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1 Introduction

Balance sheet policy, or quantitative easing (QE), has become a staple tool for central
bankers.1 QE programs have varied in the scope and types of assets purchased but have
largely been conducted with policy rates at the effective lower bound (ELB). In 2019,
however, the Federal Reserve expanded its balance sheet by $400 billion with the federal
funds rate above the ELB and before any news of Covid-19.2 Balance sheet expansion away
from the ELB is at odds with the idea that balance sheet policy is a substitute for interest
rate policy at the ELB. For this reason, this paper revisits optimal monetary policy – both
interest rate and balance sheet policy – asking whether active balance sheet policy away
from the ELB can be optimal.

We point out that limits to central bank interest rate policy arise and balance sheet
policy matters in a world where indebted households alter their labor supply in response
to changing financial conditions. We then ask two questions. First, can dual-instrument
policy, meaning simultaneous interest rate and balance sheet policies, overcome these
limitations? Second, is balance sheet policy effective if interest rate policy is unavailable
to the central bank? Given our answers to these questions, we investigate the welfare
costs of various single-instrument monetary policies, e.g., inflation-targeting interest rate
or balance sheet policy, relative to the optimal dual-instrument policy.

We analyze monetary policies in a model where households finance a part of their
consumption bundles with debt and financial markets are incomplete. The model adds
two features to a standard New Keynesian (NK) model framework. First, a represen-
tative household simultaneously saves and borrows, issuing debt to finance a second
expenditure type in addition to conventional consumption, dubbed debt-financed expen-
diture (e.g., housing, education, or automobiles).3 The household finances debt-financed
expenditure and debt repayment with a chosen fraction of labor income and new debt
issuance, while financing conventional consumption and saving in a separate account
with the remainder of its labor income and non-labor income.

Second, incomplete financial markets arise from constrained private lending due to
an agency problem between banks and depositors, as in Gertler and Karadi (2011, 2013).
Banks in the Gertler and Karadi setup stochastically exit and face an endogenous lever-

1. In the aftermath of the financial crisis, the Federal Reserve implemented various rounds of quanti-
tative easing (e.g., QE 1, 2, 3). The Bank of England, the European Central Bank, and other major central
banks followed almost in lockstep.

2. The Federal Reserve’s balance sheet expanded from $3.76 trillion to $4.18 trillion between September
2019 and February 2020 (Federal Reserve Board: Credit and Liquidity Programs and the Balance Sheet).

3. Our household setup is a consolidated version of Guerrieri and Iacoviello (2017), a generalization of
Sims et al. (2021), and a simplification of Cúrdia and Woodford (2011, 2016).
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age constraint. We introduce bank reserve holdings that are not subject to the leverage
constraint.4 Central bank reserve issuance in exchange for debt securities relaxes the
leverage constraint, bringing the economy closer to the complete markets case. Focusing
on the deterministic bank exit limit maintains the endogenous nature of the leverage
constraint while generating analytical tractability.5

The combination of the household borrowing setup and constrained financial sector
cause financial conditions to vary with non-financial economic conditions, providing a
new propagation mechanism for shocks originating outside the financial sector. Con-
ventional consumption and debt-financed expenditure have the same price. For this rea-
son, the household desires to equate the marginal utilities from both expenditure types.
However, incomplete financial markets limit the household’s ability to do so, generating
a wedge between these marginal utilities, which we call the liquidity premium. The liquid-
ity premium is time-varying due to fluctuations in household borrowing costs relative
to the deposit rate, micro-founded by the constrained banking problem. In response to
liquidity premium fluctuations, the household alters its labor income allocation between
the expenditure accounts and labor supply. The interaction of changes in financial con-
ditions, labor supply, and the household’s labor income allocation delivers a source and
propagation force of shocks emerging in the financial and non-financial sectors. Further-
more, we show that this new propagation mechanism limits the ability of interest rate
policy to stabilize inflation and the output gap simultaneously.

An approximation of the model simplifies to eight structural equations. The first two
equations are the Phillips and IS curves. The liquidity premium acts as an endogenous
cost-push channel in the Phillips curve and credit wedge in the IS curve because a frac-
tion of aggregate expenditures vary with the lending rate.6 A third equation shows that
the liquidity premium equals the ex-ante forward-looking path of the loan to deposit
rate, or credit, spread. This causes the output gap to vary with a weighted average of
the real deposit and lending rate paths. The remaining equations define the financial
block in the economy. These equations can be combined into one equation defining
the liquidity premium in terms of the output gap, inflation, policy instruments, and ex-
ogenous economic shocks. The policy instruments include the interest rate on reserves,
which the nominal deposit rate equals, and the quantity of reserve issuance.

4. For a bank that holds non-reserve assets and reserves, backed by deposits and equity, we define bank
leverage as the ratio of non-reserve asset holdings to equity.

5. This is a more complex banking setup than Sims et al. (2021) but simplification, in the form of a
limiting case, of Gertler and Karadi (2011, 2013).

6. For certain parameter restrictions, our model nests the standard Phillips and IS curves in the 3-
equation NK model.
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To first order, the general equilibrium output level in this economy varies with de-
rived labor demand and supply shifts. The labor supply shift depends on both the real
deposit and lending rate paths. Optimal monetary policy must simultaneously balance
the impact of both rates on labor supply. The so-called “divine coincidence”, coined by
Blanchard and Galı́ (2007), reflects the ability of a monetary authority to simultaneously
target inflation and the output gap in the textbook NK model. In that case, inflation-
targeting interest rate policy eliminates inefficient labor demand variability due to the
markup and provides the optimal labor supply response with the policy rate equal to the
natural rate. This result fails to hold in our model due to the labor supply dependency
on the lending rate. Output variability stemming from variation in the credit spread
generates welfare losses with inflation-targeting interest rate policy.

Balance sheet policy that targets the credit spread restores the divine coincidence.
Balance sheet expansion in response to tightening financial conditions, or vice versa,
stabilizes the credit spread. Under this policy, the labor supply shift now only varies with
the real deposit rate. Inflation-targeting interest rate policy eliminates any inefficient
labor demand shifts and, in combination with this balance sheet policy, restores the
optimal labor supply shift in response to the natural rate shock. Both the deposit and
lending rates equal the natural rate. In summary, targeting the credit spread with balance
sheet policy causes inflation-targeting interest rate policy to simultaneously stabilize
the output gap, providing the welfare-maximizing outcome. This result points to the
potential need for policymakers to use balance sheet policy much more. The key lesson
is that: In a credit crunch, expand the central bank balance sheet independent of the source
of financial market variability or the policy rate level relative to the ELB.

A natural question arises in our modeling context as to how well balance sheet policy
performs independent of interest rate policy — a somewhat extreme but theoretically
interesting question. A policy rate peg typically leads to nominal indeterminacy in
macroeconomic models (Sargent and Wallace, 1975), a point not lost on NK models. In
our model, a policy rate peg does not necessarily lead to nominal indeterminacy when
considering active balance sheet policy. We prove that balance sheet policy that targets
the credit spread path via the liquidity premium or inflation in the face of a policy
rate peg leads to a determinate linear rational expectations equilibrium. However, the
inflation-targeting policy introduces non-stationarity in the central bank balance sheet
size. Given this, liquidity premium-targeting balance sheet policy results in a smaller
welfare loss than inflation-targeting balance sheet policy with a policy rate peg. The
welfare loss of this policy relative to dual-instrument policy is similar in magnitude to
the loss from inflation-targeting interest rate policy with no balance sheet policy.
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This paper contributes to the literature on the “financial accelerator” (see Bernanke
et al., 1996, 1999) by characterizing this mechanism through the labor supply decision.
Consider a deflationary natural rate shock that raises conventional consumption. From
an accounting perspective, the household must save less, work more, or retain more
labor income for conventional consumption. Retaining more labor income for conven-
tional consumption crowds out debt-financed expenditure, but the household desires
to equate marginal utilities from both expenditures. Thus, the household issues more
debt or works more to counteract the crowding-out effect. However, incomplete financial
markets restrict the household’s ability to issue more debt, potentially dampening the
debt-financed expenditure and, thus, output responses relative to a model with complete
financial markets. The household internalizes this effect and further increases its labor
supply, generating an amplified output response due to the amplified labor supply shift.

This paper also relates to the broader literature on general equilibrium macroeco-
nomic modeling. We provide an alternative micro-foundation for an endogenous cost
channel to input cost borrowing as in Christiano et al. (2005) or Ravenna and Walsh
(2006), endogenizing the “cost-push” shock introduced in Clarida et al. (1999). In addi-
tion, we micro-found an endogenous credit wedge in the IS curve (similar to Cúrdia and
Woodford, 2011, 2016) without assuming utility over safe and liquid security holdings
as in Fisher (2015), endogenizing the “risk premium” shock from Smets and Wouters
(2007). These mechanisms provide a unified framework for analyzing the demand- and
supply-side effects of financial market variability on the economy.

Finally, this paper adds to the literature on optimal QE policy (e.g., Sims et al., 2021 or
Mau, 2022), outside of the positive analysis of QE policies (e.g., Gertler and Karadi, 2011,
2013; Carlstrom et al., 2017; or Boehl et al., 2022). Sims et al. (2021) prescribe balance
sheet policy in response to shocks originating in the financial sector only. We prescribe
the use of balance sheet policy in response to all shocks as in Mau (2022) in the context
of a tractable model as in Sims et al. (2021). Balance sheet policy alone neutralizes the
effects of financial shocks as in Sims et al. (2021), but non-financial shocks require a
combination of interest rate and balance sheet policy responses.

