufficiently weak in the sense that n*vy/In(n)/T — 0 as n,T — oo.

4 Small sample properties of the estimators and
tests for ¢,

4.1 Monte Carlo Design

This section presents Monte Carlo simulations to investigate the small sample prop-
erties of estimators and tests for ¢,. In the empirical application of the next section

the factors are selected from a large list. But here we assume K = 3 and mimic
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the 3 Fama-French factors, namely the market return minus the risk free rate, MKT,
the value factor (high minus low book to market portfolios, HML) and the size factor
(small minus big portfolios, SMB). These are denoted by fi, k = M, H, S.* For further

details see Section S3 of the online supplement A.

4.1.1 Loadings and factor strengths

To calibrate the loadings, [z, we used excess returns on a large number securities
observed over the shorter sample covering the 20 years 2002m1 —2021m12 (T = 240).
Monthly returns for NYSE and NASDAQ stocks code 10 and 11 from CRSP were
downloaded from Wharton Research Data Services and converted to excess returns
over the risk free rate, taken from Kenneth French’s webpages, in percent per month.
Only stocks with available data for the full sample were included, yielding a balanced
panel, and to avoid outliers influencing the results, stocks with a kurtosis greater than
16 were excluded. There were 1289 stocks before exclusion on the basis of kurtosis and
1175 after. The summary statistics giving mean, median, standard deviation of the
estimates of (;; and their histograms are provided in the online supplement A.

For factor strength, we considered a range of DGPs. Given the evidence that most
factors, other than the market factor, are not strong, we focus on the case where there
is one strong factor, namely the market factor with a;; = 1, plus two semi-strong
factors, with the value factor, HM L, being quite strong with ag = 0.85, and the
size factor, SM L, being only moderately strong with ag = 0.65. These estimates are
also informed by the results provided in Bailey, Kapetanios, and Pesaran (2021) who
propose methods for estimation of factor strength. For a given factor strength, oy,
the associated loadings, f;x, are generated as B, = (Bik, Boks s -5 By 0,0, ...0) where
Na, = |n* ] the integer part of n®, with non-zero and zero values of 3, given by

Big ~ IIDN(ugk,ag ), for i =1,2, ..., [n%],
Bi =0 for i = [n** | + 1, |[n**| +2,...,n,

where |n“ | denotes the integer part of n®. Since the security returns are randomly
generated, it does not matter how zero and non-zero values of (3;;, are distributed across

1. Also, the zero loadings can also be replaced by an exponentially decaying sequence

4Data on factors and the risk free rate are downloaded from Kenneth French’s data library:
https://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html

23



without any implications for the simulation results.” We also set
tay =1, 08,, = 0.4; pg, =0.2, 05, =0.5
tps = 0.6, o5 = 0.5,
which match the mean and standard deviation of the estimates of ;. See above.

4.1.2 Generation of pricing errors

The pricing errors in (S3.2) can be considered as firm-specific characteristics and are
set as = (771,772, sy 0,0, ...,0)'. The non-zero loadings of n for i < n, = |n*|
are drawn from /7DU(0.7,0.9), and n; = 0 for i = n, + 1,n, + 2, ....,n. We consider
a, = (0,0.3). When «,, = 0 we have n; = 0, for all i. As in the case of factor loadings

the non-zero values of 7 must be randomly allocated to different groups.

4.1.3 Generation of return equation errors

The return equation errors, w;, are generated following (27) as a combination of a
missing factor, g, ~ IIDN (0,1) plus an idiosyncratic error, v;;. The loadings v =
(fyl, Y25 -5 Yrgs 050, e O)/ of the missing factor are set as

v ~ I1DU(0.7,0.9), for i = 1,2, ...., |[n®" |,
v =0, fori = |n"| +1,|[n*] +2,...n,

where «, is the strength of the missing factor g;. We consider a., = 1/4 and 1/2.

For the idiosyncratic errors, v;, we consider spatial as well as a block diagonal
specification, with the spatial specification including a diagonal specification as the
special case. Under the spatial specification the idiosyncratic errors are generated as the
first order spatial autoregressive model v;; = p. Z?Zl w;Vj¢ + ke, which can be written
in matrix notation as v; = p.Wv, + ke, and solved for as v; = s (I, — pEVV)_1 ;.
Adding the missing factor now yields

w =~g + (L, — pEW)_1 €. (66)
The spatial coefficient p. is such that [p.| < 1, W = (w;;) with wy; = 0, and } 7, w;; =
1. The diagonal case is obtained by setting p. = 0, with p. = 0.5 characterizing the
SAR specification. The weight matrix W = (w;;) is set to follow the familiar rook
pattern where all its elements are set to zero except for w;y1; = w;_1; = 0.5 for

1=1,2,...,n—2and j = 3,4...,n, with w3 = wy, ,_1 = 1.

5See also footnote 5 of Bailey, Kapetanios, and Pesaran (2016, p.942).
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Under the block error covariance specification, v, is generated as v; = I{SEt, where
S is a block diagonal matrix with its b block given by S, for b = 1,2,....,B, and
et = (€4, €y oy €y) s and €y = (€11, Eb.2ts s Ebmyt) - S is set as a Cholesky factor of

A~

the correlation matrix of u;. Denoting this correlation matrix by R,

R, = [Diag(VBu)] e V Bu [Diag(vgu)} e = Diag(Ry,, b=1,2,..., B),
where V Bu 18 the threshold estimator of V, subject to the additional restriction that V,,
is block diagonal. For each block f{bu we set the number of distinct non-zero elements
of this block equal to the integer part of [n,(n, — 1)/2] X ¢, where g, is the proportion
of non-zero distinct elements in block b of our calibrated sample and computed by
the calibration over the sample 2001m10 — 2021m9. The non-zero elements are drawn
randomly from I7DU(0,0.5). Similarly, adding the missing factor, we have

W, = ~vg; + KSe;. (67)

The block diagonal structure is intended to capture possible within industry corre-
lations not picked up by observed or weak missing factors, with each block representing
an industry or sector. To calibrate the block structure estimates of the pair-wise cor-
relations between the residuals of the return regressions using the Fama-French three
factors of the T' = 240 sample ending in 2021 were obtained. Then all the statistically
insignificant correlations were set to zero, allowing for the multiple testing nature of
the tests. For the majority of securities (668 out of the 1168), the pair-wise return cor-
relations were not statistically significant. The securities with a relatively large number
of non-zero correlations were either in the banking or energy related industries. Con-
sidering stocks by 2-digit SIC classifications, a division into B = 14 contiguous groups
ranging in size from 33 to 145 stocks, seemed sensible. More detail on the process is
given in Section S4 of the online supplement A.

The primitive errors, ¢;; for ¢ = 1,2,...,n in (66) and (67) are generated as g; =
V0w, where w;; ~ IIDN (0,1), and € = /0y [\/?wit} , where wy ~ 1D t(v),
with ¢(v) denotes a standard ¢ distributed variate with v = 5 degrees of freedom. Also
oi ~ IID 05(1+ %), fori=1,2...n, and b = 1,2,..., B. In this way, it is
ensured that Var(ey ) = 034, and on average E [Var(ey )] = E(04) = 1, under both
Gaussian and t-distributed errors. Note that Var (v,;:) = v/(v — 2). All the experi-
ments are designed to give an R? of about 0.3, similar to that obtained in the empirical

applications. For further details see sub-section S-3.5 of the online supplement A.
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4.1.4 Experiments

In total, we consider 12 experimental designs: six designs with Gaussian errors and
six with ¢(5) distributed errors. We considered designs with GARCH effects, with
and without pricing errors, 7;, and with and without the missing factor, g;. We also
considered designs with spatial patterns in the idiosyncratic errors, v;;. All experiments
are implemented using R = 2,000 replications. Details of of the 12 experiments are

summarized in Table S-1 of the online supplement B (MC results).

4.1.5 Alternative estimators of V,,

Subsection 3.2 considered consistent estimation of the variance of qgnT using \7“ a
threshold estimator for V,, given by equation (59). For comparison purposes we also
considered two other estimators of V,,. These were the sample covariance matrix Vu =
Zle 1,11, /T and a diagonal covariance matrix, where the off-diagonal elements of Vo,
05, are set to zero. Thus we have three designs for the return error covariance matrix,
V., and three different estimators of it. A comparison of the results for the different
covariance matrices is available on request. The diagonal estimator, as to be expected,
performed poorly when the true covariance matrix was not diagonal, particularly for
the spatial error covariance matrix and when the strength of the missing factor was
close to 1/2. For these designs the sample and threshold estimators of the covariance
matrix generally performed similarly and given that there is a theoretical justification
for the threshold estimator and there are structures of the error covariance matrix for
which the sample estimator is unlikely to perform well we report the results using the

threshold estimator in the simulations below.

4.2 Monte Carlo results

We focus on a comparison of two-step (defined by (16) and the bias-corrected (BC)
estimator (defined by (17)), and report bias, root mean square error (RMSE) and size
for testing Hy; : ¢or = 0, & = M, H,S at the five per cent nominal level, for all
n = 100, 500, 1,000, 3,000 and 7" = 60, 120, 240 combinations. The results for all 12
experiments are summarized in Tables S-A-E1-S-A-E12 in the online supplement B.

In terms of bias and RMSE the two-step estimator does much better than the bias-
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corrected (BC) estimator when T' = 60 and n = 100, but this gap closes quickly as n is
increased. In fact for T'= 60 and n = 3,000, the bias and RMSE of the BC estimator
(at 0.0010 and 0.0607) are much less than those of the two-step estimator (at -0.0080
and 0.1489). This pattern continues to hold when 7" = 120 and 240. Bias correction
can cause the RMSE to "blow up" for small samples, such as n = 100 and T = 60,
but for n = 500 and above the bias-corrected estimator always has a smaller RMSE
than the two-step estimator. As discussed in the theoretical section, having a large n
is important for the properties of the estimators.

But most importantly, the two-step estimator is subject to substantial size distor-
tions, particularly when T is small relative to n. As predicted by the theory, the degree
of over-rejection of the tests based on FM estimator falls with 7", but increases with n.
For example, the two-step test sizes rise from 11.1% when T' = 60 and n = 100 to 60.9%
when 7" = 60 and n = 3,000. Increasing 7" reduces the size distortion of the two-step
estimator but test sizes are still substantially above the 5% nominal value when n is
large. The strong tendency of the tests based on the two-step estimator to over-reject
could be an important contributory factor leading to false discovery of a large number
of apparently significant factors in the literature. In contrast, sizes of the tests based
on the BC estimator, using the variance estimator given by (21), are all close to its
nominal value, irrespective of the factor strength or sample size combinations. We only
note some elevated test sizes in the case of the experimental design 12, and when we
consider the semi-strong factors. The highest test size of 7.85 per cent is obtained for
the least strong factor, fy, when n = 3000 and T = 60. See Table S-A-E12 of the
online supplement B.

We also experimented with raising «,, from 0.3 to 0.5, making the pricing errors
much more pervasive and p. from 0.5 to 0.85, introducing more spatial correlation.

This increased the rejection rate in experiments 9 and 10.

4.2.1 Empirical power functions

Plots of the empirical power functions for testing the null hypothesis that the spanning
coefficients are equal to zero (Hy; : ¢op = 0, k = M, H,S) are also provided in the
online supplement B (Figures S-A-E1 to S-A-E12). All power curves have the familiar

bell curve shape and tend to unity as n and/or T are increased, showing the test has
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satisfactory power, particularly for n sufficiently large even when T = 60. Again the
power functions are quite similar across the 12 different experiments and show similar
patterns for strong and semi-strong factors. However, this similarity hides the fact that
the test of ¢, = 0 for the strong factor is much more powerful than corresponding tests

for the semi-strong factors, with the test power declining as factor strength is reduced.

4.2.2 Differences in performance of strong and semi-strong factors

These differences in the effects of factor strength on the power of the test of ¢ = 0
are in line with our theoretical results, and are also reflected in the rate at which the
RMSE of the estimators of ¢y, ¢y and ¢g fall with n. For example, using results in
Table S-B-E12, for the bias-corrected estimator and design 12 with 7" = 240, the ratio
of RMSE of n = 3,000 to n = 100 is 17% for the strong factor (ay; = 1), 23% for
the first semi-strong factor with ay = 0.85, and 36% for the second semi-strong factor
with ag = 0.65. As strength falls one needs larger cross section samples of securities
to attain the same level of precision. In the case of the two-step estimator there was
the same pattern, but the fall in the RMSE with n was much slower. The ratio for
T = 240 of RMSE of n = 3,000 to n = 100 is 25% for ¢, rather than 17%, which it
was for the bias-corrected estimator; 48% rather than 23% for ¢, and the coefficient
of the third least strong factor the RMSE fell then increased with n.

4.2.3 Semi-strong versus weak factors

So far, we have assumed that the DGP is correctly specified with two semi-strong and no
observed weak factors. Here we consider the implications of incorrectly excluding semi-
strong factors or correctly including weak factors on the small sample properties of the
BC estimator of ¢, the coefficient of the strong factor. Using the same DGP (which
includes one strong factor and two semi-strong factors), we carried out additional
MC experiments (designs 1-12) where we also estimated ¢,; without the semi-strong
factors being included in the regression. Comparative results with and without the
semi-strong factors. The results are summarized in Tables S-C-E1 to S-C-E12 of the
online supplement B. We find that incorrectly excluding semi-strong factors can be

quite costly, both in terms of bias and RMSE as well as size distortions. In terms of
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RMSE it was almost always better to estimate the model with the semi strong factors
included. The exception was for the case of T = 60, n = 100, where including the
semi-strong factors with a very small sample size caused the RMSE to blow up. Size
distortions resulting from the exclusion of the semi-strong factors tended to be more
pronounced for large n and T samples. These conclusions were not sensitive to the
choice of the experimental design. For these experiments the lesson seems to be that
it is important to have n large and include relevant semi-strong factors providing that
they are sufficiently strong.

When the DGP includes one strong factor (ap; = 1) and two weak factors (ay =
ag = 0.5), in terms of the bias and RMSE for ¢, it is unambiguously better to exclude
the weak factors from the regression, even though they are in the DGP. Weak factors

are best treated as missing and absorbed in the error term.

4.3 Main conclusions from MC experiments

The conclusions from the Monte Carlo simulations are that the bias corrected estimator
of ¢, generally works well. Although, it can generate a large RMSE for small n and 7',
this can be solved by increasing n. This performance is robust to non-Gaussian errors,
GARCH effects, missing weak factors, pricing errors and cross-sectional dependence
of the types considered in these experiments. The size is generally correct and the
power good. The rate at which RMSEs decline with n depends on the strength of
the underlying factors. Semi-strong factors need much larger values of n for precise
estimation. Tests of the joint significance of ¢p; = ¢y = ¢s = 0, not reported here,
also performed well, as might be expected given the good power performance of the
separate induced tests which are reported. Including weak factors could be harmful,
but there are potential advantages of adding semi-strong factors, although issue of how

best to select such factors is an open question to which we now turn.
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5 Factor selection when the number of securities

and the number of factors are both large

Our theoretical derivations and Monte Carlo simulations both assume that the number
of risk factors included in the return regressions is fixed and the factors are known. For
the empirical application we face the additional challenge of selecting a small number of
relevant risk factors from a possibly large number of potential factors, m. This problem
has been the subject of a number of recent studies. Harvey, Liu, and Zhu (2016) propose
a multiple testing approach aimed at controlling the false discovery rate in the process
of factor selection, and in a more recent paper Harvey and Liu (2020) suggest using
a double-bootstrap method to calibrate the t-statistic used for controlling the desired
level of the false discovery rate. Giglio and Xiu (2021) suggest applying the double-
selection Lasso procedure by Belloni, Chernozhukov, and Hansen (2014) to second pass
regressions. None of these methods distinguish between strong, semi-strong or weak
factors in their selection process, whereas the theory and simulations presented above
indicate the importance of factor strength for estimation and inference.

Here we propose an alternative selection procedure where we first estimate the
strength of all the m factors under consideration, and then select factors with strength
above a given threshold, the value of which is informed by the convergence results
of Theorem 4. This theorem showed that if factor fi; has strength ay, then the BC
estimator of ¢, converges to its true value, ¢gx, at the rate of n®/2. As is recognized
in non-parametric estimation literature, if the rate of convergence is less than 1/3,
corresponding to a = 2/3, the gain in precision with n is so slow that the estimator
may not be that useful.® Armed with the threshold of 2/3, the main issue is how to
estimate factor strength. This problem is already addressed in Bailey, Kapetanios,
and Pesaran (2021, BKP) when m is fixed. In this setting they base their estimation
on the statistical significance of f;; in the first stage time-series regressions of excess
returns on all the factors under consideration, whilst allowing for the n multiple testing

problem which their approach entails. When m (the number of factors) is also large

6The Manski (1985) maximum score estimator for a binary response model has n'/3 convergence

and this is regarded as very slow and there are suggested modifications such as Horowitz (1992) to
increase the rate of convergence to n?/5.
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the first stage regressions will also be subject to the multiple testing problem and
penalized regression techniques such as Lasso or the one covariate at a time (OCMT)
selection procedure technique proposed by Chudik, Kapetanios, and Pesaran (2018)
could be used. Irrespective of selection technique used at the level of individual security
returns, we end up with n different subsets of the m factors under consideration. Factor
strengths can then be estimated similarly to BKP from their selection frequencies across
the n securities.

To be more specific, denote the set of m factors under consideration by S and
denote the set of selected factors for security i by S; and their numbers by ri; = |S;.
Clearly S, C S, and m; < m, for i =1, 2,...,n. Then compute the proportion of stocks
in which the k' factor is selected, 7y, for k € {1,2,...,m} based on S, i=1,2,...n

by 7, = 130 I{k € S;}. Then the strength of the k' factor is measured by
1+ 2 if 7y > 0,
fy = I (68)
0, if 7, = 0.
The transformation from 7; to &y is explained and justified in BKP, where it is shown

that considering strength aids interpretation because it is not dependent on n. It
is beyond the scope of the present paper to provide theoretical justification for the
proposed factor selection procedure, but using extensive Monte Carlo experiments Yoo
(2022) has shown that the proposed method has desirable small sample properties
whether Lasso or OCMT is used for factor selection at the level of individual security

returns.

6 An empirical application using a large number of

U.S. securities and a large number of risk factors

This section uses the results above in the explanation of monthly returns for a large
number, n, of U.S. securities, by a large active set of m potential risk factors. We
first briefly describe the sources and characteristics of the data for the stock returns
and factors, which cover different sub-samples over the period 1996m1 — 2021m12. We
then consider the selection of a subset of K factors from the active set, and conditional

on the selected factors present estimates of the spanning error parameters, ¢, of the
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selected factors and discuss their statistical significance.

Monthly returns (inclusive of dividends) for NYSE and NASDAQ stocks from CRSP
with codes 10 and 11 were downloaded on July 2 2022 from Wharton Research Data
Services. They were converted to excess returns by subtracting the risk free rate,
which was taken from Kenneth French’s data base. To obtain balanced panels of stock
returns and factors, only variables for which there was data for the full sample under
consideration were used. Excess returns are measured in percent per month. To avoid
outliers influencing the results, stocks with a kurtosis greater than 16 were excluded.
Four main samples were considered, each had 20 years of data, T" = 240, ending in
2015m12, 2017m12, 2019m12, 2021m12. Filtering out the stocks with kurtosis larger
than 16 removed about 100 of the roughly 1200 stocks. The number of stocks (n)
considered for each of the four 7" = 240 samples are given in panel A of Table 1.

Further detail is given in Section S5 of the online supplement A.”

6.1 Factor selection

For factor selection we used all the 240 observations. But for estimation of the spanning
error parameters, ¢,, we also consider the sub-sample of size 7" = 120 ending in the
years 2015, 2017, 2019 and 2021. The Monte Carlo experiments indicated that when
T = 60 the performance of the estimators was poor, so we do not report results for
sub-samples of that size. The set of factors considered combine the 5 Fama-French
factors with the 207 factors from the Chen and Zimmermann (2022), Open Source
Asset Pricing webpages, both downloaded July 6 2022. Only factors with data for the
full sample were considered so the return regressions constitute a balanced panel. The
number of factors in each of the four 20 year samples ending in the years 2015, 2017,
2019, 2021 is also given in panel A of Table 1, and range between 187 to 199. Summary
statistics for the factors in the active set are given in DS8 of the online supplement A.

To implement the factor selection procedure set out in Section 5, Lasso is used to
carry out selection in the return regressions for individual securities. As is well known,
Lasso does not work well with too many highly correlated regressors, therefore, factors

with an absolute correlation with the market factor greater than 0.70 were dropped.

"Summary statistics for the excess returns across the different samples are given in Table DS7 of
the online supplement A.
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This still left between 177 and 190 risk factors in the active set S, depending on the
sample period (see panel A of Table 1).

Specifically, Lasso was applied n times to the regressions of excess returns, r; =
R; — T{, fori=1,2,...,n, on the 177 to 190 factors in the active set, S, to select the
sub-set S; for each i over the four 20-year samples, separately. Following the literature,
the tuning parameters in the Lasso algorithm were set by ten-fold cross-validation.®
Interestingly, the market factor was selected by Lasso for almost all the securities, thus
confirming the pervasive nature of the market factor. No other factor came close to
being selected for all the securities. Lasso tended to choose a lot of non-market factors
and every factor got chosen in at least one return regression. The mean number of
non-market factors chosen by Lasso fell from 11.6 in the 2015 sample to 9.9 in the
2021 sample. The median was lower, falling from 10 to 8. There was a long right tail
because Lasso tended to choose a very large number of non-market factors for some
securities, ranging from a maximum of 48 in the 2021 sample to 54 in the 2017 sample.

Apart from the market factor, there are no systematic patterns for the rest of se-
lected factors in the return equations for the individual securities. Following the theory
set out in Section 5, the K factors used to estimate the spanning error parameters are
chosen on the basis of their factor strength.” A minimum threshold of 0.7 was used.
This is just above the 2/3 strength which results in irregular estimators of ¢, that
converge at rate n'/? and require very large values of n to achieve a reasonable degree
of precision, as also shown by the Monte Carlo evidence. In addition, a large number
of securities (n) are needed to obtain reasonably precise estimates of factor strength
when it is below 2/3. See the Monte Carlo evidence provided by Bailey, Kapetanios,
and Pesaran (2021).

Given the lower bound of 0.7 threshold values of 0.70, 0.75,and 0.80 were considered.
The number of selected factors for different choices of factor strength threshold is given

in panel B of Table 1, for the four different samples.
Using the threshold of 0.70, 17 factors (inclusive of the market factor) were selected
for the sample ending in 2015, with the number of selected factors declining to 15,13

8The post-Lasso and one covariate multiple testing (OCMT) approach of Chudik, Kapetanios, and
Pesaran (2018, CKP). were also investigated, but Lasso seemed to work reasonably well. The details
of the Lasso procedure used are given in Section 2.2 of the online supplement of CKP paper.