The remainder of this paper is structured as follows: Section 2 describes the key
parts of the model and shows how shock transmission differs in our model compared to
flexible- and sticky-price models with complete financial markets. Section 3 highlights
the properties of single- and dual-instrument interest rate and balance sheet policies.
Section 4 quantifies the welfare losses to single-instrument monetary policies relative
to optimal dual-instrument policy. Section 5 concludes. The appendices provide all
micro-founded model details, derivations of results, and accompanying proofs.
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2 The Model

We consider an NK model with financial frictions and a role for central bank asset pur-
chases to matter. The economy consists of a representative household, financial and
production sectors, and a central bank. In this section, we discuss the household, fi-
nancial sector, and central bank setups. We then define a linear approximation of the
equilibrium. Finally, we outline monetary policy transmission in the model. The pro-
duction sector is standard to NK models with Calvo (1983) type nominal price rigidity.
Appendix A derives the micro-founded nonlinear model and a linear approximation of
this model with further micro-founded banking sector details provided in Appendix B.

The household setup nests a model in which two types of workers, patient versus
impatient, provide labor to the production sector. The patient worker is the residual
claimant in the economy and saves via financial sector deposits. The impatient worker
supplements labor income with long-term debt issuance held by the financial sector or
the central bank. That is, financial markets are segmented in the sense that the patient
worker cannot hold long-term debt issued by the impatient worker. Long-term debt
takes the form of a perpetuity with geometrically decaying coupon payments.

Mau et al. (2023) show that the patient/impatient worker setup consolidates to a rep-
resentative household framework, illustrated by Figure 1. The representative household
has utility over two expenditure types — conventional consumption (henceforth con-
sumption) and debt-financed expenditure. The household exhibits relative impatience
over utility flows from debt-financed expenditure and is the residual claimant in the
economy. The household allocates labor income across a conventional goods account
and a financial account, highlighted by red in the model illustration. Debt-financed ex-
penditure and debt repayment are financed by the labor income allocation to the finan-
cial account and new debt issuance. The representative household consolidation shows
that the aggregate labor preference shifter in the economy is endogenous and varies with
the state of financial conditions. Aggregate labor supply varies with the wage, marginal
utility from consumption, and state of financial conditions in the economy.

The financial sector follows Gertler and Karadi (2011, 2013), with the addition of
central bank reserve issuance to financial intermediaries as in Sims and Wu (2021).7 We
consider the deterministic bank exit limit to the Gertler and Karadi financial sector setup
for analytical tractability. Banks face a modified leverage constraint over private debt
holdings, which we assume always binds. Bank private debt holdings cannot exceed a
multiple of accumulated bank equity. We refer to this multiple as the modified leverage

7. Sims and Wu (2021) consider reserve requirements on the banking sector, which we abstract from.
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ratio. The equilibrium conditions from the financial sector include a definition of the
modified leverage ratio and the modified leverage constraint. The modified leverage
constraint defines the private debt holdings of the financial sector.

Central bank private debt holdings are financed via reserve issuance to the financial
sector. Central bank reserves pay interest. Profit maximization in the financial sector
implies that the interest rate on reserves equals the deposit rate in the economy. The
policy instruments of the central bank include the interest rate on reserves and the size
of its balance sheet. Debt market clearing implies that the market value of long-term
debt outstanding equals the debt holdings from the financial sector plus holdings by the
central bank. Central bank debt holdings equal the reserve level in the economy.

A log-linear approximation of the nonlinear model around the zero net inflation
steady state simplifies to eight structural equations. The first two equations are the
Phillips and IS curves:

πt = γgapt + βEtπt+1 +
γ

1 + η

(
Cb −Ω

)
ξt(2.1)

gapt = Etgapt+1 −
((

1− Cb
)

rt + CbEtrL
t+1 −Etπt+1 − rn

t

)
(2.2)

where πt is net inflation, gapt is the output gap, ξt is a liquidity premium in the long-
term debt market, rt is the policy rate, rL

t is the nominal lending rate, and rn
t is the natural

rate. The interest rates are in level-deviations from steady state. The liquidity premium
is in log-deviations from steady state. The output gap is defined as the log-difference
between the output level in the underlying economy and a benchmark economy with a
fixed markup and liquidity premium. That is, the benchmark economy includes steady-
state distortions due to monopolistic competition and incomplete financial markets but
no time-variation in these wedges.

γ is the product of the output gap elasticity of marginal cost and the marginal cost
semi-elasticity of inflation. η is the inverse wage elasticity of labor supply. Cb is the
steady-state debt-financed expenditure share of aggregate expenditures. Ω is the steady-
state labor income allocation to the financial account. Cb −Ω is the liquidity premium
elasticity of marginal cost. The natural rate is exogenous and follows an AR(1) process
with AR term ρn and standard deviation of an i.i.d. mean-zero disturbance σn.

The Phillips curve is standard absent the liquidity premium term. The liquidity
premium acts as an endogenous cost channel in the model. The IS curve reflects the fact
that a fraction of aggregate expenditures, 1− Cb, vary with the ex-ante real deposit rate,
whereas the remaining fraction, Cb, are debt-financed and vary with the ex-ante real
lending rate. For Cb = Ω = 0, these equations nest the standard Phillips and IS curves
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in the 3-equation NK model. That is, if there is no debt-financed expenditure, then no
wage income is allocated to the financial account, and the output gap only varies with
ex-ante real deposit rate deviations from the natural rate.

Asset pricing conditions from the household problem define the nominal lending rate
and the liquidity premium in the economy:

rL
t = κβζqt − qt−1(2.3)

ξt = Etξt+1 + EtrL
t+1 − rt(2.4)

where qt is the current price of long-term debt. κ is the coupon decay rate for the
long-term debt perpetuity. The implied duration of debt equals 1/(1−κ). ζ measures the
relative impatience over debt-financed expenditure and defines the steady-state lending
to deposit rate, or credit, spread. The liquidity premium equals the forward-looking
path of the credit spread. With complete financial markets or credit spread stabilizing
monetary policy, the liquidity premium is fixed, ξt ≡ 0,. In this case, the IS and Phillips
curves again nest the standard versions from the 3-equation NK model.

The model includes a financial block:

cb,t = gapt −
(
1− Cb

)
ξt −

1
1− ρn

rn
t(2.5)

Cbcb,t = Ω
ε− 1

ε

((
1−Ω

η
+ Cb −Ω

)
ξt + (2 + η)gapt −

1
1− ρn

rn
t

)
(2.6)

+
QB
Y

(
qt + bt −

1
βζ

(
qt−1 + bt−1 + rL

t − πt

))
qt + bt =

(
1− RE

)
φt + REret(2.7)

φt =
Φ
ζ

(
EtrL

t+1 − rt

)
−
(

1 + Φ
1− ζ

ζ

)
θt(2.8)

The financial block consolidates to define the liquidity premium in terms of the output
gap, inflation, policy instruments, and the exogenous shocks to the economy.

Equation (2.5) is the aggregate resource constraint, written in terms of debt-financed
expenditure, cb,t, the output gap, the liquidity premium, and the natural rate. Equation
(2.6) defines debt-financed expenditure in terms of the labor income allocation to the
financial account, written in terms of the liquidity premium, output gap, and natural
rate, and the current market value of debt net of obligations due on past debt. ε is
the goods elasticity of substitution. As ε increases, the steady-state wage rises. As
Ω increases, a larger share of labor income goes to the financial account. qt + bt is
the equilibrium level of debt in the economy. A higher steady-state relative size of
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the financial sector, QB/Y, amplifies the effect of the debt level and debt obligations,
qt−1 + bt−1 + rL

t − πt, on the equilibrium level of debt-financed expenditure. A higher
steady-state real lending rate, 1/βζ, amplifies the effects of the household debt obligation.

Equation (2.7) defines the equilibrium market value of debt. This varies with variabil-
ity in private financial sector debt holdings and the central bank balance sheet size, each
weighted by the steady-state share of debt held by the private financial market, 1− RE,
or the central bank, RE. Private debt holdings only vary with modified leverage defined
by equation (2.8). The modified leverage increases with the credit spread where Φ is
the steady-state modified leverage ratio. We assume that there is exogenous variation in
modified leverage which we call a financial shock, θt. We assume that the financial shock
follows an AR(1) process with AR term ρθ and standard deviation of an i.i.d. mean-zero
disturbance σθ.

An equilibrium is defined by sequences of quantities, {gapt, cb,t, bt, ret, φt}, and
prices, {πt, rt, rL

t , ξt, qt}, such that equations (2.1) – (2.8) hold given: (i) policy decisions
for the interest rate on reserves and balance sheet size, {rt, ret}; and (ii) sequences of
the natural rate and financial shocks, {rn

t , θt}. In this section, we consider rules-based
interest rate policy, rt = 1.5πt, holding the relative size of the central bank balance sheet
to output fixed, qet = ret − yt = 0, where yt = gapt − rn

t/(1−ρn).8 Note that output equals
the output gap absent natural rate variability.