9The idea of using factor strength could also be viewed as a kind of averaging of the factors selected
in individual return regressions.
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and 11, for the samples ending 2017, 2019 and 2021, respectively. At the other extreme,
setting the threshold at 0.80, the number of selected factors dropped to 4 for the samples
ending in 2015, 2017 and 2021, and 2 for the sample ending in 2021. Since 17 factors
seemed too large and 2 factors too small, the threshold value was set at the intermediate
value of 0.75. We considered always conditioning on the market factor, but since Lasso
almost always selected it, this was unnecessary.

Table 1: Summary statistics for the number of stocks and number of selected factors
using the factor strength threshold of 0.75, for four twenty years (T = 240) samples
ending in 2021, 2019, 2017 and 2015

T = 240 with end dates 2021 2019 2017 2015

Panel A: Number of stocks and factors under consideration

Number of stocks 1289 1276 1243 1181
Number of stocks with kurtosis < 16 1175 1143 1132 1090
Number of non-market factors 187 198 199 197

Number of non-market factors with » < 0.70 177 189 190 189

Panel B: Number of selected factors by strength threshold

Number with strength > 0.80 2 4 4 4
Number with strength > 0.75 4 6 7 7
Number with strength > 0.70 11 13 15 17

Notes. Panel A shows the number of stocks and risk factors used before and after filtering by the
specified criterion. Panel B shows the number of risk factors selected with strength greater than the

specified threshold level using Lasso to select factors at the level of individual securities.

The list of selected factors for the four samples are given in Table 2. The three
Fama-French factors, Market, HML and SMB, are all selected in all four periods.!® Of

the Fama-French three, only the market factor is strong, with estimated strength in

11

excess of 0.98 across the four periods.”” The other factor which is selected across all

the four periods is "Short-Interest". This is proposed by Dechow, Hutton, Meulbroek,

10We also considered selecting the risk factors using the generalized one covariate at a time (OCMT)
method proposed by Sharifvaghefi (2022). Using GOCMT the Fama-French three factors were again
amongst the five strongest factors selected. The use of GOCMT for factor selection is also investigated
by Yoo (2022), using Monte Carlo and empirical applications.

U These results also support the choice of 3 Fama-French factors and their strength used in our
Monte Carlo simulations.
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and Sloan (2001) who argue that short-sellers target firms that are priced high relative
to fundamentals. It measures the extent to which investors are shorting the market as
reflected in Compustat data. Two additional factors are selected in periods ending in
2019 and earlier. One is "Beta Tail Risk" proposed by Kelly and Jiang (2014) which
estimates a time-varying tail exponent from the cross section of returns. The other is
"Cash Based Operating Profitability" (CBOP) suggested by Ball, Gerakos, Linnain-
maa, and Nikolaev (2016). This is operating profit less accruals, with working capital
and R&D adjustments. For periods ending in 2017 and 2015 the "Sin Stock" indicator
proposed by Hong and Kacperczyk (2009) is also selected. It takes the value of unity if
the stock in question is involved in producing alcohol, tobacco, and gaming. They find
that such stocks are held less by norm-constrained institutions such as pension plans.

The factor strengths are relatively stable across the periods, with many of the
estimates close to the threshold value of 0.75. Apart from the market factor only
SMB, Short Interest and Beta Tail Risk factors have strengths in excess of 0.85 when
averaged across the four periods. From the large number of factors in the active set
we have ended up with only four factors that are reasonably strong and their spanning

risk parameter and associated risk premia can be estimated reasonably accurately.

The strengths of the selected factors are also closely related to the average measures
of fit often used in the literature. Here we consider both AveR? = n= 'Y " R? a

simple average of the fit of the individual return regressions adjusted for degrees of

freedom, R? = 1 — (T — K — 1)"' S0 02/T "3, (rs — 70)®, and the adjusted
pooled R? defined by PR° = 1 — 5.4/52, 7, Where 5. is the bias-corrected estimator

rnT
of 52 defined by (44) and = (nT) " S ZtT:l (rie — 750)*..Both of these measures
behave very similarly, but the pooled version is less sensitive to outliers. As shown in
Appendix S6, for sufficiently large n and T, PR’ is dominated by the contribution of
the most strong factor(s). Since the only strong factor selected is the market factor
in Table 3 we report the AveR? and PR’ in the case of return regressions which just
include the market factor and those which include all other factors with strength in
excess of 0.75. First, we note that the PR’ values are generally lower than the AveR?.
Second, the additional factors do add to the fit, but their relative contributions vary

considerably across sample sizes and periods. In general, the marginal contribution of
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Table 2: Selected factors with estimated strength in excess of the threshold 0.75 for
the samples of size T=240 ending in 2021, 2019, 2017 and 2015

End date 2021 2019 2017 2015

Selected Factors Estimated strength ()
Mkt. 0.99 0.98 0.98 0.98
SMB 0.90 0.84 0.86 0.86

Short Interest  0.77 0.85 0.85 0.83
HML 0.76 0.77 0.76 0.75
BetaTailRisk 0.87 0.86 0.86
CBOP 0.76 0.77 0.77
Sin Stock . 0.76 0.76

Notes: The risk factors listed are the market factor (Mkt.), size (SMB), Short Interest that measures
the extent of short sales in the market, the value factor (HML), the cash-based operating profitability
factor (CBOP), Beta Tail Risk, and Sin Stock which is a binary indicator taking the value of unity if
the stock in question is involved in so called "Sin" industries producing alcohol, tobacco, and gaming.

Further details on these risk factors are provided by Chen and Zimmermann (2022).

non-market factors tend to be smaller when 7' is larger, which is consistent with the

theory for adjusted pooled R? set out in Section S6 of the online supplement A.

6.2 Estimation of ¢, for selected risk factors

Given the selected factors we then estimate their spanning error parameters, ¢,, for
T = 240, and T = 120 samples. The risk factors used in both samples are selected
using T' = 240 observations. As noted earlier, we do not report estimates for 7" = 60
as they are likely to be misleading given the Monte Carlo evidence discussed above.
The bias-corrected estimates of ¢, for samples ending 2015, 2017, 2019, and 2021
are summarized in Table 4. Panel A of this table gives the estimates using T" = 240
months from the end of each period, whilst panel B reports the estimates based on
T = 120. As can be seen, the spanning error parameter associated with the market
factor is statistically significant only once. This is in the 20 year sample ending in
2021, which includes the disruption of financial markets by the COVID-19 pandemic.

In contrast, the spanning error parameters of the Short Interest and HML risk factors
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Table 3: Average and pooled R squared for the return regressions when using market
factor alone or factors chosen by Pooled Lasso plus 0.75 threshold

End Year 2021 2019 2017 2015
No. of stocks, n 1175 1143 1132 1090
No. of selected factors 4 6 7 7
Mkt. Selected Mkt. Selected Mkt. selected Mkt. selected
T
AveR? 240 0.22 0.28 0.18 0.26 0.16 0.25 0.16 0.24
120 0.23 0.30 0.24 0.31 0.25 0.33 0.25 0.32
PR’ 240 0.20 0.24 0.17 0.24 0.15 0.23  0.15 0.23
120 0.18 0.24 0.19 0.24 0.22 0.29 0.22 0.29

Note. This table shows for each of the four end years and the two sample sizes the adjusted average
and pooled 122 (AveR"and PR") for the return regressions when using market factor alone or factors
selected with strength higher than 0.75. The list of selected factors are given in Table 2.

are statistically significant at the 5% level in all the four periods, when T' = 240. For
the shorter sample sub-sample (7" = 120), the spanning error parameter of the Short
Interest risk factor are statistically significant in two of the four periods at the 1% level
and that of HML is statistically significant in two of the periods once at the 5% level
and once at the 1% level. For both Short Interest and HML factors the statistically
significant coefficients were all negative. The ¢ parameter of the size factor (SMB) is
statistically significant only once at the 10% level in the T = 120 sample ending in
2021. The Cash Based Operating Profitability and the Sin Stocks risk factors were
both significant only once at the 10% level and the Beta Tail Risk not at all.
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Table 4: Bias-corrected estimates of spanning parameters of the selected factors for
the T=240 and T= 120 ending in the specified years

End date 2021 2019 2017 2015
P Py o P
PANEL A: T = 240
Mkt. —0.49*** -0.38 -0.20 -0.07
(0.09) (0.21) (0.34) (0.87)
SMB 0.12 -0.09 -0.02 -0.03
(0.08) (0.08) (0.08) (0.08)
Short Interest —1.16™** —1.07** —1.21% —1.25%*
(0.14) (0.17) (0.17) (0.15)
HML —0.31** —0.30** —0.47* —0.56***
(0.08) (0.12) (0.16) (0.16)
CBOP -0.23 -0.52 -0.64
(0.55) (0.73) (0.83)
Beta Tail Risk 0.17 -0.07 -0.14
(0.18) (0.19) (0.16)
Sin Stocks -0.55* -0.40
(0.24) (0.25)
PANEL B: T =120
Mkt. -0.24 0.30 0.12 0.84
(0.23) (0.93) (0.40) (0.68)
SMB 0.36* 0.12 0.23 0.21
(0.18) (0.22) (0.24) (0.21)
Short Interest -0.41 -0.57 —1.45** —1.13*
(0.37) (0.56) (0.22) (0.22)
HML —1.01** —0.83** -0.23 -0.23
(0.22) (0.27) (0.18) (0.18)
CBOP 0.97 —1.35* -0.49
(0.77) (0.56) (0.81)
BetaTail Risk 0.28 -0.27 -0.58
(0.18) (0.26) (0.59)
Sin Stocks -0.20 0.24
(0.21) (0.30)

Notes: Figures in brackets are asymptotic standard errors. * * * indicates statistical significance at
the 1% level, ** at the 5% level, and * at the 10% level. See Table 2 for the description of the selected
risk factors.
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7 Concluding remarks

In this paper we have highlighted the importance of decomposing the risk premia, A,
into the the factor mean, u, and ¢, and writing the alpha of security 7, a;, in terms
of ¢ and the idiosyncratic pricing errors. Given the pivotal role played by ¢, both
for estimating the risk premia and for tests of market efficiency, we have exclusively
focussed on estimation of ¢, and its asymptotic distribution under quite a general
setting that allows for missing factors and idiosyncratic pricing errors. Since factor
means, p, can be estimated at the regular rate of 7-'/2 from time series data, it is
relatively straightforward to develop a mixed strategy for estimation of A by adding
a time series estimate of p to the bias-corrected estimator of ¢. If we use the same
time series sample, such an estimator reduces to the Shanken bias-corrected estimator
of A. But in practice, given the concern over the instability of the factor loadings
Bir over time, one could use relatively long time series, say 7, when estimating p,
and a shorter time series, say T, < 7),, when estimating ¢. The distributional and
small sample properties of such a mixed estimator of risk premia is a topic for further
research.

Our theoretical and Monte Carlo results further highlight the important role played
by factor strengths in estimation and inference on ¢, and hence on A. Factors with
strength below 2/3 lead to estimates of ¢ with convergence rate of n='/3 or worse,
and their use in asset pricing models can be justified only when n is very large. We
have also shown that weak factors, with strength below 1/2 are best treated as missing
and absorbed in the error term. We have shown that estimation of ¢ for strong or
semi-strong factors is robust to weak missing factors, and the explicit inclusion of
weak factors in the empirical analysis is likely to have adverse spill over effects on the
estimates of ¢ for strong and semi-strong factors. In view of these results we have
proposed a factor selection procedure where only factors with strength above 2/3 are
included in the asset pricing model. Developing a formal statistical theory for the
proposed selection is another topic for future research.

Our Monte Carlo results also raise a point of caution. Whereas the proposed bias-
corrected estimator of ¢ performed well in the Monte Carlo experiments for samples of

size T'= 120 and T = 240, and for a wide variety of DGPs, its performance was rather
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poor when 7" = 60 and n < 3,000. It is therefore advisable not to use our proposed
estimation and inference method in case of short T" samples, unless n is relatively large

(in excess of 3,000) and the underlying factors are sufficiently strong (in excess of 0.85).
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A Online Mathematical Appendix

A.1 Introduction

In this online appendix we first introduce the notations used in our mathematical
treatment, and state and establish a number of lemmas. We then provide detailed
proofs of Theorems 1, 2, 3, 4 and 5 presented in the paper.

Notations: Generic positive finite constants are denoted by C' when large, and ¢
when small. They can take different values at different instances. —? denotes conver-
gence in probability as n, T — oo, jointly. Apax (A) and Ay, (A) denote the maximum
and minimum eigenvalues of A. A > 0 denotes that A is a positive definite matrix.
|All = Mia(A'A), [|A]p = [Tr(A’A)]Y2, ||All, = (E[A")"7, for p > 2 denote
spectral, Frobenius, and ¢, norms of matrix A, respectively. If {f,} >, is any real
sequence and {g, }. -, is a sequences of positive real numbers, then f,, = O(g,), if there
exists C' such that |f,| /g, < C for all n. f, = o(g,) if f./gn — 0 as n — oo. Simi-
larly, f,, = Op(gn) if fn/gn is stochastically bounded, and f,, = 0,(¢gxn), if fi/gn —p 0,
where —,denotes convergence in probability. If {f,} -, and {g,} ., are both pos-

itive sequences of real numbers, then f, = ©(g,) if there exists ng > 1 such that
inf,,>n, (fn/gn) > C, and SUP;,>nq (fu/gn) < C.

A.2 Statement of lemmas and their proofs

Lemma A.1 Consider the errors {uy,i = 1,2,...n;t = 1,2, ..., T} defined by (27) and
suppose that Assumptions 8 and 4 hold with o, < 1/2, and V,, = (0;). Set U;o =
T S0 wir, and E(u2) = 0. Then

n

IVall = Amax (Vi) < sup Y Jois| = O (n7), (A1)
(2 ]:1

n_lzZ|aij| =0(1), and n_lzZU?j = O(1). (A.2)

i=1 j=1 i=1 j=1
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Also, for any t and t'

=1
1 n n
Var(ant) = Z Z Cov(ugy,us,) = O0(n™1), (A.4)
=1 j=1
Angpr =0 Z Uity = O)p _1/2) fort #t, (A.5)
i=1
Var () =n""> Z Z Ufj = O , fort £t (A.6)
=1 j=1
I, _ - e
bnt = o Zl(uituio —T7'0?) =0, (T"*n"1?), (A.7)
and
Var(b,:) =0 (T"'n7"). (A.8)

Proof. Result (A.1) follows noting that under Assumptions 3 and 4, o;; = vy, +
Ouijs 251 |0ij] < sup; |7l 275 (] + 2202, 0wl , and by assumption sup; |vi| < C,
supi Y5y lowiil < C,and 377 |y = O (n®). To prove (A.2)

S ol <0t S bl bl 41 3 o

=1 j=1 =1 j=1 zl]l

(2”) S ol

i=1 j=1

By assumption n=' Y, 3" |, 5] = O(1), and Y777 || = O(n®), then, in view
of (33) and (34) n~' 377 >0, |oy] = O (n12*) + O(1) = O(1), since a, < 1/2.
Similarly UU =2 % + o2 i T 277005, and

n

n! Z Z ol =n"'"Tr(Vy) = <Z %) +n” i Z oo+ 2071y Vyy.
i=1

i=1 j=1 j=1
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But

n

n1 Zzaiij =n'Tr (V2) < A2, (V,) = 0(1), (A.9)
i=1 j=1

YVoy < (YY) Amax (V) = O (n™) .

3

Overall

n n

nt Z Za?j =0 (") +0(1) + O (n~ 1),

i=1 j=1
and since a., < 1/2, then it follows that n=' """ >°"
first note that (using the normalization E(g?) = 1)

= O(1). To prove (A.3) we

jl’L]

ug, — B(uf) = (97 — D97 + (Vi — 0wis) + 20070, (A.10)
and
@n,tt gt - 1 ( Z P)/Z> — Oy u) + 29t n- Z 71”115)
=1
=0 (n71) _HQ’V/Q) = 0,(n~?), since a,, < 1/2.

To establish (A.4), using (A.10) we first note that ( for given loadings ;)

OOU (uftvu]t) = ’yz ,yg [E (92 ) :| + COU( Uit ]t) +4E (gt) /YZ’YJO-U 15

Var(any) =n" ZZCOU gy, uly) = Var(gy) ( Z%>

izl j=1

w2 Y Cov(u,v) +4E (g7) n™'Voy = 0 (n7*2%7) + O(n™) + O (n~2),

i=1 j=1

and since o, < 1/2, then Var(a,u) = O (n™'), as required (which also corroborate
(A.3)). Consider now (A.5) and since u; is serially independent then E (a, ) = 0 for
t #t', and we have

E (ugupujruy) = E (ugujupue) = B (ugug) E (upue) = 01‘2]‘ for ¢ # ',

A3



and

Var (apw) =FE (ai,tt,) =n"2 Z E (uiuipujugy) , for t # ¢
0 oon i=1 j=1
n? Z Z ol =0 (n7"), using (A.2),
=1 j=1

which establishes (A.6) and (A.5). To prove (A.7) set z;; = u;t;, — T 10?2, and write
¢ = %Z?:l zit. Also note that uyt,, = 1771 Zstl i, and given that {u;} is
serially independent then F(z;) = 0 and E(b, ;) = 0. and

Var(b,:) = n=2 Zn: i E(zizjt) = n=?2 z": i E (ol o) — T 252

11]1 =1 j=1

n 272 Z z”: Z Z E (ugujiuisujg) — T a0 (A.11)

i=1 j=1 s=1 /=1

Also E (ugujiuisujs) = 0 for all ¢ if s # s’. We are left with one case where s = s = t,

and one case where s = s’ # t. Hence

n n T T
E E § § E(uitujtuisu]s E E § E ultujtulsujs)
y— y — — 1 —
i=1 j=1 s=1 g'=1 = 1 ] 1 s= N n T
= E E E uitujtuisujs) + E E (uztu]tuzsu]s)
z'—l j—l s=1,s=t T i=1 j=1 s=1,s#t
= E E E Ztu + E E E (upuje) E (uisujs)
i=l j=1 i=1 j=1 s=1,s#t n n
— E E 2 2 E 2
- COU zt? ]t + 0; U]] + (T - 1) Jijv
i=1 j=1 i=1 j=1
and hence
n n T T n n n 2 n n
_ 2 2 2 2
E E E E E (upujuisujs) = E E Cov (uit,ujt)+ E o | +(T'-1) E E 03
i=1 j=1 s=1 s'=1 i=1 j=1 i=1 i=1 j=1
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n n T T
Var(bnt) =n 272 Z Z Z Z E (ujujiuisujs) — T 5%

=1 j=1 71 s'=1
:T’Zn’QZZCOU ug,u) + T %60 + (T — 1) o, — T %5,

i=1 j=1 i=1 j=1

Using this result in (A.11) we have

Var(bn:) =n2T? ZZCOU ugy, u) TT_21 <n2iiafj)

i=1 j=1

Now using (A.4) and (A.2) we have Var(b,;) = O (T~'n~!), which establishes (A.8),
and result (A.7) follows by Markov inequality. m

Lemma A.2 Consider the n x T error matriz U,p = (U, Uge, ..., Upo ), where Wi, =
(i1, Wiz, ..., wir) , the n x k matriz of factor loadings, B, = (B.1, Bogs - Box ), where
Bor = (Bik, Bak, -, Buk)’s the n x 1 vector of pricing errors m,, = (N1, M2, ..., Ny)’, with
the pervasiveness coefficient, oy, the observed factors, fi, = (fi1, fr2, ..., fur)" are strong
(with o, = 1, for k =1,2,..., K), the missing factor g, has strength o, < 1/2, Gp =
M.F (FMF) ™, F=(f .6, . fx), M, = L, — 1.7/ Woo = (Tio, 2o, -, o)
Tio = T ugy, @2 = n 'S0 02, and T, and Tr are, respectively, n x 1 and

T x 1 vectors of ones. Suppose that Assumptions 1, 3, 4, 2 and 5 hold. Then

n~'B,M,n, = O, (n~'*) (A.12)

n ' B, M, U, = O, (T~ /*n71/?), (A.13)

n "B/ M, U,rGr = O, (T/?n~/?) (A.14)
n1GLU  M,m, = O, (T*W 1+°”’+””> , (A.15)
n'GLUL M, 0, = O, (T 'n""?), (A.16)

G, (n'UL M, U,r — 6217) Gr = O, (T 'n/?) . (A.17)

Proof. To establish (A.12) we first note that the k' element of n~'B/ M,,m,, can be

written as
n

Thm =N Z (Bir — Br) iy (A.18)

=1
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where 5, = n~'7! 3,,. Since n; and (3;; are distributed independently for all ¢ and j,
then E () = 0, '?

(|7Tk n| "'7n =n ZE |sz - Bk{ |7]z| < |:SllpE }sz - Bk :| (77,_1 Z ’Th’) =0 (n—1+0m) ,
=1

=1

for k = 1,2,..., K, and by Markov inequality we have n™'B/,M,n,, = O, (n"'1*), as
required. To establish (A.13), noting that

In’_lﬁ;anBn = [n_lﬁ;zo (ﬁol - TnBl) 7n_1ﬁ'lno (/602 - TTLBQ) ,...,’I’L_lﬁ;w (/BOK - TTLBK)} )

and the k™ element of n™'B],M, U, is given by crnr = n "Y1, (B — Br) Uio. We

have E/ (Ck:,nT) = 07 and Var (Ck,nT |/60k) = n_2 Z:’Lzl Z?:l (62/6 - Bk) (ﬁ]k - Bk) E (ﬂioﬂjo) )
with E (U;tjo) = T '0;;. Hence (recalling that V,, = (o))

Var (corg) =T 'n™? Z Z o @k - 5k) (ﬁjk — Bk)] ) (A.19)

=1 j=1

and by Cauchy—Schwarz inequality and Assumption 2 we have E [(Bx — Bi) (Bjr — Br)] <

[E (Bir — Bk)ﬂ i [E (Bjx — Br) 2] 2 < C. Hence, Var (¢ury) < CT'n™230" | Z?:l o]
Since v, < 1/2, then by (A.2) we have n=' 31 | Y70, |oy;] = O(1) and Var (cars) =
O(T~'n™'). Thus by Markov inequality it follows that c,rx = O, (T7/*n"1/2), for
k=1,2,..,K, and (A.13) follows. To establish (A.14) using G = MyF (F'M;F)™"

we have

1

nilB;MnUnTGT = nilTil (B;MnUnTMTF) (TﬁlFIMTF)_ N

and since (T'F'M;F) " is a positive definite matrix then it is sufficient to consider
the probability order of the K x K matrix T 'n"'B, M, U,z M7rF = (g ), where

dkk’ = T n IZZ 51’6_/8]6 (fk’t_fk”)uzt_n 12 ﬂzk_ﬁk sza

i=1 t=1

2Note that sup,;, ‘ﬁik - Bk} < C follows from sup,; F \ﬁik|2 < C, required by Assumption 2.
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where ¢iT =Tt Zle (fk’t — fk’) Wit - Thus

Var (guw |Boy) =n™? Z Z Bix = Br) (Bir — Br) Cov (ir, ¥jr) - (A.20)

i=1 j=1

Also

T T
Cov (Yir, Y7 |F) = E (Yirthjr |[F) = T2 Z Z fe = fw) (fwe — for) E (uirwjer) |

t=1 t'=1
and E(uyujy) = 0;; for t =t" and 0 otherwise (¢ # t). Then,

T

T
Cov (Yir, Yyr |F) = T Z (fk't - fk/)2 E (uituji) = UijT_2 Z (fk’t - fk')2-
t=1

t=1
Using this result in (A.20) now yields

T n n

Var () =T 'n" [T Z E (fur — fk:’ n! Z oii B [(Bi — Br) (Bix — Br)] -
t=1 i=1 j=1

The first term of the above is bounded since by assumption f; is stationary. The sec-

ond term is bounded as established above (see the derivations below (A.19)). Hence

Var (g) = O(T7'n™!) and result (A.14) follows. To establish (A.15) note that
nLGLU M, = (T"'F'MsF) "' (n 'T-'F'M;U’,M,n,) , where (T 'F'M;F) ' =
O,(1). Also the k' element of n 1T ~'F'M;U’ ;M,,n,, is given by p;, = T Zle (fre = fx) Cns
where ¢,; = n 'Y " uyn; = n ', uy. Under Assumption (4) fi and ¢, are
distributed independently, E(p,;) = 0, and c,; are also serially uncorrelated we

have Var(p) = T2 E (fre — fk)Q Var(c,t). Also noting that Var(c,:+|n) =

n=2n, Vun,, then

Var(py) = (T7'n %, Vun,,) .