Table 1 provides the model parameterization. The discount rate, β, implies a 2%
annualized steady-state real deposit rate. The Frisch wage elasticity of labor supply, 1/η,
is one-third. The goods elasticity of substitution, ε, implies a 15% steady-state goods
price markup. The relative impatience over debt-financed expenditures, ζ, implies a
1.5% annualized steady-state credit spread. The steady-state modified leverage is set to
4. We calibrate the steady-state labor income allocation to the financial account, Ω, such
that steady-state debt-financed expenditure equals steady-state new debt issuance. The
steady-state debt-financed expenditure share is 20%, Cb = 0.2. We calibrate the steady-
state share of long-term debt held by the central bank, RE, to the pre-2008 relative size
of the central bank reserve stock to quarterly GDP flows. The steady-state relative size
of the financial sector to output is 8. This is about double the pre-2008 size of the private
depository institution and Federal Reserve financial asset holdings to GDP.

8. We hold the relative size of the balance sheet to output fixed, initially, as a proxy for the pre-ELB
balance sheet policy. From 1984q1 to 2007q4, the relative size of the stock of depository institution reserves
(FRED code: MADIRL) to the quarterly GDP flow (FRED code: GDP, quarterly flow meaning GDP/4)
averaged 1.6% with a persistent decline from a peak of 4.1% to 0.6% in 2007q4. From 2000q1 to 2007q4
this ranged from 0.5% to 1.0%, whereas by 2008q4 the relative size of reserves to GDP was 21.7%, with a
pre-Covid peak in 2014q1 at 56.6%.
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Table 1: Calibration

Parameter Description Target/Value

β Discount factor 0.995
η Inverse wage elasticity of labor supply 3
ε Goods elasticity of substitution 7.667
ζ Relative impatience over debt-financed expenditure 0.996
Φ Steady-state modified leverage ratio 4
Ω Steady-state labor income allocation to the financial account 0.311
Cb Steady-state share of credit good expenditure 0.2
RE Steady-state share of debt held by central bank 0.005
QB/Y Relative size of financial sector to output 8
ρn Natural rate shock autoregressive parameter 0.95
ρθ Financial shock autoregressive parameter 0.95
σn Natural rate shock standard deviation 0.012
σθ Financial shock standard deviation 0.020

Figure 2 shows the impulse responses to a natural rate shock. The shock is scaled
such that the impact output gap response in our model, labeled “FF+NK”, is 0.1%. We
present the responses in the corresponding real business cycle (RBC) model (γ→ ∞ and
ξt ≡ 0), NK model (γ = 0.204 and ξt ≡ 0), and a financial frictions (FF) model with
our constrained financial sector (γ→ ∞ and ξt time-varying). The NK model responses
highlight the dampening effect of nominal price rigidity relative to the RBC model,
whereas the FF responses highlight a financial accelerator-type mechanism present due
to the constrained financial sector. By financial accelerator-type mechanism, we allude
to the words of Ben Bernanke, “an economic upswing tends to improve the financial
conditions of...banks, which in turn encourages greater lending...” see Bernanke (2022,
p. 375). Taken together, our model exhibits a dampened financial accelerator due to the
combination of nominal price rigidity and financial frictions.

The financial accelerator mechanism in our model is quite different. Tightening finan-
cial conditions (a rising liquidity premium) generate an amplified output response. The
negative natural rate shock is deflationary and the policy rate falls.9 Desired consump-
tion and debt-financed expenditure levels increase. Debt-financed expenditure can only
increase if the household allocates a higher fraction of labor income to the financial ac-
count, works more, or issues more debt. Financial sector demand for debt is constrained
while the debt supply increases. The equilibrium lending rate rises. Given these dynam-
ics, the partial equilibrium response of debt-financed expenditure to the natural rate

9. If it helps with intuition, consider a negative natural rate shock due to rising productivity.
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Figure 2: Impulse Responses to a Natural Rate Shock
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shock is dampened. In general equilibrium, the household allocates more income to the
financial account and works more, amplifying the natural rate shock effects.

We can derive the labor supply shift analytically. Combining the Phillips and IS
curves, equations (2.1) and (2.2), defined in terms of output instead of the output gap,
gapt = yt + rn

t/(1−ρn), iterating the IS curve forward, and substituting out the liquidity
premium solved forward, defines the equilibrium level of output:

(2.9) yt = −
rn

t
1− ρn︸ ︷︷ ︸

productivity

+
1
η

−
rn

t
1− ρn

+
1
γ̃
(πt − βEtπt+1)︸ ︷︷ ︸

labor demand shift

+Et

∞

∑
j=0

{
(1−Ω)rt+j + ΩrL

t+j+1 − πt+j+1

}
︸ ︷︷ ︸

labor supply shift


︸ ︷︷ ︸

equilibrium labor level

where γ̃ is the marginal cost semi-elasticity of inflation, γ̃ = γ/(1+η).
Equation (2.9) is the production function. The first term is the productivity level. Out-

put varies one-for-one with the productivity level. The second term is the equilibrium
labor response, which decomposes into labor demand and supply shifts. With inelasti-
cally supplied labor, η → ∞, labor is fixed. Labor demand varies with the productivity
level and an inefficient labor wedge due to nominal price rigidity. With flexible prices,
γ̃ → ∞, the labor wedge drops out. Labor supply varies with a weighted average of the
forward-looking paths of the ex-ante real deposit and lending rates.

As the real deposit rate path falls in response to the natural rate shock, labor supply
shifts in. However, worsening financial conditions cause the credit spread to rise. As
the real lending rate path rises, labor supply shifts out. This is the financial accelerator
mechanism in our model. Endogenously tightening financial conditions dampen the
labor supply response to the natural rate shock relative to a model without debt-financed
expenditure (Ω = 0) or complete financial markets (EtrL

t+1 ≡ rt for all t).
Figure 3 shows the impulse responses to a financial shock. The financial shock is

scaled such that the impact output gap response in our model is 0.1% as in the natural
rate shock case. We do not show the RBC and NK responses. In these cases, complete
financial markets (ξt ≡ 0) cause the financial shock not to affect the non-financial block
of the economy. A positive financial shock corresponds to a reduction in the modified
leverage ratio and tightening financial conditions. That is, the liquidity premium rises,
raising the ex-ante real credit spread. The financial shock acts as a supply shock in the
sense that output rises as inflation falls. This is due to a shift in aggregate labor supply
in response to tightening financial conditions in the economy, similar to the response to
the natural rate shock described above.
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Figure 3: Impulse Responses to a Financial Shock
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Notes: Dotted lines: a financial frictions (FF) model described by equations (2.1) – (2.8) with flexible prices,
γ → ∞; dashed-dotted lines: the complete model described by equations (2.1) – (2.8) with nominal price
rigidity (FF+NK), γ = 0.204. The financial shock is scaled such that the output gap response in the FF+NK
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3 Properties of Endogenous Balance Sheet Policy

This section highlights the properties of single- and dual-instrument monetary policy
in the linear model described by equations (2.1) – (2.8). More specifically, we study the
cases where: (i) the central bank has both the balance sheet and policy rate as policy
instruments available, or (ii) the central bank only uses its balance sheet to support a
permanent interest rate peg. Appendix C provides all proofs to the propositions and
corollaries below.

Dual-instrument Policy Ensures that the Divine Coincidence Holds. The divine coincidence
is a canonical result in the textbook NK model, absent the effects of an ELB. Targeting in-
flation simultaneously stabilizes the output gap with the policy rate equal to the natural
rate. In our model, this result does not hold with interest rate policy alone.

The liquidity premium acts as an endogenous cost channel in the Phillips curve due
to the financial frictions in the economy. This means that targeting inflation leads to the
output gap varying proportionally to the liquidity premium:

xt =
Ω− Cb
1 + η

ξt

Proposition 1. Absent endogenous balance sheet policy, the divine coincidence fails due to liq-
uidity premium variability.

Inflation-targeting interest rate policy does not simultaneously stabilize the liquidity
premium. This also implies that the output gap is time-varying and that the policy rate
does not equal the natural rate. However, handing the central bank an additional policy
tool — the central bank balance sheet — restores a version of the divine coincidence.

Proposition 2. There exists endogenous balance sheet policy, re∗t , that stabilizes the output gap,
inflation, and the liquidity premium, the equivalent of the “divine coincidence” in this economy:

re∗t =
1

βζ
re∗t−1 +

1− RE
RE

(
1 + Φ

1− ζ

ζ

)(
θt −

1
βζ

θt−1

)
(DC)

− 1
RE

(
κ(1− ρn)

1− κβζρn
− Y

QB

(
Ω

ε− 1
ε
− Cb

))
rn

t
1− ρn

+
1

RE
1

βζ

rn
t−1

1− κβζρn

The endogenous balance sheet policy that instills the divine coincidence responds
to financial and natural rate shocks. Under this policy, the credit spread is fixed. A
fixed credit spread implies that modified leverage, φt, only varies with the financial

15



Figure 4: Impulse Responses to a Financial and Natural Rate Shock
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reported in devations from steady state in annualized percentage units. The reserves-to-GDP ratio is in
level percentages. The financial and natural rate shocks are scaled to generate a 0.1% output gap response
in our model as shown in Figures 2 and 3.

shock. Furthermore, balance sheet policy alone is sufficient to stabilize the economy in
response to financial shocks.

Corollary 2.1. The policy rate, rt, equals the natural rate when balance sheet policy supports
liquidity premium stabilization.

That is, the policy rate only responds to the natural rate as shown in Figure 4. In contrast,
the central bank balance sheet expands in response to both a negative natural rate shock
and tightening financial conditions, θ ↑.

Our balance sheet policy prescription differs from previous studies of central bank
balance sheet policy using small-scale NK models. For example, Sims et al. (2021) find
that the balance sheet policy only responds to financial shocks, whereas we show that
this is insufficient in an environment with a robust banking sector and endogenously
time-varying modified leverage ratio. Our result provides a clear policy prescription
in a tractable model. This policy prescription is consistent with optimal balance sheet
policy in a medium-scale model with a similar financial sector setup such as Mau (2022).
An important message for policymakers is to employ balance sheet policy much more
often, and even away from the ELB. Section 4 discusses how to conduct balance sheet
policy in practice. We show that liquidity premium-targeting balance sheet policy, which
is an implication of our policy prescription, is achieved through yield curve control.

Balance Sheet Policy Supports Model Determinacy with a Policy Rate Peg. A natural question
related to central bank balance sheet management is: is balance sheet policy sufficient
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to conduct monetary policy, independent of interest rate policy? More concretely, do
balance sheet policies exist such that the model is determined with a fixed policy rate?
The answer is yes! We view this exercise as an extreme proxy for the ELB. At the ELB,
the policy rate is fixed for an (ex-ante) indefinite period of time. Here, we push that to
the limit by fixing the policy rate forever.

Proposition 3. Endogenous balance sheet policy can provide a determinate rational expectations
equilibrium with a permanent policy rate peg.

Under a permanent policy rate peg, liquidity premium targeting balance sheet policy
leads to a determinate linear rational expectations equilibrium. In addition, inflation-
targeting balance sheet policy leads to a determinate solution.

Corollary 3.1. Inflation-targeting balance sheet policy, reπ
t , leads to a determinate linear rational

expectations equilibrium, even with a permanent policy rate peg.

However, inflation-targeting policy is non-stationary, converging to a permanently higher
balance sheet size in response to shocks, whereas the liquidity premium-targeting policy
is stationary. Conversely, output gap-targeting balance sheet policy under an interest
rate peg results in model indeterminacy.

Corollary 3.2. Balance sheet policy that targets the output gap, regap
t , with a permanent policy

rate peg results in model indeterminacy.

With output gap-targeting balance sheet policy, the financial block simplifies to one
equation with two unknowns - the liquidity premium and endogenous balance sheet
policy - and thus results in model indeterminacy.

The result that active balance sheet policy suffices for supporting model determinacy
is novel to the literature. So far, the literature has argued that only interest rate policy
satisfying a generalized Taylor principle renders model determinacy, meaning that per-
manently fixing the policy rate is not possible. Here, we have shown that this is not the
case with the balance sheet available as a policy tool. Figures 5 and 6 compare the model
responses to natural rate and financial shocks, respectively, across monetary policy pre-
scriptions. These figures plot the “FF+NK” responses from Figures 2 and 3, along with:
(i) inflation-targeting interest rate policy with no balance sheet policy, πt = qet = 0; (ii)
liquidity premium-targeting balance sheet policy with an interest rate peg, rt = ξt = 0;
and (iii) the optimal dual-instrument policy, πt = ξt = 0. Inflation-targeting interest rate
policy results in inefficient output gap and liquidity premium variability in response to
financial shocks. Liquidity premium-targeting balance sheet policy results in inefficient
output gap and inflation variability in response to natural rate shocks.
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Figure 5: Impulse Responses to a Natural Rate Shock: Varying Policy

Instruments/Prescriptions

0 5 10 15 20
-0.8

-0.6

-0.4

-0.2

0

0.2
Output Gap

0 5 10 15 20
-1.5

-1

-0.5

0

Inflation

0 5 10 15 20

0

2

4

6
Liquidity Premium

0 5 10 15 20
0

0.2

0.4

0.6

0.8

1
Modified Leverage

0 5 10 15 20
-0.4

-0.2

0

0.2

0.4

0.6

Ex ante Short Rate

0 5 10 15 20

-0.2

0

0.2

0.4

0.6

Ex ante Long Rate

0 5 10 15 20
-0.25

-0.2

-0.15

-0.1

-0.05

0
Natural Rate

FF+NK

qe =  = 0

r =  = 0

 =  = 0

0 5 10 15 20
0

2

4

6

8

10
Reserves-to-GDP

Notes: Solid lines: the complete model described by equations (2.1) – (2.8) with nominal price rigidity
(FF+NK), γ = 0.204, flexible inflation-targeting interest rate policy rt = 1.5πt, and no balance sheet policy,
qet = 0; dashed lines: strict inflation-targeting interest rate policy, πt = 0, with no balance sheet policy,
qet = 0; dotted lines: liquidity premium-targeting balance sheet policy, ξt = 0, with a fixed policy rate,
rt = 0; dashed-dotted lines: optimal dual-instrument policy with strict inflation and liquidity premium
targeting, πt = ξt = 0. The natural rate shock is scaled such that the output gap response in the FF+NK
model is 0.1%. All variables are in terms of percentage deviations from steady state outside of the inflation
and interest rates which are deviations from steady state in annualized percentage units.

18



Figure 6: Impulse Responses to a Financial Shock: Varying Policy

Instruments/Prescriptions
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Notes: Solid lines: the complete model described by equations (2.1) – (2.8) with nominal price rigidity
(FF+NK), γ = 0.204, flexible inflation-targeting interest rate policy rt = 1.5πt, and no balance sheet policy,
qet = 0; dashed lines: strict inflation-targeting interest rate policy, πt = 0, with no balance sheet policy,
qet = 0; dotted lines: liquidity premium-targeting balance sheet policy, ξt = 0, with a fixed policy rate,
rt = 0; dashed-dotted lines: optimal dual-instrument policy with strict inflation and liquidity premium
targeting, πt = ξt = 0. The financial shock is scaled such that the output gap response in the FF+NK model
is 0.1%. All variables are in terms of percentage deviations from steady state outside of the inflation and
interest rates which are deviations from steady state in annualized percentage units.
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4 Policy Evaluation

In this section, we quantify the welfare losses to various monetary policy specifications
related to our theoretical results. We report the relative losses under these policies to
dual-instrument policy which targets inflation and the liquidity premium via the combi-
nation of interest rate and balance sheet policy — the divine coincidence policy discussed
above.

To compute the welfare losses, we consider a second-order approximation of the un-
derlying non-linear model, defined by equations (NL.1) – (NL.22) in Appendix A, under
varying monetary policies. A second-order approximation of the model allows us to
compute the stochastic steady-state welfare level in the economy, Ws

m, or the steady-state
welfare level accounting for the risk of future shocks, for a given monetary policy speci-
fication, m. The deterministic steady-state welfare level, W, is constant across monetary
policy specifications. The deterministic steady-state welfare level is a function of the
steady-state levels of consumption, Cp, debt-financed expenditure, Cb, aggregate labor,
N, and the labor income allocation to the financial account, Ω:10

W = Wd (Cp, Cb, N, Ω
)

We define the expenditure- and labor-equivalent welfare losses for a given mone-
tary policy specification, λe

m and λn
m, respectively, similar to the consumption-equivalent

welfare measures in Mau (2022):

(4.1) Ws
m = Wd ((1− λe

m)Cp, (1− λe
m)Cb, N, Ω

)
= Wd (Cp, Cb, (1 + λn

m) N, Ω
)

These welfare loss measures quantify either how much each deterministic steady-state
expenditure level must fall or aggregate labor must rise such that the deterministic
steady-state welfare level equals the stochastic steady-state level. Comparing equiva-
lent welfare loss measures across various monetary policy specifications, for example,

10. Appendix A clearly defines the household welfare function which decomposes into:

Wt = Et

∞

∑
j=0

βj

{
ln Cp,t+j − ψ

(
(1−Ωt+j)Nt+j

)1+η

1 + η

}
+ Et

∞

∑
j=0

(βζ)j

{
Γ ln Cb,t+j − ψ

(
Ωt+jNt+j

)1+η

1 + η

}

allowing us to define the deterministic steady-state welfare level:

W =
1

1− β

[
ln Cp − ψ

((1−Ω)N)1+η

1 + η

]
+

1
1− βζ

[
Γ ln Cb − ψ

(ΩN)1+η

1 + η

]
= Wd (Cp, Cb, N, Ω

)
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Table 2: Welfare Results

Policy, m Equivalent Loss
λe

m λn
m

πt = ξt = 0 0% 0%
πt = ret = 0 0.086% 0.114%
πt = rt = 0 0.469% 0.615%
ξt = rt = 0 0.129% 0.170%

Notes: Expenditure- and labor-equivalent welfare costs as defined by equation (4.1) across varying mone-
tary policy specifications under the model calibration from Table 1. πt = ξt = 0 corresponds to inflation-
(πt = 0) and liquidity premium-targeting (ξt = 0) dual-instrument monetary policy (rt and ret time-
varying). πt = ret = 0 corresponds to single-instrument (ret = 0) inflation-targeting (πt = 0) interest rate
policy (rt time-varying). πt = rt = 0 corresponds to single-instrument (rt = 0) inflation-targeting (πt = 0)
balance sheet policy (ret time-varying). ξt = rt = 0 corresponds to single-instrument (rt = 0) liquidity
premium-targeting (ξt = 0) balance sheet policy (ret time-varying).

m ∈ {1, 2}, quantifies the relative performance of each specification:

λe
1 − λe

2 or λn
1 − λn

2

Given these definitions, λe
1 − λe

2 > 0 ⇐⇒ λn
1 − λn

2 > 0, providing a consistent welfare
performance ordering independent of the equivalent welfare loss measure considered.