TN E(fu— fi)

The first term is bounded, and it follows that

Var(py|n,) < CT 'n™>n,Vun, < CT '™ (0),1,) Amax(Va) = O (T n24erter)

AT



and (A.15) follows. To establish (A.16) note that
n'GLU M, T, = (T F'MF) ™ (07 T F'My UM, T, )

and the k™ element of n T 'F'M;U! M, U,, = (d,) is given by

T n

Z frt — fk Z Uit — Ujo) Ujo = % Z Z(fkt - fk)(uitﬂio — Uiolio)
1 i=1 =1 =1 o
(fue = fu) [0 Z (wirllio — TIUEL)T %Z(fkt — [i)bn,

=1 i=1 t=1
where b, = nt Y " (uiti;o — T '0?). By assumption u; and fiy are distributed
independently and b, ; are also serially independent. Then E(dj) = 0, and
1 7
Var(dgy) = ﬁZ(fkt fe)?Var(bp,).
=1
Now using (A.8) in Lemma A.1, Var(b,,) = O (T 'n~'), and overall we have Var(dy,) =
O (T~n7"), and by Markov inequality dj, = O, (T"'n"/2), as required. Finally, con-
sider (A.17) and note that

G/T( —1U;TM U,r 10’ IT) Gr
*(TT'F'MyF) F'My [n”'U,M, U, — 6.17] M7F (T~ 'F'M7F)

-1

Since by assumption (T~'F’ 1\/ITF)_1 is a positive definite matrix for all 7', and K is
fixed then it is sufficient to derive the probability order of the (k, k') element of of the
K x K matrix A7 = (dkx)

A nT = =T 2FM [nilU' TM UnT o IT} MTF
T n T M7U’, M, U,sM7F — *2T F'MyF]
= T~ ("' AM, A/~ *QT '"F'MrF) =T'(S—R), (A.21)

where A = F'M;U’ . = (az;). Denote the (k, k') elements of S = n 'T"!AM, A’ and
R = 32T 'F'M7F by s and rp, respectively, and note that

o (5 [

Z fro = ) (for = far) (A.22)
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T oz _ T ;o
and sgy = n 1T YN | (ag — ag) agq, where ag; = >, freti, and ag = >, frelor
where fkt = fir — fu. Then

T
spp =n T~ 12 [Z Frt (wir — oy ] [Z fk/tuita]
t=1

'LTl =
71 ~ ~
=nT1" ZZ E Uit — Uot uit’fktfk’t’
tepl 'l i1
1
=p Tt g E E Uigtip: o frow — T E g UorTlop fit frov (A.23)
t= 1 t, 1 =1 t= 1 tl 1

Using this result and rg given by (A.22) in (A.21) now yields

Ty = (Skrr — Thiy)
T T

n T T
=n T Z Z Z ittip [ frow — T Z Z Uotlop frt frre
t:},t’li*l t=1¢'=1
( katfk’t) - U < katfk’t) .
Also writing the first two terms as sums of the elements with ¢ = ¢’ and those with
t #t', we have

T
Ty =n'T7! Z Z W2, fot for — 2 < Z fktfk’t) -7 Z @2, frt froet
t=1

tTl 2 1
+n Tt Z Z Wit fra Sy — T Z Uot’fktfk’t’
o A =1 s o
=T Z an, ttfktfk't T Z Z Uotuot’fk;tfk’t +71" Z Qn, tt’fktfk’t’
=1 t'=1 1A
Topp = Akk’ - Bkk’ + Ch (A.24)

where an 4y = n 'Y 0 (uf —0F), and ap = nt Y Uy, Since uy and fiy are

distributed independently then E (Agx) = 0, and

T T

Var (Ak;k’) =72 Z Z E (an,ttan,tt') E <fktfkt'fk'tfk't') .

t=1 t'=1
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Since w;; is serially independent, then E (a, a5, 4) = 0 for ¢ # ' and

supy ¢ B (f,?tf,?,t> < C since by assumption sup; ;£ <f§t> < C. Also (using (A.3) of
Lemma A.1)

Var (Age) =T~ QiE ntt (fl?tfl?’t) < lsupE (fl?tfl?’t)}

kKt

ntt =n QZZCOU Uit ]t :O(n_l)7

=1 j=1

and we have Ay = O, (T~'n~'/?). Now write By as

T T
By = Z Z Torlioy frt fue = (T_1/2 Z Z_Lotfkt> (T_1/2 Z ﬂotfkft) = ok ok’
t=1 t=1

t=1 t'=

where g, = T~ 1/? Zthl Tt fre. Also E(gox) = 0,and Var (qox) = T7! Zt VE(u%)FE (fkt> =

E (a2,) [T—l ST B ( f,gt)}, where E (@2,) = n~25", z;;l oi; = O(n~1). Hence,

T2 o fr = O, (n='?), and By = O, (n~"). Finally, consider Cjy = T~ ZtT#/ e fra e
and note that E (anw) = n 'Y i E(ugup) = 0 for all ¢ # ¢/,which ensures that

FE (Ckk’) = 0. Further,

Var Okk’ = ZZE antt’an ss! (fktfk’t’fks k’ ’) = ZE ntt’ <fl§t.fl§’t’>7

t#£t! s#£s’ t#£t

E (a2 ) =n2 30, >0 0} See (A.6) in Lemma A.1. Since by assumption £ <f13t> <

C, then we have
n n
—2 2
Cln o | >
i=1 j=1

Var Okk’ = ( _QZZOZJ)
=1 j=1
and using (A.2), it follows that Var (Ci) = O (n™'), and hence Cyy = O, (n=1/?).
Using this result and the ones obtained for Ay and By in (A.24) now yields g =
T71O0, (T 2) + 0, (n™Y) + O, (n7'/%)] = 0, (T'n""/?), as required. =

=35 (f272)

tt
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B Proof of theorems in the paper

B.1 Proof of theorem 1

Consider the two-pass estimator of A defined by (7), which we reproduce here for

convenience

~

S = (BlrM,B.r) Bl M,
where By = (81, 8o, -, 8,)) Tno = (Fios Faos oy Tno)'s Tio = TS0 7,
B, = (F'MyF)"'F'Myr;, (B.1)
and r;o = (11,742, ..., 7). Under the factor model (2)
ri. = a;7r + F3, + u,, (B.2)
where w;, = (w1, w2, ..., u;7)’, and hence
B; = B; + (F'M;F) '"F'Mu,.. (B.3)
Stacking these results over ¢ yields
B,r =B, + UrGr, (B.4)
where U,r = (u,,, s, ..., Upo)’, and
Gr = M/F(F'M/F) ™. (B.5)

Also
res = a, + ant -+ Uot, (BG)

where uo; = (uyg, gty ooy Unt)'y @, = (81,8, ...,a,)". Using (15) in the paper,
a, = ct, + Bnog + 1, (B'7)

and (B.6) can be written as ro; = ¢, + By, (¢y + f;) + uoy +m,,. Now averaging over
t yields
fno =CcTy+ BnA;" + ﬁn0+nn7 (BS)

All



where T,,o = 177! Zthl Tor = (Flo; P20y oy o) s Tpo = T ZtT:l Uo; = (o, Uso, vy o)
and

AT = &g+ iy = Ao+ (fr — o) - (B.9)
Using (B.8) in (7) we have

~ -1 . ~ ~
B M, B, M, [BHTA} - (BnT - Bn> Nt fpotn,| . (B.10)

~ ~ A -1 4
AnT - B;LTManT BrInTMn (CTn + BnA; + ﬁno+77n)
BnT

Also using (B.9), and recalling that Ag = ¢ + fty, we have Ay — Xb = Ay — Ag —
(A= A0) = (Rur = Xo) = (@0 + fig — o), which yields Xy = Ao = Xy = A} +
(fip — o) - Furthermore, X,r — A5 = @, — ¢y, where @, is the two-step estimator of
¢, given by (16). This results follows noting that Ayy = @, + fip, and X = ¢y + fig.

Therefore,
Anr — Ao = (anT - ¢0> + (B — po) - (B.11)

We focus on deriving the asymptotic distribution of X,z — A = d;nT — ¢, since the
panel (cross section) dimension does not apply to the second component, (fi; — p).

Now using (B.4) in (B.10) and after some simplifications we have

(E;TManT) XnT - B;LTMn [BnTA} - (BnT - Bn> )\} + ﬁno+nn s

or
(n B M Br) (Bur — 60) = pur, (512

where

por = n 'B.M,n, +n 'GLU ;M,n, +n "B, M,t,, +n ' GLU M,
(B.13)
— nilB;MnUnTGTX} — nilG’TU;TMnUnTGTX},
also

nilf;;hbTManT = nil (Bn+UnTGT), Mn (Bn+UnTGT> (B14)

=n ' (B'M,B,) +n* QGLFU’ +M,B,,) +

n~L(B'M, U,rGr) +n~ (GLU M, U,+Gr),
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Now using the results in Lemma A.2 for case where all the observed factors are strong,

for a fixed T and as n — oo we have

nL (B;TManT) = 345 + 72GHGr + 0p(1), (B.15)
where, using (B.5), )
1 (FM;F\ "~

GrGr = - < TT ) . (B.16)

Similarly, for the terms on the right hand side of (B.13) we have

o (F'MyF
Prnr = T

—1
T ) )\;‘i‘Op (n*1+o¢n) +Op (T71/2n71/2) +Op <T71/2n71+%> .

It is now easily seen that for a fixed T', and if o, < 1 and a, < 1/2, then as n — oo

Also, for a fixed T' by Assumption 1, %2 (%) isa positive definite matrix, and by

(B.15) n™'B! M, B,r —, g5+ %2 (%)71 which is also a positive definite matrix,

noting that under Assumption 2 ¥z is a positive definite matrix. Using these results

in (B.12) we now have

1
- o FMF
¢nT_¢0 - _T < d

1 (F'M/F\ !
T

g+ 00—
g+ 0o T< T

The bias of estimating Ay by the two-step estimator also contains the bias of estimating

-1
> A7+0,(1), for a fixed T' as n — oo.

- Using the above result in (B.11) we now have (for a fixed 7" and as n — 00)

1 [F'M/F\ *
g5+ 00—
56+‘7T< T )

-1
2

o
T

~

At — Ao = (fip — pg) —

—1
T ) A; + Op(1)7

(F’ M,F

which establishes Theorem 1.
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B.2 Proof of theorem 2

" /

Using the expression for 4;; given by (11), we have @;; =a;—a;7 — (,BLT - 52‘) £ + w;y.

Since 1;; are OLS residuals then for each ¢, we also have 71 Zthl u;; = 0, and the above
R /

can be written equivalently as i;; = u;; — U0 — (ﬁLT — /31') (f, — fprp), fori=1,2,....,n,

and stacking over ¢ now yields
= u; — i — (BnT—Bn> (£ — fip) = w — @ — Uy Gr (f — fig), (B.17)
and stacking over ¢
U,r = UMy — U,rGrF'My = U,p (M — GrF'My) .
But Gy= M;F (F’'M;F) ", and we have
U,r = UsRy, Ry = My — My F (FFMyF) " F'My,

where R2. = Ry = R,., Tr (Rr) =T — 1 — K. Then

no oA —17T17 T
5\.2 _ Zthl Zi:l u?t _ Tr (n UnTUnT>

Also

T n

T E [Ty (U Un)] = 07 T'E (Z D i) =) ot =
n i=1

t=1 =1

E (nilUlnTUnT) = 7171 Z E (uiou;o) = 5ZLIT‘

i=1

Qi

2
no

Let v=T — K — 1 and note that

~2

vo, =TT n_lﬂ;TﬂnT) =Tr (n_lU;-LTUnTRT> =
= Tr (n'Uy UprMy) — Tr (0 'F'My U, U, s MsF (F’MTF)_Q
=Tr (n'U,;Uyr) = T (n7 UL Upr) 70 — T [Q (07U, Uyr) Q]
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where Q = M,F (T~'F MTF)fl/ ?. Consider the first term and note that

T n
n—lTT nTUnT Z [n Z U?)

+T52. (B.18)

Similarly

T '7, (n_lU;TUnT) T

T T_ln [U/ TUnT E (U, TUnT)]
Tr(Q (n U,y Uur) Q] =T

r
Q [U' rUnr — E(UprUnr)] Q] + Ko,

Hence
giT —ap = (T/v) (anr + bur + Car) (B.19)
where ayr = T~ Yy 07! 00 (42— 02)], by = T72n 77 (U} Uy — E (U Upr)] 7,

and ¢,y = T 'n"'Tr(Q U ,U,r — E(U,;U,r)] Q]. Due to the independence of
F and UnT, we have E(a,7) =0, E(b,7) =0 and E(c,r) = 0, and for any fixed n and
TE ( O,y — 0 ) = 0, and for a fixed 7', lim,, o £ <aiT) = 2, and result (45) follows.

To establish the probability order of 6nT — &2, we consider the probability orders of

n

anr, by, and c,r in turn, noting that that 7/v = T/(T — K — 1) = O(1). For a,r,

using result (A.3) in Lemma A.1, and noting that u; are serially independent we have
anr = O, (T7?n712). (B.20)

Consider now b,r and note that b,y = T 20137 | [TpwioWomr — E (Thwese7r)] -

/ / T T
Also T, e = > > g Unltiy, and

n
2 71
nT =T E g E uztuzt’ - uztuit/)]

! —
zltnlt =1

— T Zn—lz(uft—a)+T Z( Zunuzy>

i=1 t£t

=1 Zantt+T Zantt’

£t

where a, 4 and a, s are both shown in Lemma A.1 to be Op(n_l/ 2). See equations
(A.3) and (A.5). Therefore, given that a, 4 and a, v with ¢ # ¢’ are also distributed
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independently over ¢ we have
bur = O,(n~12T1/2), (B.21)

Denote the k' column of Q by qr = (qx1, G2k, -, qr)’ (a T x 1 vector) and write c,r

as

K
CnT = Z Til 71 Z qk uloulo - (uiou/' )] qk]

k‘ﬁl

- Z T_l _1 Z Z Z Qktqkt’ uztuzt’ - F (uituit/)]] .
k=1

=1 t=1 t'=1

Consider the k™ term of the above sum, and note that

n T T T T
Cnrg =1 In~t Z Z Z Tt Qry (Wit — E (upup )] = T Z Z Akt Qit! O 1t/ 5

i=1 t=1 t'=1 t=1 t'=1

where @, = n"' Y [uigu — E (uipui)]. is defined by (A.3) and (A.5) in Lemma
A.1, with Var(anw) = O (n™') for all ¢ and ¢'. Also a, 4 and a, . are distributed
independently if ¢ or ¢’ differ from s or s’. Therefore, for all ¢t and ¢’ for all ¢

Var (eark) =T quktqkt’vaT<an w) <O (n7) (T Z%) :

t=1 t'=1

But it is easily verified that Q'Q = I which yields 3°_, ¢, = 1, and Var (curs) =
O (T2n~1). Hence, ¢c,rp = Op(T~'n"Y?), for k = 1,2, ..., K, which establishes that
¢or = O,(T~'n=1/2). The order result in (46) now follows using this result, (B.20) and
(B.21) in (B.19).

B.3 Proof of theorem 3

The bias-corrected estimator of ¢, is given by (17) which we reproduce here and re-

write as

H,r (énT _ ¢O) — (B.22)

Al6



where

B’ .M, A, o [(F'M/F\ !
s, = —nLVndnT 7%, ( r > fir — Hor ¢, (B.23)
n T
B .M,B, o [(F'M/F\ !
H,r :”T—T—TlﬁiT( TT ) : (B.24)
n

A~

Also &,1 = T,o — Burjir, and T = ¢, + By A, + G041, (see (B.8)). Using these
results and noting that A7 = Ao + (fip — po) = ¢y + fir, we have

A~

EA’«fnT =cTy + Bn¢0 + U, + 1, — (BnT - Bn) ﬂ'T
and U0 = (U106, Uo, ..., Uno)'. Then,
B/ M, 4, = (B;TMan) by + B M, i (B.25)
+ B;TMn"?n - B;TMTL <BnT - Bn) ﬂT'
Also
B,r = B,+U,7Gr, (B.26)

where U,7= (u,,, Uz, ..., Up) and Gy is defined by (B.16). Using these results to-
gether with (B.24), the right hand side of (B.22) can be written as

o BuiMu,  GiUMm, | GrU M, By M, UurGrdy

U’ .M,U, n_
~ G, CHTTT _ UiT) Gr %,

n n

where the last term can be decomposed as

U, MTLUTL A U/ MnUn _ * ) — *
G (nTTT - 6iT) GrA; =Gy (HTTT - UZ) GT}‘T_<U721T - Ui) G GrAT.

Similarly, using (B.14), we have

H,; =n"'(B.M,B,) +n! (G,U M,B,)+
-1 / I U%TMnUnT _92 —_1 (= _9
n (B,M,U,rGr)+ G, | ———— -0, |Gr—T (O’ r—0 )

n n
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Using Theorem 2 and since by assumption 7 'F'M7F is positive definite, then

- F'MF\ ™
<6iT _ 52) ( T ) ~0, (T_1/2n—1/2) .

" T
Also using results in Lemma A.2, we have

H,r =n""(B,M,B,)+ 0, (T""*n"1?). (B.27)

Hence, H,,; —, X35 for a fixed T as n — o0, so long as a, < 1/2. Note also that by
Assumption ¥ gp is positive definite. Further

Spr =1t (B, M, i, — B,M, U, 7GrX5) +n ! (B, + GLU ;) M,,n,, + n 'GLU" .M, ,.

(B.28)

U M,U, R AL )
~Gr (”T—T - 55) GrXp + T (5o — 32) ( d ) AL
" T
Using (A.12) and (A.15) (in Lemma A.2) we have
nle;anTln + nilG/TU:"LTMnnn — Op (n*1+an) + Op <T71/2n71+an+%> |

and (A.16) and (A.17)

U .M,U,
n " GLU! M, i, — G (”T—T — 5,%) Gy =0, (T7'n7?).
n
Further by (46)
~ F'MF\
7! <6721T - 531) ( — > Xy = 0, (T3/2n7112) (B.29)
Hence
Spr =1 (Bi M, 1,0 — BLM, U,rGrA}) + O, (n~%7) (B.30)

a’H‘(X’y

+0, (T”/Qn*1+ 2 3 + 0, (T'n %) + 0, (T**n7172).

Using this result and (B.27) in (B.22) now yields (47), as required. To derive the

asymptotic distribution of qznT—qu since by assumption «,,+a, < 1, then the dominant
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term of s, 7 is given by
n~ (B,M, G0 — B,M,U,rGrA}) = O, (T7/*n71/2) | (B.31)

and to ensure that we end up with a non-degenerate, stable limiting distribution,
<g?)nT — (,bo) needs to be scaled by vnT with n and T" — o0, jointly. To this end we

first note that when 7" is fixed H,,; —, 333, as n — oo and we have
VT (&nT - ¢0) >0 (\/nTsnT) . (B.32)

Using (B.30)

+ary

vnIls,r =&, + Op <n—%+a"2 ) 4 Op (T1/2n—1/2+a7,) + Op (T—1/2) 7

where
&, =TY*n"Y2 (B M, i, — B,M, U7 GpA}) . (B.33)

Using the above results in (B.32) we now have

“ntay

VAT (B - 80) 4 S5t [ + 0, (04 75) 4 0, (120 1210 1 0, (17172)]
(B.34)

Therefore, when condition (T/n)Y/?n% — 0, as n and T — o0, is met we have

\/n_T (énT - ¢U> ~ ZlgﬁlsnT + Op(]')‘

To derive the asymptotic distribution of §,,, we note that @,, = T-'U, 77, and
Gy = T '"MyF (T~ 'F'MyF) ' A5, Then, using these results in (B.33)

€nT = (fk,nT ) — n_1/2T_1/2B:fLMnUnTaT7 (B35)

where a; = 70 — MyF(T'F'MsF) "'\ = (a;). Also

T
sop =T af =T 'apar =1+ XJ(T7'F'MF) ' A, (B.36)
t=1
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where N} = ¢ + fir = Ao + (B — K1), and (fp — pg) = O, (T7V/?). Further
sor > Land 820 <1+ (AFAL) Amax [(T'FM7F) ' ] < C, (B.37)

and 57 = limp_oo 5,7 = 1+ )\62;1)\6. The k' element of €, is given by & ,r =
T

nY2roUES Zat(ﬁik — Br)uy, and using (27) we have

t=1

T n
Sk = <T1/2Zat9t> [nW Z(ﬁzk — Bk)%]
—1 -

i=1
n

+ AT Z Zat(ﬁik — Bi)vit.

i=1 t=1
Under Assumption 3 g¢; is distributed independently of f, (and hence of a;), as well as
T

being serially independent. Also Var(T~" 2Zatgt) = 52 p (recall that E(g;) = 0 and
=1

T
E(g?) = 1),and we have T_l/QZatgt = O,(1). Further E|n 23" (By — Bi)v| <
=1

sup; , £ |5zk: — Bk| (7171/2 Yoy |%|) = O(n~Y/?t*). Hence

T n
Skt = n_l/QT_l/QZ Z ay(Bix — Br)vie + O(n~1/2Ter)

T t=1 i=1

=T "ayhpy + O(n=/2F), (B.38)

t=1

where h,; = n~ 23" (Bix — Br)vi. Under Assumption 2, b, = n~ Y230 (B —
Bi)vi —a N(0,w?), for k =1,2, ..., K, where

wh = pJLIlélo nt Z Z(ﬁik — Be)(Bj — Br)owij > 0,
i=1 j=1

and w} < sup;;, E(Bi — Br)? limy oo™ 30, > iy lowiil < C. Also, since vy are

serially independent then there exists T such that for any fixed 7' > T and as n — oo
T
T2 by —a N (0,02 (14 527))
t=1
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where s2; is defined by (B.36). Using this result in (B.38) and noting that o, < 1/2,

we also have for any fixed T and as n — oo,
Ekmr —a N (O,w,ﬁ (1 + siT)) , for a fixed T' > Ty and as n — oo.
This result extends readily to the case where n and T' — oo, jointly. In this case
Skt —a N (0,w) (1+52)), where 52 =14+ X2 Ao

Similarly, We have (using w;; = 7;9; + vit)

n n T
Cov (Ckr: Seranr) =0 T N a7 (B — Br) Biw — B ) E (i) =

=1 =l =,
(1+s2r) {”_1 Z Z%%‘(ﬁik — ) (B — ﬁk')]
=1 72:1 n
+ (1+s2p) [n_l Z Zo'v,ij(ﬁik — Be) (B — ﬁk')] :
=1 j=1

But

n n

n - ZV@VJ sz 5k)<ﬁjk’ Bk’
1 j=1

=

< SUP ‘ Bir — Br) (Bjrr — Br) |E Bix — Br)? < I/QZ |%>

< sup E(Bix — Br)? < I/QZ i ) = _1+2a”) .

and similarly

n n

< SupE(ﬁzk _Bk 277'_122 |avzg| < C.

i=1 j=1

ZZ% Bit — Be) Biw — )

=1 j=1

Hence Cov (&1, Epr ) < O, for all k and &’. Using the above results in (B.35, and
noting that K is fixed, we have &, —q4 N (O,Vg), as n and T' — oo,where V; =
(1+ )\62;1)\0) plim, o (n7'B,M, V,M,B,, ), noting that s2, —, 1+ }\62]71)\0,
where SZ’T is given by (B.36). Also recall from (B.34) that vnT (énT = ¢0) =
55600+ 0, (n T ) +0, (T"*n~1/2+on) + O, (T~/?). Hence, result (51) follows
since by assumption «,, < 1/2, o, < 1/2, and (T'/n)Y*n* — 0.