Table 2 presents the quantitative welfare results under the calibration from Table 1.
Under this parameterization, the deterministic steady-state level of output is normalized
to one, resulting in a mean level of output of one. The shock sizes imply a standard
deviation of output of 4.1% with 99.4% of output variability generated by the natural rate
shock in the baseline model, FF+NK.11 That is, the financial shock has almost no effect
on output under the baseline calibration. Even so, welfare costs to inflation-targeting
interest rate policy with no balance sheet policy arise. Note, there are no welfare costs
to inflation- and liquidity premium-targeting dual-instrument policy as this results in
dynamics consistent with the friction-less RBC model — the efficient outcome.

In terms of a 50-week work-year across a 40 year career, the welfare cost to inflation-
targeting interest rate policy with a fixed balance sheet is equivalent to every worker
working two extra weeks over their career (0.00114 × 50 × 40 = 2.28). Another way

11. Mau et al. (2023) show that financial shocks in this economy lead to substantial substitution between
consumption and debt-financed expenditure. For this reason, the aggregate output response to financial
shocks is small, explaining why output variability is dominantly driven by natural rate shocks under the
baseline calibration.
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of conceptualizing this is to consider an economy with 200 million workers. This wel-
fare cost is equivalent to needing to permanently add 228,000 workers to the workforce
(0.00114 × 200, 000, 000 = 228, 000), abstracting from population growth. The welfare
cost to liquidity premium-targeting balance sheet policy with no interest rate policy is
equivalent to every individual working three extra weeks over their career (permanently
adding 340,000 workers). Inflation-targeting balance sheet policy with no interest rate
policy generates a welfare cost equivalent to every individual working approximately 12
extra weeks over their career (permanently adding 1,230,000 workers).

Nearly all of the welfare losses associated with inflation-targeting interest rate policy
with a fixed balance sheet are due to the presence of the financial shock in the economy,
even if it is small. If the importance of the financial shock in the economy rises, these
costs rise, whereas the performance of liquidity premium-targeting balance sheet policy
with a fixed policy rate is unaffected. With active balance sheet policy, the financial shock
requires no interest rate response. Thus, the welfare cost to liquidity premium-targeting
balance sheet policy with a fixed interest rate does not vary with the relative importance
of the financial shock in the economy, conditional on the size of the natural rate shock.

Figure 7 plots the welfare costs to these two policies (along with inflation-targeting
balance sheet policy with a fixed policy rate), varying the relative importance of the
financial shock in the economy while holding the standard deviation of output fixed.
That is, as the financial shock volatility varies, the natural rate shock volatility adjusts
to hold the standard deviation of output fixed. This results in a degree of variability
in the welfare costs to liquidity premium-targeting balance sheet with a fixed interest
rate, albeit modest, due to the changing natural rate shock variability. We plot the labor-
equivalent welfare cost in terms of additional weeks worked across every workers career
in the economy under the same career definition as above.

Even if 1% of output variability is attributable to the financial shock, the welfare cost
to inflation-targeting interest rate policy with a fixed balance sheet exceeds that from
liquidity premium-targeting balance sheet policy with a fixed policy rate. As the output
variability attributable to the financial shock rises to 5%, inflation-targeting interest rate
policy with no balance sheet policy performs worst among the policy specifications con-
sidered. Again, the notion of balance sheet policy with no interest rate policy is purely
theoretical. We are not advocating for this policy prescription. Instead, our results pro-
vide clear evidence that simply prioritizing inflation variability via interest rate policy
in a world with incomplete financial markets and exogenous variability stemming from
the financial sector, such as the model studied here, leads to significant welfare costs.
Significant enough, that extreme theoretical policy prescriptions start to look reasonable.
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Figure 7: Welfare Costs and Output Variance Decomposition
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Notes: Solid lines: inflation-targeting interest rate policy with no balance sheet policy; dashed-dotted
lines: inflation-targeting balance sheet policy with a fixed interest rate; dashed lines: liquidity premium-
targeting balance sheet policy with a fixed interest rate; dotted vertical line: baseline results presented in
Table 2. Computed labor-equivalent welfare costs, λn

m, follow equation (4.1) and are presented in terms of
additional work weeks required over every workers career (λn
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5 Conclusion

This paper studies interest rate and balance sheet policy in a tractable NK model with
incomplete financial markets. A leverage constraint in the financial sector constrains
private lending capacity in the economy. A household that simultaneously saves and
borrows attempts to equate its marginal utility from consumption and debt-financed
expenditure. Due to the incomplete financial markets, a time-varying wedge referred
to as the liquidity premium arises between these two marginal utilities. The liquidity
premium acts as an endogenous cost channel in the Phillips curve and an endogenous
credit wedge in the IS curve. The endogenous nature of the financial sector leverage
constraint causes the liquidity premium to vary with non-financial variables, acting as
a propagation mechanism for non-financial shocks in the economy. We show that the
model setup considered alters the labor supply response to monetary policy.

Inflation-targeting interest rate policy fails to generate the efficient labor supply re-
sponse counter to the textbook NK model. The divine coincidence fails due to a financial
accelerator mechanism present in the model. Inflation-targeting interest rate policy does
not simultaneously stabilize the financial accelerator. Introducing balance sheet policy
that stabilizes the credit spread path neutralizes the financial accelerator effect. That is,
dual-instrument policy restores the divine coincidence. Balance sheet policy can provide
a determinate equilibrium with a fixed policy rate. Welfare calculations show that sim-
ply prioritizing inflation variability via interest rate policy absent balance sheet policy in
the model considered leads to welfare costs.

Our results hinge on the binding leverage constraint in the financial sector, a point
addressed by Karadi and Nakov (2021). If this constraint is occasionally binding, then
economic states arise for which balance sheet policy is useless (both at and away from
the ELB). This criticism applies to any paper that relies on financial sector constraints to
generate incomplete financial markets and a role for central bank balance sheet policy
such as Gertler and Kiyotaki (2010), Gertler and Karadi (2011, 2013), Carlstrom et al.
(2017), Sims and Wu (2021), Boehl et al. (2022), or Mau (2022). However, alternative
financial sector setups generate incomplete financial markets and a role for balance sheet
policy absent any type of financial sector constraint. For instance, Cúrdia and Woodford
(2011, 2016) do so by introducing resource costs to lending and incomplete intermediary
information on loan types. This financial sector setup would not affect the structural
changes to the IS and Phillips curves due to incomplete financial markets as presented
in the current paper. That is, our main result — balance sheet policy should respond to
all types of shocks in the economy — is robust to the financial sector model considered.
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A Model and Equilibrium Definitions

The household setup in our model nests a problem with patient and impatient workers. The
patient worker maximizes lifetime utility over consumption, Cp,t, and labor, Np,t, choosing con-
sumption, hours worked, and deposit savings with the financial sector, St, and is the residual
claimant to all profits within the economy, Dt:

max
Cp,t,Np,t,St

Et

∞

∑
j=0

βj

ln Cp,t+j −
N1+η

p,t+j

1 + η


s.t. Cp,t+j = Wt+jNp,t+j + Rt+j−1Π−1

t+jSt+j−1 + Dt+j − St+j

where β is the patient worker’s discount factor and RtΠ−1
t is the real interest rate on savings.

The impatient worker maximizes lifetime utility over consumption, Cb,t, and labor, Nb,t, choosing
consumption, hours worked, and the outstanding debt stock, Bt:

max
Cb,t,Nb,t,Bt

Et

∞

∑
j=0

(βζ)j

ln Cb,t+j −
N1+η

b,t+j

1 + η


s.t. Cb,t+j = Wt+jNb,t+j + Qt+jBt+j −

(
1 + κQt+j

)
Π−1

t+jBt+j−1

where ζ is the degree of relative impatience of the impatient worker and Qt is the current price
of debt. κ ∈ [0, 1) defines the rate of decay of a geometric coupon payment paid each period for
each debt obligation. 1 + κQt is the cum coupon price of past debt issuance.

The individual worker lifetime utility objectives add together to define economy-wide lifetime
utility:

Et

∞

∑
j=0

βj

ln Cp,t+j −
N1+η

p,t+j

1 + η
− ζ j

N1+η
b,t+j

1 + η
+ ζ j ln Cb,t+j


Defining the impatient worker labor share, Ωt = Nb,t/(Nb,t+Np,t), allows this to be written as:

Et

∞

∑
j=0

βj

ln Cp,t+j − ψ
[
(1−Ωt+j)

1+η + ζ jΩ1+η
t+j

] N1+η
t+j

1 + η
+ ζ j ln Cb,t+j


and the budget constraints to be written as:

Cp,t+j = (1−Ωt+j)Wt+jNt+j + Rt+j−1Π−1
t+jSt+j−1 + Dt+j − St+j

Cb,t+j = Ωt+jWt+jNt+j + Qt+j

(
Bt+j − κΠ−1

t+jBt+j−1

)
−Π−1

t+jBt+j−1

Mau et al. (2022) show that maximizing economy-wide lifetime utility subject to the two budget
constraints choosing Ωt and Nt rather than Np,t and Nb,t is equivalent to the patient/impatient
worker setup. In our paper, we introduce a preference shifter Γ that is constant across time
on the utility flow from debt-financed expenditure. This allows for separate calibration of the
steady-state impatient household labor and consumption shares, or labor income allocation to
the financial account and debt-financed expenditure share in the language of the main text.
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A.1 Household Problem

Preferences:

Et

∞

∑
j=0

βj

ln Cp,t+j −Ψj
(
Ωt+j

) N1+η
t+j

1 + η
+ ζ jΓ ln Cb,t+j


where:

Ψj
(
Ωt+j

)
= ψ

[
(1−Ωt+j)

1+η + ζ jΩ1+η
t+j

]
Constraints:

Cp,t+j = (1−Ωt+j)Wt+jNt+j + Rt+j−1Π−1
t+jSt+j−1 + Dt+j − St+j

Cb,t+j = Ωt+jWt+jNt+j + Qt+j

(
Bt+j − κΠ−1

t+jBt+j−1

)
−Π−1

t+jBt+j−1

First-order conditions:

Cp,t+j : µp,t+j = βjC−1
p,t+j

Cb,t+j : µb,t+j = (ζβ)j ΓC−1
b,t+j

Nt+j : βjΨj
(
Ωt+j

)
Nη

t+j = Wt+j
[
(1−Ωt+j)µp,t+j + Ωt+jµb,t+j

]
Ωt+j : βjΨ′j(Ωt+j)N1+η

t+j = (1 + η)Wt+jNt+j
(
µb,t+j − µp,t+j

)
St+j : µp,t+j = µp,t+j+1Rt+jΠ−1

t+j+1

Bt+j : µb,t+jQt+j = µb,t+j+1
(
1 + κQt+j+1

)
Π−1

t+j+1

Rewritten at j = 0, taking expectations, and imposing a change of variables:

Ξt = Γ
Cp,t

Cb,t

Ψ0 (Ωt) Nη
t = WtC−1

p,t [1−Ωt + ΩtΞt]

Ψ′0(Ωt)N1+η
t = (1 + η)WtNtC−1

p,t (Ξt − 1)

C−1
p,t = βEtC−1

p,t+1RtΠ−1
t+1

C−1
p,t ΞtQt = ζβEtC−1

p,t+1Ξt+1 (1 + κQt+1)Π−1
t+1

Dividing the optimal labor income allocation condition by the labor supply condition implies:

Ξt =

(
Ωt

1−Ωt

)η

Substituting this from the labor supply condition implies:

Wt = ψ ((1−Ωt)Nt)
η Cp,t
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Household equilibrium conditions:

Ξt = Γ
Cp,t

Cb,t

ΛN
t−1,t = β

Cp,t−1

Cp,t
Π−1

t

Wt = ψ ((1−Ωt)Nt)
η Cp,t

Ξt =

(
Ωt

1−Ωt

)η

1 = EtΛN
t,t+1Rt

1 = ζEtΛN
t,t+1

Ξt+1

Ξt
RL

t+1

Cb,t = ΩtWtNt + QtBt −
RL

t
Πt

Qt−1Bt−1

RL
t =

1 + κQt

Qt−1

A.2 Financial and Production Sectors

The financial sector details are presented in Appendix B. The relevant equilibrium conditions
follow:

QtBFI
t = ΦtXs

1 = Φt

[
Θt −

(
EtΛN

t,t+1RL
t+1 − 1

)]
Central bank reserve issuance is backed by long-term debt holdings:

QtBcb
t = REt

The profit maximization problem of the current intermediary implies that the interest rate on
reserves and the deposit rate are equivalent. The central bank controls both the real size of its
balance sheet and the interest rate on reserves. Debt market clearing with a binding financial
sector risk-weighted leverage constraint implies:

QtBt = ΦtXs + REt

Define balance sheet policy in terms of the relative size of the balance sheet to output:

QEt =
REt

Yt

The production sector is standard to NK models with Calvo pricing. Labor demand follows:

Wt = MCt At
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For price-resetting firms, price-setting follows:

max
Pt(j)

Et

∞

∑
s=0

(
βφp

)s Cp,t

Cp,t+s

[
Pt(j)
Pt+s

−mct+s

] (
Pt(j)
Pt+s

)−εt+s

Yt+s

With the first-order condition:

0 = Et

∞

∑
s=0

(
βφp

)s C−1
p,t+s

[
(1− εt+s) P−1

t+s + εt+smct+sPt(j)−1
] (Pt(j)

Pt+s

)−εt+s

Yt+s

With a fixed elasticity of substitution, εt = ε for all t, the optimal reset price, Pt(j) = P#,t, follows:

P#,t =
ε

ε− 1

Et ∑∞
s=0
(

βφp
)s C−1

p,t+smct+sPε
t+sYt+s

Et ∑∞
s=0
(

βφp
)s C−1

p,t+sPε−1
t+s Yt+s

Written in terms of inflation, this simplifies to:

Π#,t =
ε

ε− 1
Πt

Gt

Ht

Gt = C−1
p,t mctYt + βφpEtΠε

t+1Gt+1

Ht = C−1
p,t Yt + βφpEtΠε−1

t+1 Ht+1

with aggregate output, price dispersion, and the aggregate inflation rate given by:

Yt =
AtNt

∆t

∆t = (1− φp)

(
Πt

Π#,t

)ε

+ φpΠε
t∆t−1

Π1−ε
t = (1− φp)Π1−ε

#,t + φp

For policy and analytical purposes, define a benchmark level of output, Y∗,t, by considering the
labor market equilibrium in the flexible price, φp = 0, and complete markets, Ξt ≡ 1, economy
assuming that a constant fraction of labor income equal to the steady state value in the incomplete
markets model, Ω, is paid to the financial account:

Y∗t =

[
1
ψ

1 + Γ
(1−Ω)η

ε− 1
ε

] 1
1+η

At

We define the output gap as the relative output percentage deviations from steady state in the
baseline and benchmark economies:

Gapt =
Yt

Y∗t

Y∗

Y
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A.3 Nonlinear Equilibrium System

Ξt = Γ
Cp,t

Cb,t
(NL.1)

MCt At = ψ ((1−Ωt)Nt)
η Cp,t (NL.2)

Ξt =

(
Ωt

1−Ωt

)η

(NL.3)

ΛN
t−1,t = β

Cp,t−1

Cp,t
Π−1

t (NL.4)

1 = EtΛN
t,t+1Rt (NL.5)

1 = ζEtΛN
t,t+1

Ξt+1

Ξt
RL

t+1 (NL.6)

Cb,t = ΩtMCt AtNt + QtBt −
RL

t
Πt

Qt−1Bt−1 (NL.7)

RL
t =

1 + κQt

Qt−1
(NL.8)

1 = Φt

[
Θt −

(
EtΛN

t,t+1RL
t+1 − 1

)]
(NL.9)

QtBt = ΦtXs + REt (NL.10)

Π#,t =
ε

ε− 1
Πt

Gt

Ht
(NL.11)

Gt = C−1
p,t MCtYt + βφpEtΠε

t+1Gt+1 (NL.12)

Ht = C−1
p,t Yt + βφpEtΠε−1

t+1 Ht+1 (NL.13)

Π1−ε
t = (1− φp)Π1−ε

#,t + φp (NL.14)

∆t = (1− φp)

(
Πt

Π#,t

)ε

+ φpΠε
t∆t−1 (NL.15)

Yt∆t = AtNt (NL.16)
Yt = Cp,t + Cb,t (NL.17)

QEt =
REt

Yt
(NL.18)

Y∗t =

[
1
ψ

1 + Γ
(1−Ω)η

ε− 1
ε

] 1
1+η

At (NL.19)

GAPt =
Yt

Y∗t

Y∗

Y
(NL.20)

ln At = (1− ρa) ln A + ρa ln At−1 + σaεa
t (NL.21)

ln Θt = (1− ρθ) ln Θ + ρθ ln Θt−1 + σθεθ
t (NL.22)

Endogenous Variables (20): Cp, Cb, N, Ω, ΛN , Y, RE, Ξ, MC, Π, Π#, G, H, ∆, Q, RL, B, Φ, Y∗,
Gap; Exogenous variables (2): A, Θ; Policy Variables (2): R, QE
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Steady state calculations: Given values for {β, η, φp, ε}, and the calibration targets: RL/R = 1.0150.25;
Π = 1; QE = 0.05; Y = 1; N = 1; (1− κ)−1 = 40; Cb/Y = 0.2; Φ = 4, and Cb = QB (1− κ/Π)
(debt-financed expenditure equals new issuance); solve the following:

R =
Π
β
← implies RL

Q =
1

RL − κ

ζ =
R
RL

B =
Cb

Q(1− κ/Π)

Π# =

(
Π1−ε − φp

1− φp

) 1
1−ε

∆ =
Πε

Πε
#

1− φp

1− φpΠε

A =
Y∆
N

MC =
ε− 1

ε

Π#

Π

(
1− βφpΠε

)(
1− βφpΠε−1

)
G =

MCY
Cp
(
1− βφpΠε

)
H =

Y

Cp

(
1− βφΠε−1

)
Ω =

Cb +
(

RL

Π
− 1
)

QB

MCN

Ξ =

(
Ω

1−Ω

)η

BFI = B− QE
Q

Y

ψ =
MC

((1−Ω) N)η Cp

Γ = Ξ
Cb

Cp

Y∗ =
[

1
ψ

1 + Γ
(1−Ω)η

ε− 1
ε

] 1
1+η

A

Θ = Φ−1 +
1− ζ

ζ

Xs =
QB− RE

Φ
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A.4 Log-linear Equilibrium System

Let ct = ln Ct − ln C. Note, for the interest and inflation rates, we make use of the approximation
ln Rt − ln R ≈ Rt − 1 − (R− 1) = Rt − R allowing us to interpret these variables as net rate
deviations from steady state.

ξt = cp,t − cb,t (L.1)

mct + at = ηnt + cp,t − η
Ω

1−Ω
ωt (L.2)

ξt =
η

1−Ω
ωt (L.3)

λN
t−1,t = cp,t−1 − cp,t − πt (L.4)

0 = Etλ
N
t,t+1 + rt (L.5)

0 = Etξt+1 − ξt + EtrL
t+1 − rt (L.6)

Cbcb,t = ΩMC∆ (ωt + mct + at + nt) +
QB
Y

(
qt + bt −

1
βζ

(
qt−1 + bt−1 + rL

t − πt

))
(L.7)

rL
t =

κβζ

Π
qt − qt−1 (L.8)

φt =
Φ
ζ

(
EtrL

t+1 − rt

)
−
(

1 + Φ
1− ζ

ζ

)
θt (L.9)

qt + bt =
(
1− RE

)
φt + REret (L.10)

π#,t = πt + gt − ht (L.11)
gt =

(
1− βφpΠε

) (
mct + yt − cp,t

)
+ βφpΠε (εEtπt+1 + Etgt+1) (L.12)

ht =
(

1− βφpΠε−1
) (

yt − cp,t
)
+ βφpΠε−1 ((ε− 1)Etπt+1 + Etht+1) (L.13)

πt = (1− φp)

(
Π
Π∗

)ε−1

π∗,t (L.14)

δt = επt − ε
(
1− φpΠε

)
π∗,t + φpΠεδt−1 (L.15)

yt + δt = at + nt (L.16)

yt =
(
1− Cb

)
cp,t + Cbcb,t (L.17)

qet = ret − yt (L.18)
y∗t = at (L.19)
gapt = yt − y∗t (L.20)
at = ρaat−1 + σaεa

t (L.21)

θt = ρθθt−1 + σθεθ
t (L.22)

where Cb is the steady state debt-financed expenditure share of aggregate expenditures and RE
is the steady state share of long-term debt held by the central bank.
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Consider the above log-linear approximation of the model around a zero net inflation steady-
state. The structural system consists of IS and Phillips curves, augmented by the interest rate
spread and liquidity premium where the liquidity premium is equal to the forward-looking path
of the interest rate spread:

πt = γgapt + βEtπt+1 +
γ

1 + η

(
Cb −Ω

)
ξt

gapt = Etgapt+1 −
((

1− Cb
)

rt + CbEtrL
t+1 −Etπt+1 − rn

t

)
rn

t = −(1− ρa)at

rL
t = κβζqt − qt−1

ξt = Etξt+1 + EtrL
t+1 − rt

where γ = (1−φp)(1−φp β)(1+η)/φp. The model also includes a robust financial block:

cb,t = gapt + at −
(
1− Cb

)
ξt

Cbcb,t = Ω
ε− 1

ε

((
1−Ω

η
+ Cb −Ω

)
ξt + (2 + η)gapt + at

)
+

QB
Y

(
qt + bt −

1
βζ

(
qt−1 + bt−1 + rL

t − πt

))
φt =

Φ
ζ

(
EtrL

t+1 − rt

)
−
(

1 + Φ
1− ζ

ζ

)
θt

qt + bt =
(
1− RE

)
φt + REret

Where exogenous shocks follow:

at = ρaat−1 + σaεa
t

θt = ρθθt−1 + σθεθ
t

Simplify further by writing the productivity shock, at, in terms of the natural rate.

πt = γgapt + βEtπt+1 +
γ

1 + η

(
Cb −Ω

)
ξt (LZ.1)

gapt = Etgapt+1 −
((

1− Cb
)

rt + CbEtrL
t+1 −Etπt+1 − rn

t

)
(LZ.2)

rL
t = κβζqt − qt−1 (LZ.3)

ξt = Etξt+1 + EtrL
t+1 − rt (LZ.4)

where γ = (1−φp)(1−φpβ)(1+η)/φp. The model also includes a robust financial block:

cb,t = gapt −
(
1− Cb

)
ξt −

1
1− ρn

rn
t (LZ.5)

Cbcb,t = Ω
ε− 1

ε

((
1−Ω

η
+ Cb −Ω

)
ξt + (2 + η)gapt −

1
1− ρn

rn
t

)
+

QB
Y

(
qt + bt −

1
βζ

(
qt−1 + bt−1 + rL

t − πt

))
(LZ.6)
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φt =
Φ
ζ

(
EtrL

t+1 − rt

)
−
(

1 + Φ
1− ζ

ζ

)
θt (LZ.7)

qt + bt =
(
1− RE

)
φt + REret (LZ.8)

Where exogenous shocks follow:

rn
t = ρnrn

t−1 + σnεn
t (LZ.9)

θt = ρθθt−1 + σθεθ
t (LZ.10)

Equations (LZ.1) – (LZ.8) correspond to equations (2.1) – (2.8) in the text. To derive equation
(2.9), start by writing the output gap in terms of output, yt:

gapt = yt − at = yt +
rn

t
1− ρn

and substitute this from the IS and Phillips curves:

πt = γ̃(1 + η)

(
yt +

rn
t

1− ρn

)
+ βEtπt+1 + γ̃

(
Cb −Ω

)
ξt

yt = Etyt+1 −
((

1− Cb
)

rt + CbEtrL
t+1 −Etπt+1

)
where γ̃ is the marginal cost semi-elasticity of inflation, γ = γ̃(1 + η). Iterating forward the IS
curve defines output in terms of the forward-paths of the ex ante real short- and long-term rates:

yt = −Et

∞

∑
j=0

{
(1− Cb)rt+j + CbrL

t+j+1 − πt+j+1

}
Rearrange the Phillips curve:

yt = −
rn

t
1− ρn

+
1
η

[
− rn

t
1− ρn

+
1
γ̃
(πt − βEtπt+1)− yt +

(
Ω− Cb

)
ξt

]
and substitute out the forward-looking definitions of output and the liquidity premium from the
right-hand side:

yt = −
rn

t
1− ρn

+
1
η

[
− rn

t
1− ρn

+
1
γ̃
(πt − βEtπt+1)

+Et

∞

∑
j=0

{
(1− Cb)rt+j + CbrL

t+j+1 − πt+j+1

}
+
(
Ω− Cb

)
Et

∞

∑
j=0

{
rL

t+j+1 − rt+j

}]

which simplifies to equation (2.9):

yt = −
rn

t
1− ρn

+
1
η

[
− rn

t
1− ρn

+
1
γ̃
(πt − βEtπt+1) + Et

∞

∑
j=0

{
(1−Ω)rt+j + ΩrL

t+j+1 − πt+j+1

}]
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B The Banking Model

The banking setup builds and extends on Sims and Wu (2021) and Gertler and Karadi (2013), in-
tegrating long-term debt and central bank reserve issuance into a banking model.1 Banks indexed
by j operate under perfect competition. Banks are financial intermediaries that originate bonds
for financing debt-financed expenditures to households and hold reserves with funding from
deposits and bank equity. Banks survive each period with probability σ and pay accumulated
equity to the household upon exit. Consider a bank balance sheet with nominal private debt,
QtB̃FI

jt , paying the interest rate RL
t+1 in the subsequent period and nominal reserves, R̃Ejt, paying

the interest rate Rre
t , backed by deposits, S̃jt, requiring interest payments, Rt, and accumulated

bank equity, X̃jt:2

QtB̃FI
jt + R̃Ejt = S̃jt + X̃jt

Implying bank equity accumulation follows:

X̃jt+1 = RL
t+1QtB̃FI

jt + RRE
jt R̃Ejt − RtS̃jt

=
(

RL
t+1 − Rt

)
QtB̃FI

jt + (Rre
t − Rt) R̃Ejt + RtX̃jt

with bank j’s value function:

Ṽjt = Et

∞

∑
i=1

(1− σ)σi−1ΛN
t,t+iX̃jt+i = (1− σ)EtΛN

t,t+1X̃jt+1 + σEtΛN
t,t+1Vjt+1

= (1− σ)EtΛN
t,t+1

[(
RL

t+1 − Rt

)
QtB̃FI

jt + (Rre
t − Rt) R̃Ejt + RtX̃jt

]
+ σEtΛN

t,t+1Ṽjt+1

In the event of bank default, banks can walk away with 100% of private debt holdings, QtB̃FI
t , with

probability Θt.3 To prevent this, depositors impose the following limited enforcement constraint
on banks to ensure bank continuation:

Expected value of default = ΘtQtB̃FI
jt ≤ Ṽjt = Continuation value

Banks maximize the expected sum of future profits subject to the limited enforcement constraint.
A Lagrangian, with κjt as the multiplier on the limited enforcement constraint, is given by:

Lt = (1 +κjt)(1− σ)EtΛN
t,t+1

[(
RL

t+1 − Rt

)
QtB̃FI

jt + (Rre
t − Rt) R̃Ejt + RtX̃jt

]
+ (1 +κjt)σEtΛN

t,t+1Ṽjt+1 −κjtΘt

(
QtB̃FI

jt

)
Implying the first-order conditions:

B̃jt : Θt
κjt

1 +κ1,jt
= EtΛN

t,t+1

[
1− σ + σ

∂Ṽjt+1

∂X̃jt+1

] (
RL

t+1 − Rt

)
R̃Ejt : 0 = EtΛN

t,t+1

[
1− σ + σ

∂Ṽjt+1

∂X̃jt+1

]
(Rre

t − Rt)