A21



B.4 Proof of theorem 4

Using (55) and (54) and replacing 7~ (T *F'M7F) " by G,G1 we have (see (B.5))

Hor (@) Do (G (@) = 69) = aur (@), (B.39)

where qur (o) = DB/ .M, 4,7 +16 4D GLGriir—H,r (o) Doy, and Hor (o) =
DB/ M,B, D! — n5.,D-'G/.G,D:'. But
H,r (o) = nD,'H,7D.', and q,r (o) = nD_'s,r, (B.40)

o )

where s,r and H, 1 are already defined by (B.23) and (B.24). Consider first the limiting
property of H,r (), and using (B.26) note that

H,r (o) =D.'B'M,B,D;! + D,'G/, U’ .M, B,D_"+ L
D.'B/M,U,;G;D.' + D;'G,U' ,M,U,+G;D_.' — n5.,D.'G,G;D_.*,

or

H,r (a) = D.;'B/M,B,D;! +D_'G, U ,M,B,D." +D_'B,M,U,;GD_*
+ nD;1 [G/T (n_lU;zTMnUnT) C7"T - gZTG/TGT} D;l.

Further

D, |Gy (071U M Usr) Gr = 5 GGy | D!
=2

= nD_! [G} (n UM, U,r) Gr — 62G,Gr] D3 — <0nT . a,i) nD;'GLGrD: .

But by (46) Gop — 62 = O,(T~1/2n~Y/2), and |D;Y|| = A2, (D;2) = n~%=ia/2. Then,

«

using results in Lemma A.2 we have
ID;'B,M, U,r G D | < n||D" [0 ' BiM, Upr Gy || = O, (T~Y/2pomin*1/2) |
and

HnD;lG’T R U M, Uy — 62 1p GTD;1’
<n|D7!| HG’T (nflungMnUnT - EiTIT) GTH = 0, (T~ tp= o t1/2) |
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Hence

HnT (a) = D;lB;ManD;I + Op (Tﬁln*amin%*l/?) 7

and H,; () —, 3gp(ar), as n — oo, for a fixed T, so long as amim > 1/2 > ..
By Assumption 2, lim,_,, (D;'B,M,,B,D_') = X33(cx) is a positive definite matrix.
Using this result in (B.39) we have

D <$HT (@) - ¢0> ~ 255 (a)q, (), (B.41)

and (since Xgp(ax) is positive definite, ||Z§é(a)“ < ()

Using (B.40)

Gur (@) = o < I [Z54 (@) (@) < Cn=o= [aur(e)]].

anr()|| = ||[nDg 'sur|| < n'=m=/2 |Is,r || . (B.42)

Also from (B.30) we have

Sor =1 (B, M@0~ BiM, U,rGrA7) + O, (n™17%) (B.43)

+ 0, <T_1/2n_1Jr 2 WT) + 0, (T_ln_l/z) )

Also using (B.31))
n~t (Bl M, G — B,M, U,rGrX}y) = O, (T7/2n71/2). (B.44)
Substituting (B.44) in (B.43) and using the result in (B.42) we have
[qnr ()| = O, (n=omn/212771/2) 4 O (Tl/gn“mi”gW> (B.45)
+ 0, (n*amin/eran) +0, (nfamin 2H/2T’1) .

Denote the k™ element of q,r(c) by g .r(c), we also have

—Qmin/24+1/20=1/2 _1yp, —ommt(ontas)
Gt (@) = O, (=o)L O [ 7712y >
+ Op (nfamin/2+an) 4 Op (n*@min 2+1/2T71) .
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Also note that the k" element of D, (&nT () — ¢’0> is given by n/? (@MT () — qﬁo,k) .
Hence, in view of (B.41) and since Egﬁl(a) is a positive definite matrix then the prob-

ability order of n®/? (gz;kynT () — ¢07k> must be the same as that of ¢ ,7, and hence

(as required)

A _(ak+amin)+ Unta
Pt (@) — o = O, (n—(ak+amin)/2+1/2T—1/2> +0, Qn 2 (e w)T_l/z)
+ Op (n*(ak+amin)/2+an) + Op (nf(oszr min)/2+1/2Tf]_) '

B.5 Proof of theorem 5

Using (64) and noting that 8,7 —, AgX; ' Ao, then

Veur — Ve = (14 M2 Ao) |0 'B;M, V,M,B,7 — p lim (n'B,M,V,M,B, )} +0,(1)

= (14+ X3;'A) [0 ' By M, VM, B,r — n "B, M, V,M,B, ] +o0,(1).
(B.46)

Also using (B.4) we have
Bl M VM Byr = 17 (By + UprGy) M, (Vi = Vi 4+ V) M (B + UnrGa)

which, after some algebra, yields
7
n_lB;lTMnVuM”B”T - n_lB;zMnVuMan = Z Aj,nT»
j=1

where

Al,nT - n_lB;@Mn <\~[u - Vu) Mana AQ,TLT - n_lG;LU,nTMn (_vu - Vu) MnUnTGn7
AS,nT = n_lG{nU;TMnVuMnUnTGna A47nT = n_lG;U;TMn <Vu - Vu) Man,
Asor =17 G U MV, M,B,, Agur =1 ByM, (V. = Vi) MUz G,

A;.r =n'B,M,V,M, U,7G,.
Considering the above terms in turn we note that

= Amax (n7'B,M,,B,,) :

[Avrll < n" [BLML | V. -V,

‘{;u ~ Vv,
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Also, under Assumption 2 Ay, (n7'B,M,,B,,) < C and using (61) we have ||A1,7| =
O, (n% %) Similarly

1Asrl| <7 |GLUL ML Vi = Vi|| = Anax (071G UM, UG,

Then using (A.17) n 'G.U M, U,rG, —, 52G,Gyp = T'62(T'"F'M;F) " =
O(T™1), and it follows that |Ay .|| = O, (TlnaW %) . Turning to the third term

||A3,nTH < n! ||G;’LU;LTM'”'U”TG”H ||VUH = Amax (n_lG;LU, TMnUnTGn) ||Vu|| .

n

Also, by Lemma A.1 ||V, || = O(n*), and hence || A3z 7| = O, (T 'n*), and || Ay 7| <
Hnil/QG;U;TMnH anl/QManH H\?u — Vu‘ . Also, as shown above ||n*1/2ManH =
O,(1), ||[n2GL UL M, || = O,(T~/?), then

1
|Asnr] = O, (T‘lﬂn"‘” M) 7

T

[Asrll < [0~ GLUL M| [0 MBIVl = O, (T7120%) .

o ()
:Op (T 1/2n v T)’

and ||[A7,7|| < ||[n2B,M, || [Vl |22 M, U,r G, || = O, (T~Y/2n2). Overall,

B o, [In(n)
)

Agnr < [[n~Y2GL UL M, | [[n~2M,B,|| Hv ~v,

Hn*B;Mn\?uMan — n"'B' M, V,M,B,

which if used in (B.46) establishes (63), as required.
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S1 Introduction

This online supplement provides the details of data sources for the risk factors and the
excess returns on securities used to calibrate the Monte Carlo designs and to carry out
the empirical applications reported in Sections 4 and 6 of the main paper. Section S2
describes the data used to calibrate the Monte Carlo (MC) designs, and Section S3
provides the estimates that formed the basis of the calibration of the parameters of the
MC designs. Section S4 provides evidence for the choice of 14 blocks used in calibration
of error covariances in the Monte Carlo experiments. Section S5 describes the data for
factors and excess returns used in the empirical applications, and Section S6 derives
the relationship between pooled R? of return regressions and the factor strengths used
in the discussion of the empirical results.

S2 Data used to calibrate the Monte Carlo designs

S-2.1 Factors

To calibrate the parameters of the three factor model used in the Monte Carlo exper-
iments we used monthly Fama-French three factor data series over the long sample
1963m8-2021m12, downloaded from Kenneth French’s webpage.! The factors are the
market return minus the risk free rate, denoted by MKT, the value factor (high book
to market minus low portfolios, HML) and the size factor (small minus big portfolios,
SMB). The risk free rate is also downloaded from French’s webpage. First order au-
toregressions, AR(1), were estimated for all the three factors using the full data set,
1963m8-2021m12. Then GARCH(1,1) models were then estimated on the residuals
from the fitted AR(1) regressions.

S-2.2 Excess returns

To calibrate the factor loadings and other parameters of the excess return regressions
we used the shorter sample over the 20 years 2002m1 - 2021m12 (7" = 240). Monthly
returns (inclusive of dividend payment) over 2002m1 - 2021m12 (7" = 240) for NYSE
and NASDAQ stocks with share codes of 10 and 11 from CRSP were downloaded from
Wharton Research Data Services and transformed to firm-specific excess returns using
the risk free rate from French’s webpage, and measured in percent, per month. Only
stocks with data over the period 2002m1-2021m12 were used to arrive at a balanced
panel with 7" = 240 monthly observations and a total number of n = 1289, securities.

See https://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html
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To avoid extreme outliers influencing the estimates we first computed mean, median,
standard deviation, skewness and kurtosis for each security over 2002m1 - 2021m12.
Table DS1 reports the mean, standard deviations and interquartile range of these
statistics over all the 1289 securities in our sample. The histograms of these summary
statistics (mean, median, standard deviation, skewness and kurtosis) of the individual
stock returns for the full sample over 2002m1l - 2021m12 are shown in Figure DSI.
As can be seen from these summary statistics, there are outlier security returns with
very large standard deviations. This is clear from the cross firm standard deviation of
13.97 which is much larger than the kurtosis of 9.24 (See Table DS1), resulting from a
number of extreme outliers also seen from the long right tail of the histogram for the
distribution of kurtosis across firms.
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Figure DS1: Histogram and density function of the individual stock returns (n =
1289) over 2002m1-2021m12 (7' = 240)
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S-2.3 Stocks with the kurtosis less than or equal to 14 and
less than 16

To reduce the influence of outlier returns on our results we considered dropping stock
excess returns having kurtosis in excess of 14 and 16. Excluding stocks with kurtosis
less than or equal to 14, resulted in a sample with n = 1148 securities, whilst if we
use the cut off point of 16 we ended up with n = 1175 securities. The mean, median,
standard deviation, skewness and kurtosis for each security over 2002m1 - 2021m12 of
the whole and two sub-samples, (1289, 1148 and 1175). Then the average, standard
deviation and interquartile range (IQR) for each summary statistic of the stocks from
the two sub-sample are summarized respectively in Table DS1.

Table DS1: The average, standard deviation and interquartile range of the summary
statistics of the individual stocks over 2002m1 - 2021m12 (7" = 240)

Average Standard deviation Interquartile range

Panel A: All stocks (n = 1289)

stock.mean 1.3666 0.6593 0.7511
stock.median 0.8360 0.9970 0.9310
stock.standard deviation 11.9030 6.0082 6.5248
stock.skewness 0.6411 1.3766 0.9290
stock.kurtosis 9.2407 13.9786 4.0183

Panel B: Kurtosis < 14 (n = 1148)

stock.mean 1.3303 0.5898 0.7032
stock.median 0.9474 0.8816 0.8654
stock.standard deviation 10.8837 4.3944 5.6429
stock.skewness 0.2976 0.5996 0.7270
stock.kurtosis 5.9885 2.3932 2.7762

Panel B: Kurtosis < 16 (n = 1175)

stock.mean 1.3336 0.5922 0.7081
stock.median 0.9363 0.8878 0.8764
stock.standard deviation 10.9943 4.4695 5.6836
stock.skewness 0.3219 0.6285 0.7607
stock.kurtosis 6.1947 2.7222 2.9819
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Histograms for mean, median, standard deviation, skewness and kurtosis of the
individual stock returns for two sub-samples are shown in Figure DS2 for the sub-
sample with the kurtosis less than or equal to 14 over 2002m1 - 2021m12 (n = 1148),
and Figure DS3 are for the sub-sample with the kurtosis less than 16 over 2002m1 -
2021m12 (n = 1175).
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Figure DS2: Histogram and density function of the individual stock returns with
kurtosis less than or equal to 14 over 2002m1-2021m12 (7" = 240) and n = 1148
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Figure DS3: Histogram and density function of the individual stock returns with
kurtosis less than or equal to 16 over 2002m1-2021m12 (7" = 240) and n = 1148
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S3 The MC design and its calibration

S-3.1 Generation of returns

Excess returns, r;;, are generated as

T = a; + Z Bik frt + Wit, (S3.1)

k=M,H,S

= a; + Bif; + wa,
fori=1,2,..,n;t=1,2,....T, with

a; =c+ /6;¢0 + 1, (832)

where f;, = (fMt; fat, fSt)/7 and ,31' = (5Mi,5Hi,BSi)/7 and @q = (<Z5M, OH, <Z5S)/-

S-3.2 (Generation of factors

Factors are generated as first-order autoregressive, AR(1), processes with GARCH(1,1)
effects:

Jee = (1 — pr) + prfrp—1 + (1 - Pz)l/z Okt et (S3.3)
O-lgt = (1—-bp— Ck)ai + bwi,t_l + Cwi,t_lsz,t_p (S3.4)

for k = M, H, S, starting from ¢t = —49,...0,1,2, ..., T, with f; _50 =0 (and o},_50 =0
in the case where ¢; # 0) to minimize the effects of the initial values on the sample
fre,t =1,2,...;T used in the simulations.

The data generating process for the factors is calibrated using the full set of Fama-
French three factor data set covering the period 1963m8-2021m12. The calibrated
parameter values are g = (uas, i, pis) = (0.59,0.27,0.23), o = (oa,0m,05) =
(4.45,2.86,3.03)', and p = (par, pr, ps) = (0.06,0.17,0.07)". Note that Var(fy) = 0.
The parameters of (S3.2) are also estimated using the bias-corrected procedure and
are set as ¢ = 0.83 and ¢, = (—0.49, —0.35,0.16)". To ensure that correlation across
the three factors match the Fama-French data we generated ¢, = (s, Cae, Cst) as
¢; = Qcwy, where Q¢ is the Cholesky factor of Ry, the correlation matrix of f; given
by

1 —0.21 0.28
R.=1| —021 1 —0.02
0.27 —0.02 1

We consider both Gaussian and non-Gaussian errors and generate w; as 11D(0,1,), as
well as a multivariate t with 5 degrees of freedom, namely ¢(0,I5,5). The remaining

DS-8



parameters are set as by = ¢, = 0 to generate homoskedastic errors, and b, = 0.8 and
¢, =0.1for k=M, H,S to generate GARCH effects.

S-3.3 Estimation of factor models

Consider the AR(1) processes with a GARCH(1,1) errors

fie = pe(L = pi) + prfrg—r + (1 — Pi)l/z Ot Crt (53.5)

Ulzt = (1—-bp— Ck)ai + bwi,tfl + Ckgl%,tflcg,t—lv (S3.6)

where fy, Kk = M,H,S and t = 1,...,T, denote the the values of three factors
MKT,HML,SMB in month ¢, respectively. The estimates of GARCH parameters
obtained using the sample 2002m1 - 2021m12 (7" = 240) are summarized in Table DS2.

Table DS2: GARCH parameters for the models of three Fama-French factors for the
sample over 2002m1 - 2021m12 (7" = 240)

i ) 6 b ¢

MKT 08030 0.0711 4.5703 0.6781  0.2395
(0.3035) (0.0648)  (-)  (0.0854) (0.0627)
HML -0.0805 0.1816 3.1513 0.7582  0.1987
(0.2194) (0.0639)  (-)  (0.0986) (0.0686)

SMB 0.1718 -0.0267 2.5815 0.8353  0.0680
(0.1651) (0.0649)  (-)  (0.1845) (0.0606)

The correlation matrix of three factors M KT, HM L, SM B over 2001m1-2021m9
(T = 240) is
1.00 0.20 0.35
0.20 1.00 0.35
0.35 0.35 1.00

S-3.4 Factor loadings estimates

For each of the securities i = 1,2, ..., 1175 (with kurtosis below 16), and t = 1,2, ..., 240,
OLS regressions excess returns y;; for security 7 was run on an intercept and the three
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FF factors

yie =1 — 1] =a; + Z Bik frot + Wi,
ke{M,H,S}

where r;; is the return of i security at time ¢, inclusive of dividend (if any), and r!
is the risk free rate. The sample mean and standard deviation of the excess return for
each individual stock, denoted as ;7 and sy are computed as

T
Jir =Ty, (S3.7)
=1
T
SdzT(y) = -1 Z Yit — sz (838)
t=1

The estimates a; 7, Bik,T, k= M,H,S are given by
A ~ ~ / —_
<&i,Taﬁz‘M,T76iH,TyﬁiS,T> = (F(;FO) 1F(;yioa (83-9)

where FO - (TT7 F)> F= (.fla.f27 "'7fT),7 ft = (fMt7 th7 fSt)l and Yio = (yila Yi2, -+, yiT),~
The standard error of the i*" regression, denoted as s;p, is given by

T
6% =(T—K—1)" Zaf (S3.10)

where U = Yir — Gir — Y e (M,H,S} Bz’k,T frt. The coefficient of determination of the it
regression, denoted by R%., is given by

T .
R, =1-— TZt:l g, .
> i1 (Wit — ir)?

We compute the summary statistics: mean, median, standard deviation (S.D.), skew-
ness, kurtosis, interquartile range, minimum, maximum for the sample mean and stan-
dard deviation of the excess returns, the estimates and the corresponding standard er-
ror, R-squared of the regressions over 2002m1 - 2021m12 (7" = 240), for the n = 1175
securities: yir, sdir(y), Gir, BiMﬂ", BiH’T, BiS,T, 62, and R%. for i = 1,2,...,1175,
computed using (S3.7)-(S3.11). The results are summarized in Table DS3.

(S3.11)
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Table DS3: The summary statistics of the estimates, standard error and R-squared
of the panel regression over 2002m1 - 2021m12 (7" = 240) and n = 1175

mean median S.D. skewness kurtosis IQR min max
y 1.2366  1.1572 0.5922 0.6219  4.9697 0.7085 -1.5971  3.7434
sd(y) 11.0006 10.1115 4.4695 1.1241 4.4498 5.6826  4.1706 31.3322
a 0.3749  0.3562 0.5810 —0.1980  5.5804 0.6493 -2.8882 2.9736

A

Bum 0.9714 0.9362 0.4279 0.5352  3.3349 0.5810 -0.0689  2.8590

A

Bu 0.2235 0.2093 0.5276  -0.0916  4.7150 0.5915 -2.4498  2.9788

Bs 0.6061  0.5790 0.5381 0.3552  3.2197 0.7495 -0.7504  2.7474
o 9.4123  8.2297 4.2794 1.3292  5.0599 5.3811  3.4523 30.6953

R? 0.2840  0.2782 0.1383 0.2172  2.2941 0.2131 0.0050 0.6814

The histogram for the éy and the 3, 1 for k = M, H, S over 2002m1 - 2021m12 (T =
240), each using 1175 data points a; r and the Sy, r for k = M, H, S, i =1,2,..., 1175,
is shown in the Figure DS4.

Figure DS4: Histogram and density function of the coefficients of the panel regression
over 2002m1-2021m12 (7" = 240) and n = 1775

The histogram for the R% over 2002m1 - 2021m12 (T = 240), using 1175 data
points R%. for i = 1,2, ..., 1175, is shown in the Figure DS5.
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Figure DS5: Histogram and density function of the R-squared of the panel regression
over 2002m1-2021m12 (7' = 240) and n = 1775

S-3.5 Calibrating the fit of return regressions

To see how £ controls the regression fit, note that the n return processes (S3.1) can be
written more compactly in vector form as

r; = a+ Bf; + u,,
where u; = vg; + xSe,, a = (a1, as, ..., a, ), with a; given by a; = ¢ + B¢ + n;, and
S =Diag(Sy, b=1,2,..., B).
Overall, the DGP for the return regressions can be written compactly as

r, = crn+B(ft+¢) + Yg: —i-/szt—l—nn,

where 1,, = (71,72, ..., mn)’. We abstract from pricing errors and weak latent factor and
n; = 0, g¢ = 0, and set x such that the pooled R? (PR?) of return regressions can be
controlled to be around R% = 0.30. We have

n 7! Zthl Z?:l E <u22t>

PR, =1-— e —— .
n Ty 0 > i Var(ri)
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Var(ry) = Var (Bif) + Var(uz) = E (8;¢8;) + E(uj,)
=Tr[3;F (/6162)] + E(”?t)

Denote the k" element of 3; by B, then if B ~ IIDN (pg,, 03, ), and f3, are distrib-
uted independently over £ = 1,2, ..., K, we have

E (B,8;) = Diag (u3, + 05, for k=1,2,.. ,K).

Then,

K
Var(ry) = Tr (3B (615;)] + E(uzgt) = ZUJQ% (N%k + ng) + E(uzzt)

k=1

Also,

n

> B(u}) =Tr [E (uu)],

i=1
and (when g; = 0) we have

~

E (wu)) =V, = k?SE (g,}) §' = k2SV.S,
where V. = Dz’ag(V,E?, b=1,2,..., B). Hence,
T n
n Tt Z Z E(u}) =n"Tr(V,) = &*n"'Tr (SVES’>
t=1 i=1

and o
K2nTr <SVES’)

Siyoh (i, + 03) + et 1T (3V.8)

To achieve lim,, ..,PR2; = R2, we need to set (assuming all K factors are strong)

o X oh (8, +93) (1 - Rﬁ) (53.12)
= - ~ 2 * '
n-1Tr (stS/) 4o
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When there are no idiosyncratic error dependence, namely when S = 1I,,, the above
expression simplifies to

K
n=1Tr (V.) R ) .
If we only use the market factor, we have
K2 = 012\4 (’LL%M + U%M) 1 - R(2) (83 14)
n=1Tr (V,) R2 . .

We expect that n='Tr (V.) — 1, if E(o;) = 1, as under our DGP.

S-3.6 Estimation of FF factor strengths

Denote by ¢, = Bik,T / s.e. <B@kT) , the t-statistic corresponding to ;. The total num-

ber of factor loadings of factor k, that are statistically significant over ¢ = 1,2,... n,
n = 1175, is:

Duri = Z it = Z L[tk > cp(n)]
i=1 i=1

where 1(A) = 1 if A > 0, and zero otherwise, and the critical value function that
allows for the multiple testing nature of the problem, c,(n,d), is given by

¢, (n,8) = &1 (1 - 2%) , (S3.15)

where p is the nominal size, set, following Bailey, Kapetanios, and Pesaran (2021,
BKP), as p = 0.1, § > 0 is the critical value exponent, set 6 = 0.25, and ®~!() is the
inverse cumulative distribution function of the standard normal distribution. Let 7,7
be the fraction of significant loadings of factor £, and note that 7,7, = lA?nT,k /n. The
strength of factor k, denoted by ayg, for K =1,2,..., K, K = 3, is estimated by

($3.16)

In 7, e oA
. 1 4 =Lk if T >0
& = Inn ) ’
=

0, if Tk = 0.
The variance of the estimated strength of factor & is given by

Var(ag) = (Inn) ¢, (ar),
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where

Un(ako) = p(n — no"“o)n_‘s_%‘ko <1 — %) )

So the standard error of the estimated strength of factor £ can be computed by:

5 V¥n () (S3.17)

S.@.(O[k) = T

Mean and variance of the loadings associated with factor k are given by

iy |tir| > cp(n)] B
> iy Vltar| > ¢p(n)] ;
Sy Lltar] > 6p(m)] (Bur = fuser ()

> iy M|tawr| > cp(n)]

In the case where a factor is strong, namely oy, = 1, then it must be that 1 [|t;xr| > ¢,(n)] =
1 for all 2. The estimated factor strengths &; and corresponding standard errors for

k = M, H,S, using the sample over 2002m1 - 2021m12 (7" = 240) and n = 1175 are
reported in DS4.

ﬂﬁkT (dk) = (8318)

&gk (ay) =

(S3.19)

Table DS4: Strength of three FF factors estimated over 2001m1-2021m9 (7" = 240
and n = 1175)

M iz S
&4 009941 0.8373  0.9023
(0.0001) (0.0014) (0.0008)

Note: This table reports the estimates of the factor strength using (S3.16) and the standard errors
that are reported in () using (S3.17), for three factors M KT, HM L and SM B, using the sample over
2001m1-2021m9 (7' = 240) and n = 1175, K = 3.
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S-3.7 Estimates of spanning error coefficients for FF factors

Table DS5: The bias-corrected estimates of ¢y (intercept) and ¢y, ¢g, and ¢g for
the sample 2002m1 - 2021m12 (7" = 240) with n = 1175 securities

Co dur ou s
0.8423 —-0.4808 —0.3259 0.1195
(0.0971)  (0.0780) (0.0846)

S4 Grouping of securities by their pair-wise corre-
lations

The T = 240 sample ending in 2021 was used to estimate the pair-wise correlations
of the residuals from the n = 1168 returns regressions using the Fama-French three
factors. Then all the statistically insignificant correlations were set to zero. Significance
was determined allowing for the multiple testing nature of the tests, using the critical
value c,(n,d) = &~ (1 — 2—5;5), with p = 0.05 and § = 2, since the number of pair-
wise correlations is of order O(n?). See also Bailey, Pesaran, and Smith (2019). For
the majority of securities (668 out of the 1168), the pair-wise return correlations were
not statistically significant. The securities with a relatively large number of non-zero
correlations were either in the banking or energy related industries.

Initially, the securities were grouped using the two digit codes from the 1987 stan-
dard industrial classification (SIC 1987). But this gave too many groups, 62. Many
of the groups had very few members: only one security for 3 out of the 62 groups and
less than 10 for 36 groups. However, code 60 (banking) had 145 securities. Therefore,
it was decided to work with the industrial classification based on a one digit level, and
to aggregate the codes with a small number of securities, taking out two digit codes
where there were large numbers in that code. We ended up with 14 contiguous groups
ranging in size from 33 to 145. Average correlations were low overall, but the aver-
age absolute correlation of securities within the groups was around 10 times that with
firms outside the group. See Table DS6, which gives averages of pair-wise correlations
without thresholding. These estimates suggested that a block diagonal structure with
14 blocks was a reasonable characterization which is used in the Monte Carlo analysis.
See Section 4of the main paper.
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Table DS6: Sector groupings by SIC codes and within and outside sector average
pair-wise correlations.

SIC Number Average correlations

codes of stocks within outside
Agriculture & mining 0-17 51 0.0848 -0.0043
Food processing etc 20-27 82 0.0382 0.0074
Chemicals & refining 28-29 78 0.0234 0.0027
Metals 30-34 65 0.0439 0.0070
Machinery & equipment 35 72 0.0380 0.0037
Electrical Equipment 36 7 0.0601 0.0001
Transport equipment 37 33 0.0800 0.0105
Misc. manufacturing 38-39 78 0.0155 0.0027
Transport etc. 40-49 108 0.0810 0.0035
Wholesale & retail trade 50-59 122 0.0357 0.0034
Banking 60 145 0.1240 -0.0037
Other finance 61-67 98 0.0273 0.0061
Commercial Services 70-79 114 0.0149 0.0031
Professional Services 80-89 45 0.0172 0.0023
Total 1168

Note: This table gives the average correlations within and between 14 groups selected based on one and
two digits SIC codes. It shows the number of stocks in each sector, the average pair-wise correlation
of stock returns within the sector as well as the average pair-wise correlations of returns of stocks in

a given sector with those outside the sector.

S5 Data used in the empirical application

S-5.1 Security excess returns

Monthly returns (inclusive of dividends) for NYSE and NASDAQ stocks from CRSP
with codes 10 and 11 were downloaded on July 2 2022 from Wharton Research Data
Services. They were converted to excess returns by subtracting the risk free rate, which
was taken from Kenneth French’s data base. To obtain balanced panels of stock returns
and factors only variables where there was data for the full sample under consideration
were used. Excess returns are measured in percent per month. To avoid outliers
influencing the results, stocks with a kurtosis greater than 16 were excluded.

Four main samples were considered, each had 20 years of data, T = 240, ending
in 2015m12, 2017m12, 2019m12, 2021m12. Thus the earliest observation used is for
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1996m1. Sub-samples of the main samples of size 17" = 120 and 7" = 60 ending at the
same dates were also examined. Table DS7 gives averages of the summary statistics
across the individual stocks for the various samples. These are very similar over these
four periods. Mean returns were high and substantially greater than the median re-
flecting the skewness of returns, which was slightly less in the last period. Filtering
out the stocks with very high kurtosis removed about 100 of the roughly 1200 stocks in
each period and reduced mean return, standard deviation, skewness as well as kurtosis.
The 5 (7" = 60) and 10 (T" = 120) year sub-samples of the main samples, ending at
the same dates, showed very similar patterns. Because of a requirement for a balanced
panel, the shorter the sample the more stocks will be eligible for inclusion. Compared
with around 1200 in the 20 year sample there were around 2,000 in the 10 year sub-
sample and around 2500 in the 5 year sub-sample. Again filtering by kurtosis reduced
the number of stocks by about 100. There is more variation in means and medians in
the shorter sub-samples and the shorter the sample the lower the average kurtosis is.
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Table DS7: Summary statistics for monthly returns in percent for NYSE and NAS-
DAQ stocks code 10 and 11 for 20 year (7" = 240), 10 year (7' = 120) and 5 year
(T = 60) samples ending at end of specified year

All stocks Stocks with kurtosis < 16
End date 2015 2017 2019 2021 2015 2017 2019 2021

Panel A: 20 year period, T' = 240

Mean 1.38 135 130 1.37 1.33 128 1.25 1.33
Median 0.74 070 0.76 0.84 0.80 0.78 085 0.94
S.D. 12.44 12,61 12.22 11.90 11.60 11.64 11.31 10.99

Skewness 0.69 0.74 0.72 0.64 042 044 040 0.32
Kurtosis 8.68 9.08 9.22 9.24 6.10 6.29 6.29 6.19
n 1181 1243 1276 1289 1090 1132 1143 1175

Panel B: 10 year period, T' = 120

Mean 1.00 1.22 124 155 098 117 1.23 1.49
Median 052 070 0.78 0.89 059 077 084 1.01
S.D. 12.36  12.68 10.70 11.83 11.67 11.80 10.27 10.70

Skewness 0.48 0.50 0.44 0.50 029 030 035 0.28
Kurtosis 6.93 7.08 532 7.02 5.57 5.62 4.64 533
n 2045 2024 1925 1871 1929 1907 1873 1766

Panel C: 5 year period, T' = 60

Mean 098 1.39 0.82 1.60 096 135 0.80 1.47
Median 042 077 020 0.43 049 082 0.29 0.61
S.D. 10.89 10.62 11.88 14.91 10.41 10.15 11.28 13.28

Skewness 0.44 046 0.38 0.48 035 038 0.29 0.28
Kurtosis 4.84 474 468 6.21 434 429 420 5.04
n 2600 2425 2497 2512 2541 2373 2439 2388

Note: This table shows the average values of the summary statistics of individual stocks described in

Section 3, and the number of stocks (n), for each sample.

S-5.2 Risk factors

For the empirical applications we combined the 5 Fama-French factors with the 207
factors of Chen and Zimmermann (2022), both downloaded on 6 July 2022. The
available risk factors at the end of each of the four 240 months samples ending in 2015,
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2017, 2019 and 2021 were then screened and factors whose correlations (in absolute
value) with the market factor were larger than 0.70 were dropped. The basic idea
was to remove factors that were closely correlated with market factor. However, the
application of this filter only reduced the number of factors in the active set by around
9-11. See Table 4 of the main paper. The summary statistics for the factors in the
active set are summarized in Table DS8. It reports mean, median, pair-wise correlation,
standard deviation (S.D.), skewness and kurtosis of the statistics indicated in the sub-
headings of the tables for the K factors included in the active set for samples of size
T = 240 months ending in December of 2015, 2017, 2019 and 2021. The summary
statistics reported for the "Mean" on the left panel of Table DS8 are based on the time
series means of the individual factors, those under "Median" are based on the time
series medians of the individual factors, and so on.
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Table DS8: Summary statistics for mean, median, standard deviation, pairwise cor-
relations, skewness and kurtosis of factors for 7' = 240 samples at the end of specified

years (2015, 2017, 2019 and 2021)

End date 2015 2017 2019 2021 2015 2017 2019 2021
m(# Factors) 190 191 190 178 190 191 190 178
Mean Median
Mean 0.51 0.47 0.41 0.32 0.42 0.37 0.31 0.28
Median 0.45 0.39 0.33 0.26 0.31 0.28 0.22 0.20
S.D. 0.40 0.40 0.38 0.30 0.53 0.50 0.50 0.44
Skewness 1.88 2.50 2.28 0.76 1.59 1.89 1.58 1.38
Kurtosis 10.54 16.35 14.42 3.82 8.99 10.37 9.16 6.68
Standard deviation Pair-wise correlation
Mean 3.97 3.90 3.78 3.33 0.22 0.22 0.22 0.21
Median 3.51 3.47 3.37 2.99 0.18 0.17 0.17 0.16
S.D. 2.21 2.16 2.12 1.68 0.17 0.17 0.17 0.17
Skewness 1.15 1.23 1.29 1.05 0.86 0.88 0.88 0.92
Kurtosis 4.25 4.69 4.96 4.17 2.88 2.93 2.93 2.98
Skewness Kurtosis
Mean 0.14 0.21 0.23 0.04 8.51 8.79 9.42 7.03
Median 0.13 0.18 0.14 0.06 6.44 6.66 7.09 5.86
S.D. 1.15 1.21 1.27 1.01 5.76 6.55 7.12 5.28
Skewness 0.15 0.55 0.61 -1.03 2.34 3.18 2.96 5.01
Kurtosis 3.98 5.28 5.24 7.82 9.65 17.71 15.70 37.21

Note: The T=240 sample was used to select factors and only factors where the absolute correlation

coefficient with the market factor is less than 0.70 are included.

S6 Pooled R squared and factor strengths

Lemma S6.1 Consider the factor model

K

Tig = @ + Zﬁzkfkt + Uy = o4 +/3;ft + Uy, fori=1,2,...n; t=

k=1
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and consider the following adjusted pooled measure of fit

~2
-2 Onr
PR =1- —— —, (S6.2)
()™ 30 Yy (ra = Tio)”

where giT is the bias-corrected estimator of (nT) 'S r S E(u2) = n Y1, o
52, gwen by (44) Fio = TS 7, and Ty = T~ ugy. Then under Under
Assumptions 4, 1 and 2 we have

K
PRy =Y o) +0, (T*1/2n*1+7”m“§“”> , (56.3)
k=1

where ay, is the strength of factor fu, (maz = maxy(ay), and o, is the strength of the
missing factor.

Proof. Using (46) we first recall that

~2

G, — 02 =0, (T2, (S6.4)

Now averaging (S6.1) over t and forming deviations of 7;; from its time average, 7;,, we
have (note that i, = T3 )

Tit — Tio = Uit — Uio + B (£ — i) .
Using this result we have

n T n T

(”T)il Z Z (rie — ﬂ'o)z ! Z Z (wir — Uzo nt Z ﬁgifﬁi (S6.5)

=1 t=1 zzl,n t:]f i=1

- Z Z Uit — uzo ft )

i=1 t=1

where 33 = 7' "7 (f, — fiy) (f, — fip)'. For the first term we have

n T

nT) Y > (ui — o) — 7 = Op(n™ 2T 7172, (S6.6)

i=1 t=1
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which follows from the proof of Theorem 2 by setting 3, = 0 and f; = 0 in Section
B.2. For the cross product term we have

ZZ Usp — Uzo ft )

zltl T n T

Z /8; Z (ft I‘l'T uzt uzo - - Z /6; Z MT Uit

tlT

Z oY (£ — fr) Z 8, Z (f, — fig) Wi = pur-
=1 t=1

Also, using (27),

n T

pur = (nT) ™ Zﬁ Z (f: — A7) (vige + vit) = Pror + D2nrs
=1 t=1

where

3

PinT = (n ! Z%ﬁ;)

=1

T
t=1

and
n T

anT— nT 12/8 Z ft_lal/T Vit -
=1 =

Under Assumption 3, (f; — fi;) and g; are distributed independently and g; are serially
independent with E (g;) = 0 and E(g?) = 1, and it follows that

T
Z (£ —fr)g
t=1

Hence, T~'>°/_, (f, — fip) g = O, (T~Y/?). Also (see (30) and (41))

12%[3

Var = E = T7'E (T"'F'M;F) = O (T7Y).

T
T2 (fi—pr) E (97)
t=1

<n” 1Z|%|||ﬁ||—n 1Zm (8,8,

(5 () o

i=1 Amazx
_ 0, (nTremts

Ly,
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amazx+ay
O T 1/2 714’7

Hence, p1 nr = ) Consider p 7 and recall that under Assump-

tion 4 v; are serially independent, have zero means and are distributed independently
of (f — i) and B;. Then E (py,r ) = 0 and

Var (pZnT |F ( ZZUZJU/B Zfﬁ)
=1 j5=1
where E(vivjt) = 04j,. Also,

% Z Z O-z'j,vﬁ;if/ﬁi

i=1 j=1

< (supi 18.1)? || (% ZZ |a,-j,v|) ,

=1 j=1

and by assumption sup; ||3;]] < C, E ”ﬁ]fH < C,and n=' 370 30 o] = O(1).
Hence, Var (panr ) = O,(n~T71), and it follows that py,r = O,(TY?n~Y2), and
overall (since o, < 1/2 and e, < 1)

Pnr = Op(T_l/Qn_l/z) + 0, (T_l/zn_l"_amazﬂw) =0, (T_l/zn_1+&ma;+aw> . (86.7)

Using (S6.6) and (S6.7) in (S6.5), we now have

n T

TLT IZZ Tit — Tzo —0 +n" 12,82]0,6 —|—O <T_1/2 _l_'_ammﬂw)‘

i=1 t=1
Using this result and (S6.4) in (S6.2) yields
5721 + Op<T—1/2n—1/2)
o +nt Z?:l 622]‘51 + O, (T~1/2n~1/2) 4+ O, (T 1/2n71+w>

PR, =1-

Since O,(T~1/?n~1/2) is dominated by (T 1/2 _Hamazﬂw) we end up with

B’ i Biifﬁz/ﬁi +0p (T_1/2n*1+%>
PR, = - el (S6.8)
1+n-tY" B:3:8,/52+0, (T—l/zn—l-k#)
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Hence, the order of P_RiT is governed by the pooled signal-to-noise ratio defined by

2 n~' YL, BB
sip = = .
n

However, under Assumption 1

& 'Y BB
Amin () 551

—1 /
n Z?:l /61/61
Y

F< s < Aman(B) 5
n

(56.9)

where ¢ < )\mm(f)f) < )\maw<2f> < C. Hence,

. <n > ﬁ;@-) cec (n Zz;lﬂzﬁi) |

—5 —
On

and it must be that

sap =6 (”_1 Zﬁ;@) =0
i—1

Also, under Assumption 2, n=* " (2 = © (n*~1). Hence,

which in view of (S6.8) now yields (S6.3), as desired. m
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1 Introduction

This online supplement provides detailed Monte Carlo results for all experiments and risk factors. The summary
tables below give the bias, RMSE and size (x100), for the DGP with one strong (aps = 1) and two semi-strong
factors (o = 0.85, ag = 0.65) for the two-step and the bias-corrected estimators of ¢y, = (drr, omr, ds)’, for different
sample sizes. These are given for the twelve experimental designs listed in Table S-1 below. For experiments 8 and
9 we also report the results with larger values for the parameter of the pricing errors (o, = 0.50) and the spatial
coefficients (p. = 0.85), denoted as Experiments 8a and 9a, respectively. Following each table the empirical power
functions for the bias corrected estimator of ¢, are displayed for different sample sizes. The threshold estimator of
the covariance matrix described in Section 3.2 of the main paper is used in computing the standard errors of the
tests.

2 List of Monte Carlo Experiments

The full list of Monte Carlo experimenst is provided in Table S-1. Six designs, the odd numbered ones, have errors
in the return equations that are Gaussian, six, the even numbered ones, have errors that are ¢ distributed with 5
degrees of freedom. Designs 3 and 4 add GARCH effects in the factor errors to designs 1 and 2, respectively. Designs
5 and 6, add the pricing error, 7;, to designs 3 and 4, and designs 7 and 8 further add the missing factor, g;, to the
error of the return equations. Designs 1-8 have a diagonal covariance matrix for the idiosyncratic errors, v;;. Designs
9 and 10 introduce spatial errors in the idiosyncratic errors, vy, and continue to allow for GARCH effects, pricing
errors, and a missing factor. Designs 11 and 12 generate v;; with a block covariance matrix structure, instead of the
spatial pattern assumed in designs 9 and 10. All experiments are implemented using R = 2,000 replications.

Table S-1: List of experimental designs and their parameter values

Error GARCH Pricing Missing Error
distribution  effects errors factor covariance
1 Gaussian b= 0, Cr= 0 No No Oij = 0,2 75 J
2 t(5) b= 0, Cr= 0 No No Oij = 0,1 75_]
3 Gaussian br=10.8,c,=0.1 No No 0ij =0,1#]
4 t(5) br=0.8,¢,=0.1 No No oi; =0, £
5  Gaussian bp,=10.8,¢,=01 a,=03 No 0 =0,i#]
6 t(5) be=0.8,¢,=0.1 ;=03 No o =01 %]
7 Gaussian br=10.8,¢,=0.1 ap,=03 a,=05 o05;=01 *3
s t(5) b=08,¢,=0.1 ;=03 oa,=05 o;;=0i%j
9  Gaussian br=0.8,¢,=01 0a,=03 ay=05 p.=05
10 t(5) be=08,c,= 0.1 y=03 a,=05 p.=05
11 Gaussian br=10.8,¢,= 0.1 a,=03 a,=0.5 Block
12 t(5) br=0.8,c,=0.1 0o,=03 ay=0.5 Block

Notes: t-distributed errors are denoted by t(5), b and ¢ are the parameters of the GARCH(1,1), Qy is the strength of the pricing
errors, Ol refers to the strength of the missing factor, 0;; = 0,1 75 J means that the error covariance is diagonal, p. is the coefficient
of spatial error process, and "Block" means that the error covariance matrix is block diagonal. See he online supplement A for further
details.

The simulation design, as presented in Table S-1, is aligned with the naming convention employed for tables and
figures. Specifically, if a table is denoted as Table S-A-EX, it signifies that the table pertains to Experiment X when
the GDP and the panel regressions correctly include one strong and two semi-strong factors. On the other hand,
a table labeled as Table S-B-EX relates to Experiment X when the DGP includes one strong and two semi-strong
factors, comparing the results when strong and semi-strong factors are included (correct specification) with the ones
where only the strong factor is included (incorrect specification). Likewise, Table S-C-EX provides the summary
results for Experiment X, when the DGP contains one strong and two weak factors, comparing the results to the case
when strong and weak factors are included (correct specification) with the results obtained when the weak factors
are excluded (incorrect specification). The aforementioned nomenclature also applies to the figures that present the
empirical power functions.
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Table S-A-E1: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 1
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drp=—0.49, apr=1 n Two Step BC Two Step BC Two Step BC
T =60 100 0.51 -1.55 26.19 86.14 11.10  4.00
500 -0.06 0.28 17.05 14.33 28.25  5.40
1,000 -0.43 0.10 15.80 10.12 41.35  6.20
3,000 -0.86  -0.01 14.77 5.56 60.90 5.70
T =120 100 0.24 1.84 17.47 91.35 7.70  4.70
500 0.18 0.15 9.34 8.99 13.95 6.15
1,000 -0.04 0.01 7.57 6.22 19.15  5.65
3,000 -0.32  -0.06 6.27 3.49 36.65  4.95
T = 240 100 0.24 -0.15 12.11 13.11 5.40  4.55
500 0.31 0.09 5.75 5.75 8.00 4.85
1,000 0.22 0.03 4.34 4.06 10.60  5.30
3,000 0.07  -0.00 3.06 2.35 18.80  5.10
ér=—0.35, apy=0.85
T =60 100 2.63  -0.89 29.26  140.65 17.55  3.65
500 4.07  -1.16 25.10 24.87 45.65  5.90
1,000 4.58 -0.12 25.19 18.25 57.25  6.30
3,000 4.81 0.30 26.13 11.76 75.10  5.90
T =120 100 2.51 3.60 19.56  190.94 9.95 4.75
500 297  -0.47 13.83 13.46 25.65  5.55
1,000 3.34 0.02 13.68 10.20 39.85  6.00
3,000 3.57 0.15 13.85 6.48 61.55 5.50
T = 240 100 1.64 -0.50 13.44 16.67 7.75  6.15
500 1.99 -0.39 7.87 8.01 12.95 5.55
1,000 2.29  -0.15 7.28 6.04 23.05  5.40
3,000 2.64 0.02 6.97 3.82 44.55  4.70
$5=0.16, ag=0.65
T =60 100 -20.09 1.57 37.57  256.48 24.55  2.60
500 -23.78 1.80 37.42 37.75 56.20  4.05
1,000 -25.54 1.05 38.85 32.14 68.60 5.45
3,000 -28.27 0.35 42.26 24.96 82.80 7.00
T =120 100 -12.99  -6.16 25.50  378.75 16.25  4.90
500 -16.99 0.65 23.97 19.49 46.85  4.80
1,000 -18.80 0.56 25.41 16.40 62.60 5.55
3,000 -22.08 0.44 28.91 12.73 80.55  5.75
T =240 100 -8.52 0.16 17.30 19.66 10.80  4.55
500 -11.19 0.19 15.08 11.66 36.15  4.90
1,000 -12.71 0.34 15.72 9.27 55.90 4.60
3,000 -15.93 0.18 18.70 7.02 81.90 5.60

Notes: The DGP for Experiment 1 allows for Gaussian errors, no GARCH effects, without pricing errors, no missing factors, and without

spatial/block error cross dependence. For further details of the experiments, see Table S-1.
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Figure S-A-E1: Power functions of the bias-corrected estimators of ¢, ¢ and ¢g for Experiment 1

Note: See the notes to Table S-A-E1.
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Table S-A-E2: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 2
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drp=—0.49, apr=1 n Two Step BC Two Step BC Two Step BC
T =60 100 0.65 0.27 26.62 45.08 11.75  3.70
500 -0.07 0.27 17.26 14.47 28.25 5.75
1,000 -0.50 0.04 15.74 10.24 39.75  6.10
3,000 -0.87  -0.05 14.80 5.72 60.70  5.90
T =120 100 0.42 0.02 17.50 20.45 7.05 4.90
500 0.25 0.23 9.47 9.16 14.80  6.60
1,000 -0.03 0.03 7.46 6.12 19.20 5.55
3,000 -0.36  -0.09 6.31 3.52 36.70  5.65
T = 240 100 0.27 -0.14 12.17 13.18 6.20 5.05
500 0.34 0.11 5.84 5.81 8.15  5.05
1,000 0.22 0.04 4.34 4.07 10.40  5.55
3,000 0.04 -0.03 3.07 2.36 19.15  5.25
ér=—0.35, apy=0.85
T =60 100 2.88  -2.77 29.60 81.53 17.70  3.25
500 4.18 -0.95 25.36 25.93 44.85  5.80
1,000 4.62  -0.02 25.27 18.42 57.40  5.00
3,000 4.75 0.13 26.17 12.23 74.80 5.95
T =120 100 2.49  -0.71 19.67 28.58 9.70  4.85
500 3.17  -0.13 13.89 13.46 25.75  5.10
1,000 3.30  -0.05 13.75 10.34 40.05  6.00
3,000 3.52 0.08 13.84 6.61 62.40  6.05
T = 240 100 1.75  -0.39 13.41 16.61 7.70  5.65
500 2.08 -0.27 7.96 8.01 13.75  5.10
1,000 2.23  -0.23 7.22 6.08 22.20 5.15
3,000 2.64 0.02 6.95 3.83 43.50  4.60
$5=0.16, ag=0.65
T =60 100 -20.16 5.40 37.93 125.25 24.85  3.60
500 -23.88 1.79 37.72 40.47 55.30 4.25
1,000 -25.44 1.10 38.75 33.04 67.85 5.35
3,000 -28.24 0.82 42.24 25.93 82.05 6.45
T =120 100 -13.00 2.26 25.41 38.09 16.65  5.40
500 -17.08 0.48 24.21 20.35 46.35  5.55
1,000 -18.80 0.53 25.43 16.73 62.75  5.50
3,000 -22.12 0.38 28.88 12.87 79.90 5.70
T =240 100 -8.38 0.35 17.38 19.88 10.75  4.90
500 -11.10 0.33 14.99 11.64 35.40 5.35
1,000 -12.66 0.43 15.60 9.15 55.40 4.55
3,000 -15.88 0.29 18.65 6.97 80.75  4.95

Notes: The DGP for Experiment 2 allows for t(5) distributed errors, no GARCH effects, without pricing errors, no missing factors, and

without spatial/block error cross dependence. For further details of the experiments, see Table S-1.
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Figure S-A-E2: Empirical Power Functions, experiment 2, for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E2.
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Table S-A-E3: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 3
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drpr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 0.51  -6.00 26.18  227.89 11.05  3.40
500 -0.14 0.29 17.03 14.71 28.20  5.65
1,000 -0.51 0.09 15.81 10.33 40.30  6.35
3,000 -0.92 0.00 14.83 5.65 61.15  5.65
T =120 100 0.21  -0.19 17.45 20.63 7.85  4.50
500 0.13 0.15 9.35 9.05 13.80  6.25
1,000 -0.09 0.02 7.61 6.25 19.95 5.75
3,000 -0.37  -0.05 6.31 3.50 36.65  4.90
T = 240 100 0.25 -0.13 12.15 13.17 5.35  4.45
500 0.31 0.10 5.77 5.78 8.00 5.20
1,000 0.21 0.05 4.36 4.07 11.15  5.25
3,000 0.06 0.00 3.07 2.36 18.80  5.20
$r=—0.35, ag=0.85
T =60 100 2.67 -7.85 28.98  155.63 17.70  3.80
500 4.06  -1.08 24.84 26.10 45.75  6.05
1,000 4.57  -0.15 24.93 18.93 56.85  6.35
3,000 4.80 0.28 25.82 12.24 75.55  5.40
T =120 100 2.51  -0.70 19.41 28.86 10.05  4.25
500 2.95  -0.46 13.76 13.63 25.90 5.55
1,000 3.31 0.05 13.56 10.28 39.70  5.70
3,000 3.52 0.17 13.70 6.56 61.60 5.30
T = 240 100 1.64 -0.53 13.42 16.73 7.65 6.15
500 2.02  -0.38 7.86 8.04 13.35  5.65
1,000 2.32  -0.13 7.24 6.05 22.35 5.45
3,000 2.65 0.03 6.93 3.82 44.45 4.35
$5=0.16, ag=0.65
T =60 100 -20.59  25.62 37.71  892.51 25.80  2.50
500 -24.12 1.65 37.45 40.44 57.75  3.90
1,000 -25.89 1.16 38.88 34.07 68.95 5.40
3,000 -28.50 0.41 42.22 26.13 82.65 6.70
T =120 100 -13.31 2.54 25.72 37.94 16.80  4.95
500 -17.21 0.73 24.19 19.85 47.55  5.25
1,000 -19.04 0.61 25.61 16.70 63.75  5.65
3,000 -22.27 0.51 29.04 12.99 80.65  5.95
T =240 100 -8.63 0.19 17.37 19.69 10.70  4.55
500 -11.31 0.21 15.22 11.72 36.85 5.15
1,000 -12.87 0.33 15.91 9.31 56.35  4.75
3,000 -16.07 0.17 18.87 7.04 81.75  5.60

Notes: The DGP for Experiment 3 allows for Gaussian errors, with GARCH effects, without pricing errors, no missing factors, and

without spatial/block error cross dependence. For further details of the experiments, see Table S-1.

MCS-6



Figure S-A-E3: Empirical Power Functions, experiment 3, for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E3.
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Table S-A-E4: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 4
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drpr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 0.59 0.17 26.59  107.83 12.15  3.75
500 -0.16 0.23 17.26 14.75 28.05  5.65
1,000 -0.57 0.05 15.76 10.43 39.95  6.10
3,000 -0.93  -0.04 14.85 5.82 60.70  5.95
T =120 100 0.37  -0.86 17.48 44.37 7.05 4.95
500 0.20 0.21 9.49 9.24 15.15  6.45
1,000 -0.08 0.03 7.50 6.16 19.45  4.90
3,000 -0.40  -0.08 6.35 3.53 36.70  5.85
T = 240 100 0.27 -0.13 12.20 13.22 6.35 4.85
500 0.34 0.12 5.86 5.83 8.80 5.10
1,000 0.22 0.05 4.36 4.08 10.60  5.60
3,000 0.03  -0.02 3.08 2.36 19.15  5.25
ér=—0.35, ag=0.85
T =60 100 2.92  -5.32 29.30  146.82 17.95 3.15
500 4.18  -0.76 25.12 27.25 44.65 5.80
1,000 4.61  -0.06 25.02 19.04 56.50  4.85
3,000 4.73 0.12 25.86 12.64 74.85  5.60
T =120 100 2.50  -3.13 19.53  113.15 9.75  4.55
500 3.16 -0.11 13.84 13.64 25.65  5.25
1,000 3.27  -0.02 13.64 10.41 40.10 6.05
3,000 3.47 0.10 13.70 6.67 60.75  6.25
T = 240 100 1.75  -0.41 13.39 16.66 7.85 5.75
500 2.12 -0.25 7.97 8.07 13.90  5.05
1,000 2.25  -0.22 7.17 6.09 21.70  5.40
3,000 2.65 0.02 6.92 3.85 43.35  4.70
$5=0.16, ag=0.65
T =60 100 -20.62  12.61 38.03  267.24 25.90  3.60
500 -24.23 1.81 37.80 44.22 56.50  3.85
1,000 -25.79 1.07 38.78 34.41 68.90 5.45
3,000 -28.50 0.96 42.21 27.28 81.45 6.20
T =120 100 -13.32 7.33 25.66  214.62 16.60  5.25
500 -17.29 0.59 24.43 20.72 46.95  5.50
1,000 -19.05 0.56 25.63 16.96 62.30 5.80
3,000 -22.32 0.41 29.03 13.12 80.50  5.85
T =240 100 -8.49 0.40 17.46 19.99 10.75  5.10
500 -11.22 0.35 15.14 11.73 36.10 5.20
1,000 -12.80 0.44 15.77 9.19 55.95 4.40
3,000 -16.02 0.29 18.80 6.99 81.40  5.00

Notes: The DGP for Experiment 4 allows for t(5) distributed errors, with GARCH effects, without pricing errors, no missing factors, and

without spatial/block error cross dependence. For further details of the experiments, see Table S-1.
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Figure S-A-E4: Empirical Power Functions, experiment 4, for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E4.
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Table S-A-E5: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 5
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drp=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 0.42  -7.58 26.27 285.21 11.35  3.75
500 -0.15 0.28 17.05 14.79 28.10 5.80
1,000 -0.49 0.10 15.81 10.35 40.35  6.25
3,000 -0.92  -0.00 14.83 5.65 61.10 5.75
T =120 100 0.06 -0.35 17.63 20.82 7.85  4.95
500 0.13 0.14 9.40 9.15 14.85 6.45
1,000 -0.07 0.04 7.60 6.28 20.00  5.90
3,000 -0.37  -0.06 6.32 3.50 37.00 4.80
T = 240 100 0.08 -0.31 12.48 13.53 6.30 5.35
500 0.31 0.10 5.83 5.84 8.35 5.35
1,000 0.23 0.07 4.38 4.11 10.95 5.20
3,000 0.06 0.00 3.08 2.36 18.75  5.25
dr=—0.35, ay=0.85
T =60 100 2.58 -8.49 28.97 174.83 18.20  3.30
500 410 -1.01 24.82 26.10 45.25 6.15
1,000 4.58 -0.12 24.96 18.91 57.15  6.50
3,000 4.80 0.28 25.82 12.25 75.60  5.60
T =120 100 244  -0.79 19.68 28.94 10.35  4.70
500 298 -0.43 13.78 13.79 25.75  5.60
1,000 3.32 0.07 13.57 10.29 40.00 6.05
3,000 3.52 0.17 13.70 6.56 61.85 5.45
T = 240 100 1.57  -0.63 13.97 17.37 8.25 6.75
500 2.04 -0.35 7.92 8.17 13.85 5.75
1,000 2.33 -0.12 7.28 6.09 22.70  5.50
3,000 2.66 0.04 6.94 3.83 44.70  4.55
$5=0.16, a5=0.65
T =60 100 -20.57  31.92 37.88  1112.05 25.45  2.55
500 -24.15 1.61 37.49 40.53 57.90  3.95
1,000 -25.88 1.16 38.88 34.12 68.80 5.70
3,000 -28.51 0.40 42.23 26.13 82.65 6.60
T =120 100 -13.21 2.55 26.09 37.89 16.70  5.50
500 -17.24 0.70 24.27 20.01 47.90 5.40
1,000 -19.03 0.62 25.61 16.77 63.50 5.85
3,000 -22.26 0.53 29.04 13.01 80.55  6.05
T = 240 100 -8.55 0.29 18.03 20.67 11.85 6.25
500 -11.35 0.16 15.31 11.89 37.35 5.85
1,000 -12.87 0.33 15.91 9.37 56.40 4.75
3,000 -16.07 0.18 18.86 7.07 81.75  5.65

Notes: The DGP for Experiment 5 allows for Gaussian errors, with GARCH effects, with pricing errors (o, = 0.3), no missing factors,

and without spatial/block error cross dependence. For further details of the experiments, see Table S-1.
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Figure S-A-E5: Empirical Power Functions, experiment 5, for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E5.
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Table S-A-E6: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 6
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drpr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 0.49 0.05 26.69  103.65 12.25 3.95
500 -0.17 0.24 17.27 14.81 28.25  5.95
1,000 -0.56 0.06 15.75 10.44 39.60  6.00
3,000 -0.93  -0.05 14.85 5.82 60.75  5.80
T =120 100 0.22  -0.76 17.65 33.47 745 5.15
500 0.20 0.22 9.54 9.32 15.30  6.95
1,000 -0.06 0.05 7.49 6.18 19.50 5.30
3,000 -0.40  -0.09 6.36 3.54 37.05  5.70
T =240 100 0.11  -0.30 12.57 13.63 7.55  6.10
500 0.33 0.11 5.91 5.88 8.60 5.10
1,000 0.24 0.07 4.38 4.13 10.30  5.80
3,000 0.03  -0.03 3.09 2.37 19.25 5.45
ér=—0.35, ag=0.85
T =60 100 2.83  -5.32 29.34  144.70 18.05  3.40
500 4.22  -0.67 25.10 27.28 44.70  5.45
1,000 4.62  -0.03 25.04 19.02 56.30 4.80
3,000 4.73 0.12 25.86 12.64 74.70  5.65
T =120 100 2.42 -2.45 19.82 78.69 11.40 4.90
500 3.19  -0.06 13.87 13.81 25.85 5.45
1,000 3.28  -0.00 13.65 10.44 40.80 6.35
3,000 3.47 0.11 13.70 6.67 61.05 6.10
T = 240 100 1.68  -0.51 13.94 17.33 8.35  6.70
500 2.15  -0.22 8.05 8.22 14.70  5.60
1,000 2.26  -0.20 7.23 6.14 21.75  5.65
3,000 2.65 0.03 6.93 3.86 43.85  5.00
$5=0.16, ag=0.65
T =60 100 -20.59  12.67 38.25  257.83 25.55  3.70
500 -24.27 1.73 37.83 44.57 56.60  3.95
1,000 -25.78 1.10 38.79 34.52 68.85  5.30
3,000 -28.50 0.95 42.22 27.27 81.40  6.05
T =120 100 -13.22 5.85 26.06  146.46 16.95  5.40
500 -17.32 0.55 24.50 20.89 47.05  5.55
1,000 -19.04 0.58 25.64 17.05 62.35  5.95
3,000 -22.32 0.42 29.03 13.16 80.25  5.90
T =240 100 -8.41 0.50 18.09 20.93 12.15  6.40
500 -11.25 0.31 15.25 11.95 36.35  5.70
1,000 -12.80 0.44 15.77 9.26 55.35  5.05
3,000 -16.02 0.29 18.80 7.02 81.00 5.10

Notes: The DGP for Experiment 6 allows for t(5) distributed errors, with GARCH effects, with pricing errors (a, =

factors, and without spatial/block error cross dependence. For further details of the experiments, see Table S-1.
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Figure S-A-E6: Empirical Power Functions, experiment 6, for coefficient of the semi-strong factors

Note: See the notes to Table S-A-EG6.
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Table S-A-E7: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 7
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
dr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 -0.33 -14.31 26.54 555.11 11.80 3.20
500 -0.50 -0.18 17.67 15.13 29.80  6.40
1,000 -0.73 -0.15 15.95 10.41 42.20  6.25
3,000 -0.91 0.04 14.87 5.81 61.20  5.90
T =120 100 -0.13 -0.49 17.44 20.30 7.55  5.05
500 0.01 0.01 9.49 8.86 14.20 5.85
1,000 -0.11 0.04 7.74 6.31 20.50  6.60
3,000 -0.27 0.08 6.40 3.60 36.65 5.65
T = 240 100 -0.00 -0.39 12.82 14.02 7.30  6.75
500 0.15 -0.08 6.14 6.13 9.85 6.95
1,000 0.14 -0.03 4.52 4.22 11.90 5.80
3,000 0.07 0.01 3.05 2.32 18.30  5.15
br=—0.35, ay=0.85
T =60 100 3.06  -222.60 29.40  9435.95 17.55  2.70
500 4.42 -0.75 25.03 26.57 46.25  4.95
1,000 4.43 -0.56 25.18 19.01 58.75  5.45
3,000 4.63 -0.15 25.85 12.14 76.15 5.75
T =120 100 2.45 -0.89 19.84 28.94 10.55  4.95
500 3.24 -0.00 13.84 13.44 26.75  5.95
1,000 3.30 0.05 13.47 9.91 41.30  5.20
3,000 3.29 -0.25 13.67 6.56 62.45 5.75
T =240 100 1.67 -0.55 13.68 16.80 7.45  6.10
500 2.28 -0.04 8.00 8.00 13.35  5.50
1,000 2.42 -0.02 7.22 6.00 22.60  5.10
3,000 2.54 -0.13 6.85 3.82 44.00  5.25
¢5=0.16, ag=0.65
T = 60 100 -20.23 62.14 37.82 2347.80 25.15  2.70
500 -24.55 1.18 37.58 46.58 59.25  4.40
1,000 -26.04 0.76 38.91 33.25 69.25 5.25
3,000 -28.68 0.06 42.34 26.75 82.30  6.90
T =120 100 -12.90 2.52 25.93 38.03 16.35  5.70
500 -17.48 0.44 24.54 21.10 50.00 6.00
1,000 -19.25 0.09 25.81 16.81 63.35  5.45
3,000 -22.34 0.29 29.12 13.12 80.15 6.15
T = 240 100 -8.13 0.84 17.77 20.91 11.30  5.65
500 -11.31 0.30 15.26 11.79 37.05 5.70
1,000 -12.84 0.38 15.96 9.45 56.40 5.15
3,000 -16.09 0.21 18.91 7.26 80.95 6.30

Notes: The DGP for Experiment 7 allows for Gaussian errors, with GARCH effects, with pricing errors (ay = 0.3), with one weak missing

factor (o, = 0.5), and without spatial/block error cross dependence. For further details of the experiments, see S-1.
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Figure S-A-ET7: Empirical Power Functions, experiment 7 for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E7.
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Table S-A-E8: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 8
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
dr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 -0.27 9.06 27.12 251.34 11.45 3.75
500 -0.74 -0.67 17.81 16.71 29.75  6.30
1,000 -0.64 0.01 16.06 10.38 40.90  5.70
3,000 -0.85 0.12 14.90 5.96 59.65  6.15
T =120 100 0.04 -0.32 17.49 20.53 7.35  4.75
500 -0.06 -0.04 9.49 8.89 13.95 5.80
1,000 0.01 0.19 7.78 6.40 20.90 6.10
3,000 -0.24 0.14 6.39 3.63 37.25  5.90
T = 240 100 0.09 -0.29 12.84 14.07 7.10 6.35
500 0.20 -0.01 6.08 6.06 9.50 6.05
1,000 0.17 0.01 4.52 4.25 11.55  6.30
3,000 0.06 0.01 3.07 2.35 18.15  5.15
br=—0.35, ay=0.85
T =60 100 3.41 39.71 29.84  1913.29 17.65 3.15
500 4.52 -1.03 25.21 30.79 44.70  4.95
1,000 4.47 -0.47 25.14 19.34 57.65 5.85
3,000 4.59 -0.21 25.88 12.19 75.20 5.45
T =120 100 2.68 -0.54 20.19 28.91 11.20  5.05
500 3.38 0.31 13.97 13.39 26.60  5.35
1,000 3.36 0.14 13.38 9.90 40.55  4.90
3,000 3.33 -0.18 13.64 6.52 61.95 5.20
T =240 100 1.77 -0.40 13.95 17.05 7.45  6.00
500 2.38 0.12 8.01 7.92 14.30  4.70
1,000 2.58 0.20 7.25 5.99 23.15  4.75
3,000 2.54 -0.13 6.81 3.84 42.85 4.95
¢5=0.16, ag=0.65
T = 60 100 -20.01  -141.72 37.89  5932.49 25.40 3.15
500 -24.52 3.22 37.63 77.87 57.05 4.45
1,000 -26.14 0.57 39.14 34.26 69.30 5.10
3,000 -28.54 0.84 42.33 26.81 81.00 5.85
T =120 100 -13.01 2.45 26.01 36.96 16.80  5.60
500 -17.52 0.34 24.66 20.94 48.35  6.55
1,000 -19.32 -0.11 25.88 16.81 64.05  5.80
3,000 -22.35 0.26 29.14 13.22 79.70  6.20
T = 240 100 -8.14 0.79 17.57 20.56 11.15 5.85
500 -11.42 0.12 15.36 11.78 37.65 5.55
1,000 -13.01 0.12 16.02 9.32 55.70  5.20
3,000 -16.10 0.20 18.91 7.40 80.10  6.70

Notes: The DGP for Experiment 8 allows for t(5) distributed errors, with GARCH effects, with pricing errors (o = 0.3), with one weak

missing factor (a, = 0.5), and without spatial/block error cross dependence. For further details of the experiments, see S-1.

MCS-16



Table S-A-E8a: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢ for Experiment 8
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
dr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 -0.16 12.00 27.46 356.79 12.85  4.05
500 -0.77 -0.71 17.89 16.74 29.55  6.50
1,000 -0.66 -0.02 16.09 10.45 40.95 5.70
3,000 -0.86 0.10 14.91 5.99 59.85  6.20
T =120 100 0.19 -0.16 18.02 21.26 8.25  5.30
500 -0.09 -0.08 9.66 9.09 14.80  6.00
1,000 -0.01 0.16 7.84 6.51 20.95 6.70
3,000 -0.25 0.12 6.40 3.65 38.10  6.35
T = 240 100 0.27 -0.10 13.79 15.14 8.85 8.70
500 0.19 -0.03 6.34 6.36 11.05  7.05
1,000 0.14 -0.03 4.63 4.40 12.05  7.50
3,000 0.05 -0.00 3.09 2.39 18.85  5.70
br=—0.35, ay=0.85
T =60 100 3.10 55.07 29.92  2828.62 18.85  3.10
500 4.53 -0.98 25.32 30.87 45.10  5.45
1,000 4.46 -0.51 25.19 19.42 58.20  5.45
3,000 4.59 -0.21 25.88 12.26 75.20 5.75
T =120 100 2.39 -0.98 20.59 29.45 11.90 5.85
500 3.39 0.32 14.17 13.75 27.35  5.45
1,000 3.34 0.10 13.45 10.09 40.55  5.00
3,000 3.33 -0.18 13.63 6.58 62.30 5.20
T =240 100 1.52 -0.70 14.82 18.29 10.60  8.55
500 2.38 0.12 8.27 8.27 15.65  6.05
1,000 2.55 0.15 7.35 6.23 23.20  5.65
3,000 2.54 -0.13 6.83 3.90 42.75  5.95
¢5=0.16, ag=0.65
T = 60 100 -19.86  -210.04 38.24  8784.76 26.15  3.40
500 -24.49 3.17 37.68 75.99 56.80 4.95
1,000 -26.11 0.71 39.11 34.49 69.05 4.95
3,000 -28.55 0.78 42.34 26.88 81.20  6.05
T =120 100 -12.88 2.68 26.48 38.62 17.60 5.85
500 -17.41 0.56 24.62 21.19 47.90  6.25
1,000 -19.28 -0.02 25.86 17.01 63.85  6.00
3,000 -22.36 0.23 29.18 13.36 79.65 6.75
T = 240 100 -8.03 0.96 18.42 22.23 13.25  7.35
500 -11.34 0.24 15.47 12.20 36.80  6.50
1,000 -12.95 0.21 16.03 9.63 56.70  6.20
3,000 -16.10 0.19 18.96 7.59 80.25 7.25

Notes: The DGP for Experiment 8 allows for t(5) distributed errors, with GARCH effects, with pricing errors (o = 0.5), with one weak

missing factor (a, = 0.5), and without spatial/block error cross dependence. For further details of the experiments, see S-1.
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Figure S-A-E8: Empirical Power Functions, experiment 8 for coefficient of the semi-strong factors

Note: See the notes to Table S-A-ES8.
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Figure S-A-E8a: Empirical Power Functions, experiment 8a for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E8a.
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Table S-A-E9: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 9
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
dr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 -0.51 -15.47 27.16 662.68 11.80 3.40
500 -0.55 1.29 18.02 84.39 31.25 7.75
1,000 -0.85 -0.47 16.24 11.31 43.00 8.50
3,000 -0.99 -0.16 14.97 6.25 61.30 7.75
T =120 100 -0.17 -0.59 17.92 21.49 7.15 4.50
500 0.03 -0.01 9.70 9.20 13.95 6.15
1,000 -0.17 -0.07 7.88 6.53 20.35 6.30
3,000 -0.33 -0.01 6.45 3.71 36.90 6.50
T = 240 100 -0.12 -0.54 12.73 14.02 6.80 6.85
500 0.13 -0.12 6.18 6.19 9.65 6.55
1,000 0.11 -0.08 4.57 4.30 11.75 6.60
3,000 0.06 -0.00 3.09 2.37 17.90 5.45
br=—0.35, ay=0.85
T =60 100 2.80 3.36 30.96 683.86 19.20 3.90
500 4.18 2.34 25.47 189.26 47.10 8.65
1,000 4.41 -0.83 25.43 22.18 59.30 9.35
3,000 4.63 -0.28 25.90 14.12 76.45 10.60
T =120 100 2.27 -1.02 20.81 33.62 10.25 4.50
500 3.04 -0.39 14.24 14.82 24.60 5.70
1,000 3.17 -0.24 13.77 11.21 38.65 6.10
3,000 3.24 -0.40 13.74 7.47 60.05 7.75
T =240 100 1.62 -0.61 14.29 17.94 7.20 5.75
500 2.25 -0.09 8.26 8.60 13.10 5.35
1,000 2.36 -0.10 7.47 6.57 21.10 5.65
3,000 2.57 -0.10 6.99 4.27 41.70 5.85
¢5=0.16, ag=0.65
T =60 100 -19.57 38.19 40.89 1634.08 26.25 4.75
500 -24.60  -17.77 38.37 944.75 59.35 10.05
1,000 -26.04 1.99 39.30 41.96 70.30 11.50
3,000 -28.69 0.77 42.55 32.04 82.85 11.70
T =120 100 -12.73 4.51 29.32 56.35 14.45 5.50
500 -17.45 0.82 25.67 26.62 44.50 8.70
1,000 -19.16 0.54 26.31 20.96 58.65 8.40
3,000 -22.27 0.58 29.33 16.06 77.55 8.95
T = 240 100 -8.13 1.07 21.26 26.72 10.60 6.50
500 -11.34 0.35 16.58 15.28 31.25 7.40
1,000 -12.81 0.50 16.52 11.98 46.35 6.40
3,000 -16.03 0.35 19.08 9.09 75.35 7.25

Notes: The DGP for Experiment 9 allows for Gaussian errors, with GARCH effects, with pricing errors (ay = 0.3), with one weak missing

factor (o, = 0.5), and with spatial error cross dependence (pe = 0.5). For further details of the experiments, see Table S-1.
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Table S-A-E9a: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢ for Experiment 9
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
dr=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 -0.48 24.91 29.91 1802.71 10.25 3.05
500 -0.58 -1.22 19.37 92.46 26.95 6.75
1,000 -0.92 -0.95 17.00 17.30 37.20 8.60
3,000 -1.03 -0.35 15.24 8.41 55.50 8.65
T =120 100 -0.02 -1.97 19.95 35.08 8.60 6.20
500 0.03 -0.10 10.58 10.55 13.75 6.10
1,000 -0.24 -0.22 8.38 7.44 17.85 6.55
3,000 -0.40 -0.12 6.67 4.26 33.75 6.90
T = 240 100 0.02 -0.44 13.81 15.39 8.65 7.40
500 0.12 -0.14 6.62 6.70 10.25 6.35
1,000 0.06 -0.15 4.86 4.72 10.85 7.45
3,000 0.04 -0.03 3.26 2.62 16.95 6.45
b=—0.35, ay=0.85
T =60 100 1.63 29.05 36.11  1916.43 14.35 1.95
500 3.76 1.48 27.36 303.36 36.10 7.25
1,000 4.26 -1.84 26.21 39.83 48.45 8.20
3,000 4.56 -0.62 26.15 22.78 69.25 11.05
T =120 100 1.79 -3.12 24.84 50.47 9.30 4.50
500 2.85 -0.87 16.01 19.66 18.60 5.60
1,000 3.03 -0.57 14.77 15.08 28.80 6.90
3,000 3.13 -0.68 14.02 10.07 49.45 8.40
T = 240 100 1.21 -1.21 17.34 22.52 8.30 6.75
500 2.22 -0.15 9.58 10.83 11.00 5.95
1,000 2.27 -0.24 8.46 8.56 18.20 6.15
3,000 2.60 -0.08 7.42 5.55 33.25 7.10
¢5=0.16, ag=0.65
T =60 100 -18.49  110.60 50.00  7440.55 17.75 2.35
500 -24.61 18.11 41.10 1183.88 44.00 6.75
1,000 -26.08 6.93 40.81 118.48 58.05 8.75
3,000 -28.71 2.78 43.19 66.65 75.45 11.30
T =120 100 -12.19 13.59 37.47 192.49 10.25 4.45
500 -17.28 2.13 28.78 40.29 30.50 8.05
1,000 -19.06 1.36 27.98 31.28 44.05 8.90
3,000 -22.25 1.02 30.06 23.69 66.95 8.90
T =240 100 -8.15 1.74 28.35 38.76 8.85 5.65
500 -11.28 0.68 19.74 22.51 19.25 7.65
1,000 -12.72 0.82 18.22 17.60 31.20 7.15
3,000 -15.99 0.51 19.76 13.26 62.25 8.00

Notes: The DGP for Experiment 9 allows for Gaussian errors, with GARCH effects, with pricing errors (ay; = 0.5), with one weak missing

factor (o, = 0.5), and with spatial error cross dependence (pe = 0.85). For further details of the experiments, see Table S-1.
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Figure S-A-E9: Empirical Power Functions, experiment 9 for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E9.
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Figure S-A-E9a: Empirical Power Functions, experiment 9a for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E9a.
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Table S-A-E10: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 10
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drp=—0.49, apr=1 n  Two Step BC Two Step BC Two Step BC
T =60 100 -0.39 -1.61 27.55 151.91 11.70 3.75
500 -0.82  -0.69 18.11 17.07 30.40 7.70
1,000 -0.73  -0.31 16.33 11.30 42.50 7.05
3,000 -0.92  -0.06 14.97 6.36 60.05 8.00
T =120 100 0.02 -1.86 18.04 69.05 7.65 4.80
500 -0.07  -0.09 9.78 9.29 15.05 6.10
1,000 0.01 0.15 7.90 6.62 19.70 6.75
3,000 -0.29 0.05 6.42 3.72 37.55 5.80
T = 240 100 0.01  -0.39 12.87 14.17 6.30 6.35
500 0.17  -0.05 6.13 6.15 9.25 6.05
1,000 0.17 0.00 4.55 4.30 11.30 6.40
3,000 0.06 0.00 3.12 2.40 17.65 5.75
dr=—0.35, ay=0.85
T =60 100 3.25 -8.09 31.16  504.30 19.35 3.65
500 429  -1.32 25.64 33.61 46.05 8.10
1,000 4.50  -0.68 25.36 22.95 58.25 9.70
3,000 4.57  -0.37 25.89 14.12 76.05 9.50
T =120 100 2.48 -1.13 21.16 32.42 11.15 4.50
500 3.15  -0.09 14.31 14.78 25.55 5.70
1,000 3.25  -0.07 13.66 11.19 38.65 5.55
3,000 3.31  -0.26 13.70 7.36 60.50 6.70
T = 240 100 1.78  -0.40 14.58 18.18 8.25 6.05
500 2.35 0.08 8.31 8.60 13.35 5.20
1,000 2.53 0.12 7.51 6.58 21.05 5.00
3,000 2,57 -0.10 6.96 4.28 41.35 6.00
$5=0.16, a5=0.65
T =60 100 -19.35  25.35 40.86  579.34 25.25 4.60
500 -24.56 2.56 38.40 68.65 57.50 9.85
1,000 -26.17 1.78 39.59 43.66 69.65 10.70
3,000 -28.53 1.55 42.55 32.38 81.95 11.90
T =120 100 -12.71  10.19 29.68  304.30 14.70 6.05
500 -17.42 0.86 25.76 26.78 43.95 8.75
1,000 -19.30 0.15 26.41 20.74 59.65 8.50
3,000 -22.31 0.47 29.35 16.12 77.35 8.95
T = 240 100 -8.09 1.05 21.11 26.50 10.55 6.65
500 -11.52 0.08 16.67 15.20 30.35 7.15
1,000 -12.98 0.22 16.56 11.84 47.50 6.80
3,000 -16.05 0.32 19.11 9.25 75.50 8.00

Notes: The DGP for Experiment 10 allows for t(5) distributed errors, with GARCH effects, with pricing errors (a;; = 0.3), with one weak

missing factor (o, = 0.5), and with spatial error cross dependence (pe = 0.5). For further details of the experiments, see Table S-1.
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Figure S-A-E10: Empirical Power Functions, experiment 10 for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E10.
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Table S-A-E11: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 11
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drp=—0.49, apr=1 n Two Step BC Two Step BC Two Step BC
T =60 100 -0.05 -0.72 26.31 47.59 11.30  3.40
500 -0.33  -0.07 17.63 15.12 29.40 6.70
1,000 -0.71  -0.22 16.06 10.46 4195 6.35
3,000 -0.85 0.05 14.87 5.91 60.85  7.00
T =120 100 0.10 -0.46 17.08 19.81 7.15  4.55
500 0.13 0.10 9.51 8.93 13.90  6.40
1,000 -0.11  -0.01 7.80 6.28 20.65 6.15
3,000 -0.21 0.09 6.41 3.60 37.25  6.20
T = 240 100 0.20 -0.24 12.33 13.43 6.15  5.30
500 0.24 0.01 6.12 6.11 10.05 6.75
1,000 0.13  -0.07 4.52 4.19 11.75  5.85
3,000 0.11 0.02 3.05 2.32 18.35  4.75

ér=—0.35, apy=0.85
T =60 100 2.50 -2.25 29.66  103.01 18.75  3.35
500 3.74  -0.07 24.90 25.61 45.55  5.45
1,000 3.60 -0.52 24.93 18.83 59.20  6.05
3,000 3.98 0.01 25.84 12.59 75.45  7.90
T =120 100 1.81  -0.44 19.83 27.88 10.00 4.95
500 2.49 0.09 13.69 13.12 26.00 6.15
1,000 2.45 0.01 13.32 10.12 40.65  6.00
3,000 2.63 0.01 13.61 6.86 62.05  7.20
T = 240 100 0.97 -0.57 13.36 16.38 6.90 5.55
500 1.60 -0.05 7.76 8.01 13.50  5.40
1,000 1.72 0.01 6.95 5.93 20.35  5.20
3,000 1.85  -0.07 6.58 3.89 41.35 5.95
$5=0.16, ag=0.65

T =60 100 -20.60  -0.57 38.15 21241 27.80 2.75
500 -23.77 2.07 36.92 42.46 58.25  5.55
1,000 -25.88 1.00 39.00 34.14 69.55  6.15
3,000 -28.31 0.81 41.99 28.50 82.20 7.90
T =120 100 -12.85 2.34 26.13 35.00 17.60  4.80
500 -16.99 0.79 23.96 20.38 47.50  5.65
1,000 -19.15 0.29 25.77 16.81 64.20 5.85
3,000 -21.97 0.81 28.73 13.50 80.80  7.00

T =240 100 -7.60 1.18 17.18 20.04 10.50 5
500 -10.88 0.56 14.80 11.65 35.40 5.55
1,000 -12.61 0.61 15.89 9.46 55.65  5.80
3,000 -15.72 0.52 18.57 7.12 80.50  5.35

Notes: The DGP for Experiment 11 allows for Gaussian errors, with GARCH effects, with pricing errors (o, = 0.3), with one weak

missing factor (a, = 0.5), and with block error cross dependence. For further details of the experiments, see Table S-1.
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Figure S-A-E11: Empirical Power Functions, experiment 11 for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E11.
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Table S-A-E12: Bias, RMSE and size for the two-step and bias-corrected (BC) estimators of ¢, for Experiment 12
with one strong and two semi-strong factors

Bias(x100) RMSE(x100) Size(x100)
drp=—0.49, apr=1 n Two Step BC Two Step BC Two Step BC
T =60 100 0.09 -0.14 27.00 129.71 11.65 4.10
500 -0.57  -0.25 17.72 15.76 29.85  6.10
1,000 -0.60  -0.04 16.17 10.48 41.65 5.65
3,000 -0.80 0.10 14.89 6.07 60.25  6.75
T =120 100 0.22  -0.35 17.19 20.06 6.90 4.15
500 0.07 0.06 9.47 8.91 13.70  5.40
1,000 0.04 0.16 7.81 6.35 20.50  6.00
3,000 -0.18 0.14 6.40 3.62 37.75  5.60
T = 240 100 0.30 -0.13 12.34 13.45 6.50  5.90
500 0.30 0.07 6.02 6.01 8.90 6.30
1,000 0.17  -0.02 4.50 4.21 11.40 5.80
3,000 0.10 0.02 3.09 2.35 18.15  5.05
ér=—0.35, apy=0.85
T =60 100 2.62 9.84 29.60  432.72 18.55  2.75
500 3.90 0.37 25.08 28.76 45.25 5.35
1,000 3.57  -0.62 24.92 19.22 58.20  5.95
3,000 3.94 -0.10 25.92 12.64 74.50  6.90
T =120 100 1.82  -0.38 19.87 27.99 9.25 4.65
500 2.59 0.31 13.82 13.27 25.70  5.85
1,000 2.45 0.02 13.31 10.26 39.70  5.95
3,000 2.70 0.11 13.61 6.85 61.20 7.15
T = 240 100 0.92 -0.65 13.61 16.79 7.15  4.90
500 1.65 0.02 7.79 8.06 12.50  5.05
1,000 1.77 0.07 7.03 6.03 21.70  5.55
3,000 1.87  -0.05 6.57 3.93 41.05 6.05
$5=0.16, ag=0.65
T =60 100 -20.25 1.01 38.24  407.11 26.15  3.00
500 -23.75 1.77 36.94 55.06 55.90 5.30
1,000 -26.03 0.80 39.26 35.51 69.75  6.50
3,000 -28.18 1.33 41.98 27.55 81.60 7.85
T =120 100 -13.05 2.21 26.45 36.34 18.15  5.05
500 -16.97 0.78 24.00 20.16 47.40  5.40
1,000 -19.18 0.24 25.77 17.03 64.35  6.10
3,000 -21.96 0.84 28.73 13.65 80.55  7.20
T =240 100 -7.73 1.03 17.33 20.17 11.10  5.40
500 -10.89 0.50 14.85 11.67 34.35 5.40
1,000 -12.73 0.44 15.92 9.49 54.85  5.60
3,000 -15.75 0.49 18.58 7.25 80.80  5.65

Notes: The DGP for Experiment 12 allows for t(5) distributed errors, with GARCH effects, with pricing errors (a;; = 0.3), with one weak

missing factor (a, = 0.5), and with block error cross dependence. For further details of the experiments, see S-1.
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Figure S-A-E12: Empirical Power Functions, experiment 12 for coefficient of the semi-strong factors

Note: See the notes to Table S-A-E12.
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2.1 Estimators of ¢ for one strong and two semi-strong factors, threshold estimator
of the covariance matrix with and without misspecification

This subsection compares the estimators of ¢ for one strong and two semi-strong factors with and without misspec-
ification. Under the misspecification, only strong estimators ¢,; are considered in the estimation process. Each
table contains the results of three of the 12 experiments described in Table S-1, and corresponding empirical power
functions follow.

Table S-B-E1-3: Bias, RMSE and size for the bias-corrected estimators of ¢;=—0.49, ap;=1 with and without
semi-strong factors (ag = 0.85, ag = 0.65) included in the regression for the cases of experiments 1, 2 and 3

Bias(x100) RMSE(x100) Size(x100)

Experiment 1 n  With Without With Without With Without

semi-strong factors semi-strong factors semi-strong factors

T =60 100 -1.55 5.63 86.14 31.56 4.00 7.60

500 0.28 3.72 14.33 14.60 5.40 8.80

1,000 0.10 2.96 10.12 11.02 6.20 10.85

3,000 -0.01 1.96 5.56 6.98 5.70 13.50

T =120 100 1.84 4.96 91.35 20.49 4.70 7.50

500 0.15 3.36 8.99 9.93 6.15 10.50

1,000 0.01 2.72 6.22 7.40 5.65 12.15

3,000 -0.06 1.88 3.49 4.71 4.95 15.80

T =240 100  -0.15 5.00 13.11 14.46 4.55 7.90

500 0.09 3.33 5.75 7.03 4.85 11.90

1,000 0.03 2.73 4.06 5.33 5.30 14.40

3,000 -0.00 1.95 2.35 3.52 5.10 19.95
Experiment 2

T =60 100 0.27 6.04 45.08 32.20 3.70 7.25

500 0.27 3.69 14.47 14.60 5.75 7.75

1,000 0.04 2.85 10.24 11.07 6.10 11.10

3,000 -0.05 1.94 5.72 7.03 5.90 14.45

T =120 100 0.02 5.24 20.45 20.58 4.90 8.30

500 0.23 3.46 9.16 10.04 6.60 10.35

1,000 0.03 2.73 6.12 7.37 5.55 11.35

3,000 -0.09 1.83 3.52 4.70 5.65 16.10

T =240 100  -0.14 5.08 13.18 14.44 5.05 8.75

500 0.11 3.39 5.81 7.06 5.05 11.65

1,000 0.04 2.74 4.07 5.35 5.55 15.50

3,000 -0.03 1.92 2.36 3.51 5.25 20.55
Experiment 3

T =60 100  -6.00 5.70 227.89 31.96 3.40 7.55

500 0.29 3.68 14.71 14.81 5.65 9.10

1,000 0.09 2.94 10.33 11.25 6.35 11.55

3,000 0.00 1.96 5.65 7.18 5.65 14.55

T =120 100  -0.19 4.89 20.63 20.51 4.50 7.45

500 0.15 3.32 9.05 9.98 6.25 10.65

1,000 0.02 2.68 6.25 7.46 5.75 12.15

3,000 -0.05 1.85 3.50 4.75 4.90 15.20

T = 240 100  -0.13 4.96 13.17 14.48 4.45 7.90

500 0.10 3.32 5.78 7.05 5.20 11.85

1,000 0.05 2.72 4.07 5.34 5.25 14.10

3,000 0.00 1.93 2.36 3.53 5.20 19.90

Notes: The DGP includes one strong aps = 1 and two semi-strong (g = 0.85, ag = 0.65) factors, the regression with the two semi-strong

factors includes them, the regression without excludes them. For further details of the experiments, see S-1.
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Figure S-B-E1: Empirical Power Functions, experiment 1, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E1-3.
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Figure S-B-E2: Empirical Power Functions, experiment 2, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E1-3.
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Figure S-B-E3: Empirical Power Functions, experiment 3, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E1-3.
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Table S-B-E4-6: Bias, RMSE and size for the bias-corrected estimators of ¢y =—0.49, aj;=1 with and without
semi-strong factors (ay = 0.85, ag = 0.65) included in the regression for the cases of experiments 4, 5 and 6

Bias(x100) RMSE(x100) Size(x100)

Experiment 4 n  With Without With Without With Without

semi-strong factors semi-strong factors semi-strong factors

T =160 100 0.17 6.08 107.83 32.68 3.75 7.25

500 0.23 3.64 14.75 14.88 5.65 7.85

1,000 0.05 2.84 10.43 11.29 6.10 10.85

3,000 -0.04 1.94 5.82 7.21 5.95 14.15

T =120 100  -0.86 5.15 44.37 20.62 4.95 8.10

500 0.21 3.42 9.24 10.11 6.45 10.75

1,000 0.03 2.69 6.16 7.41 4.90 11.05

3,000 -0.08 1.81 3.53 4.75 5.85 15.55

T =240 100 -0.13 5.03 13.22 14.46 4.85 8.70

500 0.12 3.37 5.83 7.07 5.10 11.15

1,000 0.05 2.72 4.08 5.36 5.60 15.50

3,000 -0.02 1.90 2.36 3.52 5.25 20.00
Experiment 5

T =60 100  -7.58 5.70 285.21 31.96 3.75 7.55

500 0.28 3.68 14.79 14.86 5.80 9.05

1,000 0.10 2.92 10.35 11.25 6.25 11.80

3,000  -0.00 1.97 5.65 7.19 5.75 14.70

T =120 100 -0.35 4.89 20.82 20.51 4.95 7.45

500 0.14 3.32 9.15 10.03 6.45 10.30

1,000 0.04 2.67 6.28 7.48 5.90 12.20

3,000 -0.06 1.86 3.50 4.76 4.80 15.45

T =240 100 -0.31 4.96 13.53 14.48 5.35 7.90

500 0.10 3.31 5.84 7.08 5.35 11.50

1,000 0.07 2.71 4.11 5.36 5.20 14.10

3,000 0.00 1.94 2.36 3.53 5.25 20.30
Experiment 6

T =60 100 0.05 6.08 103.65 32.68 3.95 7.25

500 0.24 3.63 14.81 14.93 5.95 8.25

1,000 0.06 2.82 10.44 11.30 6.00 11.00

3,000 -0.05 1.95 5.82 7.22 5.80 14.40

T =120 100  -0.76 5.15 33.47 20.62 5.15 8.10

500 0.22 3.42 9.32 10.16 6.95 10.65

1,000 0.05 2.68 6.18 7.43 5.30 11.25

3,000 -0.09 1.82 3.54 4.75 5.70 15.40

T =240 100  -0.30 5.03 13.63 14.46 6.10 8.70

500 0.11 3.37 5.88 7.10 5.10 11.85

1,000 0.07 2.71 4.13 5.38 5.80 15.50

3,000 -0.03 1.91 2.37 3.52 5.45 20.40

Notes: The DGP includes one strong aps = 1 and two semi-strong (g = 0.85, ag = 0.65) factors, the regression with the two semi-strong

factors includes them, the regression without excludes them. For further details of the experiments, see S-1.
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Figure S-B-E4: Empirical Power Functions, experiment 4, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E4-6.
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Figure S-B-E5: Empirical Power Functions, experiment 5, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E4-6.
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Figure S-B-E6: Empirical Power Functions, experiment 6, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E4-6.
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Table S-B-E7-9: Bias, RMSE and size for the bias-corrected estimators of ¢y =—0.49, aj,=1 with and without
semi-strong factors (ay = 0.85, ag = 0.65) included in the regression for the cases of experiments 7, 8 and 9

Bias(x100) RMSE(x100) Size(x100)

Experiment 7 n With Without With Without With Without

semi-strong factors semi-strong factors semi-strong factors

T =60 100 -14.31 4.76 555.11 31.07 3.20 5.35

500 -0.18 3.25 15.13 15.20 6.40 9.65

1,000 -0.15 2.62 10.41 11.29 6.25 11.35

3,000 0.04 1.99 5.81 7.17 5.90 14.95

T =120 100 -0.49 4.70 20.30 19.98 5.05 6.55

500 0.01 3.15 8.86 9.80 5.85 10.15

1,000 0.04 2.62 6.31 7.45 6.60 11.85

3,000 0.08 1.99 3.60 4.80 5.65 17.05

T =240 100 -0.39 4.91 14.02 14.48 6.75 8.50

500 -0.08 3.13 6.13 7.18 6.95 12.85

1,000 -0.03 2.67 4.22 5.45 5.80 15.15

3,000 0.01 1.97 2.32 3.50 5.15 20.90
Experiment 8

T =60 100 9.06 4.80 251.34 31.95 3.75 6.85

500 -0.67 2.88 16.71 15.13 6.30 9.95

1,000 0.01 2.75 10.38 11.32 5.70 10.25

3,000 0.12 2.09 5.96 7.25 6.15 14.70

T =120 100 -0.32 4.83 20.53 20.18 4.75 6.25

500 -0.04 3.05 8.89 9.73 5.80 10.20

1,000 0.19 2.76 6.40 7.60 6.10 12.70

3,000 0.14 2.01 3.63 4.81 5.90 17.05

T =240 100 -0.29 5.00 14.07 14.58 6.35 9.40

500 -0.01 3.19 6.06 7.15 6.05 12.05

1,000 0.01 2.68 4.25 5.46 6.30 15.90

3,000 0.01 1.96 2.35 3.52 5.15 20.95
Experiment 9

T =60 100 -15.47 4.04 662.68 33.36 3.40 6.95

500 1.29 2.84 84.39 15.74 7.75 11.40

1,000 -0.47 2.26 11.31 11.50 8.50 12.25

3,000 -0.16 1.69 6.25 7.20 7.75 15.35

T =120 100 -0.59 4.09 21.49 21.20 4.50 7.00

500 -0.01 2.95 9.20 9.95 6.15 9.15

1,000 -0.07 2.40 6.53 7.37 6.30 10.80

3,000 -0.01 1.74 3.71 4.68 6.50 14.30

T =240 100 -0.54 4.06 14.02 14.60 6.85 8.50

500 -0.12 2.85 6.19 7.11 6.55 10.80

1,000 -0.08 2.42 4.30 5.27 6.60 13.35

3,000 -0.00 1.75 2.37 3.37 5.45 17.50

Notes: The DGP includes one strong aps = 1 and two semi-strong (g = 0.85, ag = 0.65) factors, the regression with the two semi-strong

factors includes them, the regression without excludes them. For further details of the experiments, see S-1.
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Figure S-B-E7: Empirical Power Functions, experiment 7, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-ET7-9.
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Figure S-B-E8: Empirical Power Functions, experiment 8, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-ET7-9.
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Figure S-B-E9: Empirical Power Functions, experiment 9, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-ET7-9.
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Table S-B-E10-12: Bias, RMSE and size for the bias-corrected estimators of ¢y =—0.49, a ;=1 with and without
semi-strong factors (ay = 0.85, ag = 0.65) included in the regression for the cases of experiments 10, 11 and 12

Bias(x100) RMSE(x100) Size(x100)

Experiment 10 n  With Without With Without With Without

semi-strong factors semi-strong factors semi-strong factors

T =60 100 -1.61 4.07 151.91 33.92 3.75 7.45

500  -0.69 2.46 17.07 15.76 7.70 11.35

1,000 -0.31 2.39 11.30 11.47 7.05 10.90

3,000 -0.06 1.79 6.36 7.31 8.00 14.95

T =120 100 -1.86 4.22 69.05 21.53 4.80 7.25

500  -0.09 2.81 9.29 9.92 6.10 9.85

1,000 0.15 2.59 6.62 7.51 6.75 11.40

3,000 0.05 1.76 3.72 4.69 5.80 14.55

T =240 100  -0.39 4.20 14.17 14.82 6.35 8.60

500  -0.05 2.87 6.15 7.09 6.05 10.80

1,000 0.00 2.46 4.30 5.28 6.40 13.65

3,000 0.00 1.75 2.40 3.40 5.75 18.80
Experiment 11

T =60 100  -0.72 4.82 47.59 31.18 3.40 5.90

500  -0.07 3.31 15.12 15.30 6.70 10.30

1,000 -0.22 2.56 10.46 11.28 6.35 11.45

3,000 0.05 1.96 5.91 7.26 7.00 16.00

T =120 100  -0.46 4.75 19.81 20.00 4.55 6.60

500 0.10 3.25 8.93 9.83 6.40 10.00

1,000 -0.01 2.59 6.28 7.41 6.15 11.95

3,000 0.09 1.99 3.60 4.83 6.20 16.70

T =240 100 -0.24 4.94 13.43 14.51 5.30 8.45

500 0.01 3.22 6.11 7.23 6.75 12.95

1,000 -0.07 2.64 4.19 5.42 5.85 14.65

3,000 0.02 1.97 2.32 3.50 4.75 20.55
Experiment 12

T =60 100 -0.14 4.87 129.71 32.05 4.10 6.75

500 -0.25 2.94 15.76 15.19 6.10 9.45

1,000 -0.04 2.71 10.48 11.34 5.65 10.40

3,000 0.10 2.05 6.07 7.34 6.75 15.20

T =120 100 -0.35 4.86 20.06 20.21 4.15 6.35

500 0.06 3.16 8.91 9.76 5.40 10.35

1,000 0.16 2.76 6.35 7.57 6.00 12.75

3,000 0.14 2.01 3.62 4.82 5.60 16.95

T =240 100 -0.13 5.03 13.45 14.61 5.90 9.25

500 0.07 3.27 6.01 7.18 6.30 12.40

1,000 -0.02 2.66 4.21 5.41 5.80 15.70

3,000 0.02 1.96 2.35 3.52 5.05 20.65

Notes: The DGP includes one strong aps = 1 and two semi-strong (g = 0.85, ag = 0.65) factors, the regression with the two semi-strong

factors includes them, the regression without excludes them. For further details of the experiments, see S-1.
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Figure S-B-E10: Empirical Power Functions, experiment 10, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E10-12.
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Figure S-B-E11: Empirical Power Functions, experiment 11, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E10-12.
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Figure S-B-E12: Empirical Power Functions, experiment 12, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-B-E10-12.
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2.2 Estimators of ¢ for one strong and two weak factors, threshold estimator of the
covariance matrix with and without misspecification

This subsection compares the estimators of ¢ for one strong and two weak factors with and without misspecification.
Under the misspecification, only strong estimators ¢,; are considered in the estimation process. Each table contains
the results of three of the 12 experiments described in Table S-1, and corresponding empirical power functions follow.

Table S-C-E1-3: Bias, RMSE and size for the bias-corrected estimators of ¢ = —0.49, ap;=1 with and without
weak factors included in the regression for the cases of experiments 1,2 and 3

Bias(x100) RMSE(x100) Size(x100)
Experiment 1 n With  Without With  Without With  Without
weak factors weak factors weak factors

T =60 100 22.05 3.67 454.21 30.53 1.15 6.10

500  -10.55 1.66 332.83 13.13 2.25 6.15

1,000 -1.33 1.10 382.27 9.48 1.65 6.65

3,000 -19.15 0.58 932.38 5.38 2.00 6.20

T =120 100 6.52 3.04 237.70 19.49 2.90 5.80

500 0.73 1.37 35.05 8.75 3.20 7.30

1,000 4.61 0.94 152.17 6.12 3.60 6.50

3,000 0.02 0.50 6.94 3.42 2.90 5.00

T = 240 100 8.56 2.91 385.16 13.50 3.45 6.45

500 0.22 1.24 7.22 5.80 4.00 5.80

1,000 0.06 0.90 4.23 4.14 4.00 6.50

3,000 0.01 0.51 2.41 2.38 4.90 5.25
Experiment 2

T =60 100  -13.53 4.08 774.85 31.16 1.40 6.00

500 -11.15 1.63 755.67 13.33 2.10 5.65

1,000 10.51 1.01 256.15 9.61 2.00 6.55

3,000 -0.10 0.56 71.71 5.50 2.25 6.60

T =120 100 468.29 3.25 20351.06 19.57 2.25 6.60

500 5.00 1.46 141.50 8.89 3.85 7.55

1,000 -0.54 0.97 16.07 6.06 2.80 5.75

3,000 0.00 0.45 9.71 3.45 3.35 5.45

T =240 100 -1.38 2.96 67.20 13.49 4.15 7.50

500 0.04 1.28 6.83 5.85 4.15 5.60

1,000 0.11 0.91 4.59 4.15 4.65 7.15

3,000 -0.03 0.48 2.46 2.39 5.15 6.10
Experiment 3

T =60 100 11.17 3.75 686.97 30.84 1.00 6.25

500  -10.50 1.65 377.36 13.28 2.00 6.15

1,000 -4.65 1.09 120.83 9.59 1.50 6.15

3,000 -4.51 0.59 134.45 5.45 1.90 6.25

T =120 100 5.69 3.01 267.53 19.52 2.65 5.65

500 -5.01 1.36 140.66 8.79 3.15 7.45

1,000 -0.91 0.94 23.35 6.14 3.35 6.45

3,000 -0.35 0.50 20.92 3.43 2.70 4.75

T = 240 100 1.04 2.89 38.32 13.51 3.45 6.35

500 0.32 1.24 8.13 5.82 3.95 5.90

1,000 0.08 0.90 4.42 4.14 4.00 6.45

3,000 0.04 0.51 2.59 2.39 4.85 5.45

Notes: The DGP includes one strong aj; = 1 and two weak (ayg = ag = 0.5) factors, the regression with weak factors includes them,

the regression without excludes them. For further details of the experiments, see Table S-1.
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Figure S-C-E1: Empirical Power Functions, experiment 1, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E1-3.
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Figure S-C-E2: Empirical Power Functions, experiment 2, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E1-3.
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Figure S-C-E3: Empirical Power Functions, experiment 3, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E1-3.
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Table S-C-E4-6: Bias, RMSE and size for the bias-corrected estimators of ¢, = —0.49, ap,=1 with and without
weak factors included in the regression for the cases of experiments 4, 5 and 6

Bias(x100) RMSE(x100) Size(x100)
Experiment 4 n With  Without With  Without With  Without
weak factors weak factors weak factors

T =60 100 -24.42 4.12 1165.53 31.54 1.35 6.15

500 -11.84 1.61 302.88 13.49 1.95 5.55

1,000 5.16 1.01 229.86 9.72 1.90 6.75

3,000 -8.17 0.57 450.22 5.57 2.05 6.60

T =120 100 -4.28 3.22 452.39 19.63 2.30 6.30

500 -0.54 1.44 26.55 8.94 3.80 7.85

1,000 0.98 0.96 31.58 6.08 2.75 5.80

3,000 -0.17 0.45 8.84 3.46 3.25 5.40

T =240 100 -0.11 2.94 31.04 13.51 3.95 7.55

500 -0.50 1.28 27.63 5.85 4.05 5.90

1,000 -0.05 0.91 5.23 4.16 4.65 6.90

3,000 0.02 0.48 3.36 2.39 4.85 6.05
Experiment 5

T =60 100 12.72 3.75 679.29 30.84 0.95 6.25

500 -10.07 1.66 364.25 13.34 2.10 6.15

1,000 -5.01 1.07 122.63 9.60 1.45 5.90

3,000 -4.43 0.60 133.49 5.47 1.90 6.25

T =120 100 6.87 3.01 277.10 19.52 2.55 5.65

500 -4.67 1.36 127.57 8.85 3.65 7.60

1,000 -0.85 0.92 24.13 6.16 3.60 6.40

3,000 -0.35 0.51 20.50 3.44 2.65 5.20

T =240 100 0.54 2.89 31.90 13.51 4.15 6.35

500 0.29 1.25 7.91 5.86 3.85 6.00

1,000 0.10 0.89 4.44 4.16 4.30 6.75

3,000 0.04 0.52 2.58 2.40 5.20 5.45
Experiment 6

T =60 100 -27.78 4.12 905.91 31.54 1.45 6.15

500 -11.62 1.60 305.30 13.55 2.05 5.95

1,000 5.28 0.99 231.07 9.73 1.65 6.50

3,000 -7.16 0.58 412.98 5.59 2.05 6.95

T =120 100 -2.66 3.22 451.26 19.63 2.30 6.30

500 -0.54 1.44 26.52 9.00 4.15 7.85

1,000 0.92 0.94 30.26 6.10 2.90 6.30

3,000 -0.18 0.46 8.91 3.47 3.25 5.55

T =240 100 -0.18 2.94 29.74 13.51 5.10 7.55

500 -0.49 1.29 27.08 5.89 4.40 6.30

1,000 -0.02 0.90 5.12 4.17 5.20 6.80

3,000 0.03 0.49 3.47 2.40 4.50 6.45

Notes: The DGP includes one strong aj; = 1 and two weak (ag = ag = 0.5) factors, the regression with weak factors includes them,

the regression without excludes them. For further details of the experiments, see Table S-1.
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Figure S-C-E4: Empirical Power Functions, experiment 4, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E4-6.
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Figure S-C-E5: Empirical Power Functions, experiment 5, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E4-6.
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Figure S-C-E6: Empirical Power Functions, experiment 6, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E4-6.
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Table S-C-ET7-9: Bias, RMSE and size for the bias-corrected estimators of ¢ = —0.49, apy=1 with and without
weak factors included in the regression for the cases of experiments 7, 8 and 9

Bias(x100) RMSE(x100) Size(x100)
Experiment 7 n With  Without With  Without With  Without
weak factors weak factors weak factors

T =60 100 3.08 2.82 859.39 30.18 1.30 5.35

500 24.88 1.20 840.21 13.62 1.85 6.65

1,000 0.24 0.84 79.72 9.64 1.35 6.25

3,000 -4.91 0.61 528.52 5.51 2.20 6.40

T =120 100 4.42 2.67 216.43 19.15 2.10 6.00

500 1.74 1.23 147.10 8.59 2.95 6.05

1,000 -3.59 0.89 154.11 6.12 3.75 5.90

3,000 -0.84 0.61 41.40 3.52 3.75 5.75

T =240 100 -0.94 2.74 22.50 13.27 4.95 5.80

500 -0.83 1.11 38.11 6.04 6.15 7.15

1,000 -0.06 0.84 4.85 4.25 4.95 7.00

3,000 -0.01 0.55 2.46 2.38 4.70 6.50
Experiment 8

T =60 100 -18.57 2.85 1090.60 31.04 1.30 5.70

500 3.08 0.84 248.52 13.70 1.90 6.10

1,000 11.56 0.98 511.88 9.66 1.60 5.60

3,000 -0.24 0.71 45.00 5.66 2.05 6.50

T =120 100 15.36 2.83 488.96 19.33 2.40 5.00

500 -8.41 1.12 424.57 8.53 3.55 5.70

1,000 -1.21 1.04 42.58 6.25 3.65 6.25

3,000 -0.68 0.64 43.26 3.56 3.60 6.00

T =240 100 -4.70 2.85 184.48 13.30 5.10 6.30

500 0.07 1.17 7.15 5.98 5.45 6.30

1,000 -0.07 0.85 4.44 4.27 5.10 6.60

3,000 0.01 0.54 2.41 2.40 4.80 6.70
Experiment 9

T =60 100 16.90 1.71 1051.65 32.31 1.35 6.65

500 -10.51 0.95 739.68 14.35 2.35 7.50

1,000 -2.96 0.53 160.31 10.26 2.65 8.75

3,000 -0.09 0.43 106.32 5.80 2.70 8.35

T =120 100 61.02 1.74 2471.10 20.37 2.05 6.25

500 -9.78 1.08 365.78 8.87 2.70 6.00

1,000 0.35 0.73 77.55 6.36 3.00 7.30

3,000 1.23 0.46 48.78 3.59 3.85 6.55

T =240 100 0.51 1.73 52.46 13.89 4.55 6.90

500 -0.22 0.91 8.62 6.08 5.75 6.40

1,000 -0.20 0.71 7.44 4.27 5.50 7.15

3,000 -0.04 0.43 2.52 2.37 4.30 5.60

Notes: The DGP includes one strong aj; = 1 and two weak (ag = ag = 0.5) factors, the regression with weak factors includes them,

the regression without excludes them. For further details of the experiments, see Table S-1.

MCS-54



Figure S-C-E7: Empirical Power Functions, experiment 7, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E7-9.
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Figure S-C-E8: Empirical Power Functions, experiment 8, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E7-9.
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Figure S-C-E9: Empirical Power Functions, experiment 9, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E7-9.
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Table S-C-E10-12: Bias, RMSE and size for the bias-corrected estimators of ¢y = —0.49, apy=1 with and without
weak factors included in the regression for the cases of experiments 10, 11 and 12

Bias(x100) RMSE(x100) Size(x100)
Experiment 10 n With  Without With  Without With  Without
weak factors weak factors weak factors

T =60 100 -1.30 1.80 581.15 33.08 1.55 6.95

500 19.94 0.54 738.70 14.45 2.10 8.20

1,000 1.31 0.69 76.46 10.23 1.85 7.35

3,000 1.02 0.53 333.48 5.91 2.70 8.30

T =120 100 27.62 1.91 810.64 20.78 1.90 6.30

500 -4.30 0.95 195.46 8.90 2.40 6.25

1,000 7.68 0.93 212.90 6.46 3.45 7.25

3,000 -0.46 0.49 34.61 3.60 3.20 5.50

T =240 100 0.01 1.87 109.19 14.08 4.60 7.30

500 0.27 0.94 19.59 6.08 5.20 6.50

1,000 0.41 0.76 21.39 4.28 5.50 6.55

3,000 -0.04 0.76 2.57 2.40 4.70 7.10
Experiment 11

T =60 100 17.29 2.89 696.53 30.28 1.45 5.40

500 -5.92 1.27 510.19 13.71 2.00 6.80

1,000 45.15 0.78 2091.69 9.66 2.00 6.45

3,000 2.77 0.59 75.60 5.61 2.65 7.05

T =120 100 4.02 2.73 135.30 19.16 2.55 6.20

500 0.44 1.34 24.35 8.61 3.50 5.60

1,000 10.16 0.86 415.98 6.09 3.85 6.10

3,000 0.10 0.62 7.88 3.54 4.65 6.70

T =240 100 -0.31 2.77 14.31 13.28 4.10 6.15

500 0.07 1.19 6.78 6.06 5.45 6.90

1,000 -0.06 0.81 4.40 4.23 5.45 6.65

3,000 0.01 0.55 2.37 2.38 4.65 6.50
Experiment 12

T =60 100 0.33 2.93 531.55 31.13 1.35 5.75

500 -16.77 0.90 496.29 13.75 1.70 5.60

1,000 17.22 0.93 766.48 9.68 1.65 6.15

3,000 -0.91 0.68 162.80 5.75 2.40 7.00

T =120 100 -11.47 2.88 529.74 19.36 2.55 5.15

500 -16.06 1.23 555.75 8.55 3.55 5.80

1,000 0.99 1.03 20.02 6.22 3.50 6.50

3,000 -2.21 0.64 100.80 3.57 4.00 5.90

T =240 100 -0.27 2.88 19.39 13.31 4.20 6.30

500 0.10 1.24 6.30 5.99 5.35 6.25

1,000 -0.05 0.83 4.37 4.23 5.10 6.70

3,000 0.01 0.54 2.39 241 4.95 6.50

Notes: The DGP includes one strong aj; = 1 and two weak (ag = ag = 0.5) factors, the regression with weak factors includes them,

the regression without excludes them. For further details of the experiments, see Table S-1.
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Figure S-C-E10: Empirical Power Functions, experiment 10, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E10-12.
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Figure S-C-E11: Empirical Power Functions, experiment 11, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E10-12.
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Figure S-C-E12: Empirical Power Functions, experiment 12, for coefficient of the ¢,; factor with and without
misspecification

Note: See the notes to Table S-C-E10-12.
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