1. In contrast to Sims and Wu (2021), we do not consider the effect of reserve requirements on the banking problem.
2. Variables, Zt, with a tilde, Z̃t, reflect nominal quantities.
3. Reserves are fully recoverable in the case of bank default.
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From the optimality condition for reserves, it follows that the reserve and deposit rates are equal.
To solve for the envelope condition with respect to bank equity, ∂Ṽjt+1/∂X̃jt+1, start with expressing
the continuation value of bank j as:

Ṽjt = χb,jtQtB̃FI
jt + χre,jtR̃Ejt + χx,jtX̃jt

with:

χb,jt = (1− σ)EtΛN
t,t+1

(
RL

t+1 − Rt

)
+ σEtΛN

t,t+1

Qt+1B̃FI
jt+1

QtB̃FI
jt

χb,jt+1

χre,jt = (1− σ)EtΛN
t,t+1 (Rre

t − Rt) + σEtΛN
t,t+1

R̃Ejt+1

R̃Ejt
χre,jt+1

χx,jt = 1− σ + σEtΛN
t,t+1

X̃jt+1

X̃jt
χx,jt+1

Imposing the optimality conditions, χRE,jt ≡ 0, implies that the limited enforcement constraint
can be written as:

ΘtQtB̃FI
jt ≤

Ṽjt︷ ︸︸ ︷
χb,jtQtB̃FI

jt + χx,jtX̃jt

⇒ QtB̃FI
jt ≤

χx,jt

Θt − χb,jt
X̃jt = ΦjtX̃jt =

Ṽjt

Θt
(B.1)

Assuming that the modified leverage constraint binds on average, κjt > 0, and imposing that the
reserve and deposit rates are equal, the bank capital accumulation can be written as follows:4

Φjt =
QtB̃FI

jt

X̃jt
⇒

X̃jt+1

X̃jt
=
(

RL
t+1 − Rt

) QtB̃FI
jt

X̃jt
+ Rt =

(
RL

t+1 − Rt

)
Φjt + Rt (B.2)

Rewrite the bank’s continuation value, Ṽjt, in terms of bank equity using the relationship in
equation (B.1):

ΘtΦjtX̃jt = Et

∞

∑
i=1

(1− σ)σi−1ΛN
t,t+iX̃jt+i

= (1− σ)EtΛN
t,t+1X̃jt+1 + σEtΛN

t,t+1Θt+1Φjt+1X̃jt+1

which, with a binding leverage constraint and exploiting equation (B.2), can be written as:

= EtΛN
t,t+1

[
1− σ + σΘt+1Φjt+1

] [(
RL

t+1 − Rt

)
Φjt + Rjt

]
X̃jt

⇒ ΘtΦjt = EtΛN
t,t+1

[
1− σ + σΘt+1Φjt+1

] [(
RL

t+1 − Rt

)
Φjt + Rjt

]
4. The time-varying long- to short-term interest rate spread in the data suggests that the constraint binds on

average.
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Since no term on the right-hand side is bank-specific besides allowed modified leverage, the
modified leverage ratio is the same across all banks and follows:

Φjt = Φt =
EtΛN

t,t+1 [1− σ + σΘt+1Φt+1] Rt

Θt −EtΛN
t,t+1 [1− σ + σΘt+1Φt+1]

(
RL

t+1 − Rt
)

as in Gertler and Karadi (2011). With a binding leverage constraint, allowed modified leverage is
constant across all banks and independent of the level of bank equity. This implies the envelope
condition: ∂Ṽjt/∂X̃jt = ΘtΦt; with the first-order condition over bond holdings given by:

κjt

1 +κjt
Θt = EtΛN

t,t+1 [1− σ + σΘt+1Φt+1]
(

RL
t+1 − Rt

)
Furthermore, bank equity and asset holdings integrate across all banks:

QtB̃FI
t = ΦtX̃t

and the law of motion for survivor bank equity can be written as:

X̃t =
[(

RL
t − Rt−1

)
Φt−1 + Rt−1

]
X̃t−1

The law of motion for aggregate bank net worth includes the evolution of survivors’ net worth
and the net worth of new entrants. A fraction σ of bankers at t− 1 survive until t with net worth
evolution as described above. A fraction 1− σ of bankers at t− 1 exit with the market value of
end-of-life long-term assets (1− σ)κQtB̃FI

t−1. Assume that each period, the household transfers
(1− σ)−1PtXs to each new entrant to maintain the scale of the assets managed by the financial
sector. Aggregate real net worth evolves according to:

Xt = σΠ−1
t

[(
RL

t − Rt−1

)
Φt−1 + Rt−1

]
Xt−1 + Xs

with the real modified leverage constraint:

QtBFI
t = ΦtXt

Consider the relevant equations to the model equilibrium conditions under the deterministic exit
limit, σ = 0, imposing EtΛN

t,t+1Rt = 1 from the household problem:

1 +
κt

1 +κt
Θt = EtΛN

t,t+1RL
t+1

QtBFI
t ≤ ΦtXs

1 = Φt

[
Θt −

(
EtΛN

t,t+1RL
t+1 − 1

)]
The modified leverage ratio applies over the entire net worth and is endogenous, differing Sims
et al. (2021) who assume an exogenous leverage ratio. The net worth accumulation and long-term
rate definitions are identical to Sims et al. (2021). Modified leverage rises for a given value of the
financial shock as the long-term interest rate increases.
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C Properties of Endogenous Balance Sheet Policy

C.1 Dual Instrument Policy Ensures that the Divine Coincidence Holds

Proposition 1. Absent endogenous balance sheet policy, the divine coincidence fails due to liquidity
premium variability.

Let rπ
t be the policy rate that supports an inflation target. The IS and Phillips curves can be

written as:

0 = γgapt +
γ

1 + η

(
Cb −Ω

)
ξt

gapt = Etgapt+1 −
(
rπ

t − CbEt (ξt+1 − ξt)− rn
t
)

From the Phillips curve, it is clear that under inflation-targeting interest rate policy the output
gap co-varies with the liquidity premium. If the liquidity premium is not stabilized, the divine
coincidence does not hold. The IS curve implies:

Etξt+1 − ξt =
1 + η

ηCb + Ω
(rπ

t − rn
t )

allowing the long-term rate to be written in terms of the inflation-targeting policy rate and the
natural rate:

EtrL
t+1 =

(
1− 1 + η

ηCb + Ω

)
rπ

t +
1 + η

ηCb + Ω
rn

t

Consider the financial block in the economy, substituting the output gap from the problem and
instituting fixed balance sheet policy, ret ≡ 0:

cb,t = −
Cb −Ω +

(
1− Cb

)
(1 + η)

1 + η︸ ︷︷ ︸
A

ξt −
1

1− ρn
rn

t

Cbcb,t = Ω
ε− 1

ε


((

1−Ω
η

+ Cb −Ω
)
− (2 + η)

Cb −Ω
1 + η

)
︸ ︷︷ ︸

B

ξt −
1

1− ρn
rn

t



+
QB
Y

qt + bt −
1

βζ

qt−1 + bt−1 +

1− 1 + η

ηCb + Ω︸ ︷︷ ︸
C

 rπ
t−1 +

1 + η

ηCb + Ω︸ ︷︷ ︸
C

rn
t−1




qt + bt =
(
1− RE

)
Φ

ζ

1 + η

ηCb + Ω︸ ︷︷ ︸
C

(rπ
t − rn

t )−
(

1 + Φ
1− ζ

ζ

)
︸ ︷︷ ︸

D

θt


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Combining the equations above and collecting terms, this simplifies to:(
CbA−Ω

ε− 1
ε

B

)
ξt =

(
Cb −Ω

ε− 1
ε

)
1

1− ρn
rn

t +
QB
Y

((
1− RE

) Φ
ζ

C (rπ
t − rn

t )

)
−

QB
Y

1
βζ

((
1− RE

) Φ
ζ

C + (1−C)

)
rπ

t−1 +
QB
Y

1
βζ

((
1− RE

) Φ
ζ

C−C

)
rn

t−1

− QB
Y

D

(
θt −

1
βζ

θt−1

)
The liquidity premium varies with natural rate and financial shocks, deviations of the policy rate
from the natural rate, and lagged shocks and deviations.

Proposition 2. There exists endogenous balance sheet policy, re∗t , that stabilizes the output gap, inflation,
and the liquidity premium, the equivalent of the “divine coincidence” in this economy.

Corollary 2.1. The policy rate, rt, equals the natural rate when balance sheet policy supports liquidity
premium stabilization.

As shown above, output gap variability is proportional to liquidity premium variability when
the central bank targets inflation. If both are equal to zero in all periods, the Phillips curve holds
and the IS curve holds for the policy rate equal to the natural rate, rt = rn

t . Conjecture that there
exists a balance sheet specification, re∗t , for which this is true. The financial block in the economy
under the divine coincidence simplifies to:(

Ω
ε− 1

ε
− Cb

)
rn

t
1− ρn

=
QB
Y

(
(1− κ)qt + bt −

1
βζ

bt−1

)
qt + bt = −

(
1− RE

) (
1 + Φ

1− ζ

ζ

)
θt + REre∗t

With the liquidity premium fixed, the ex ante nominal long-term rate equals the natural rate.
Using the definition of the long-term rate in terms of the bond price allows us to define the
current bond price as a function of the natural rate:

EtrL
t+1 = κβζEtqt+1 − qt = rn

t ⇒ qt = −
rn

t
1− κβζρn

implying that the equilibrium debt level is given by:

bt =
rn

t
1− κβζρn

−
(
1− RE

) (
1 + Φ

1− ζ

ζ

)
θt + REre∗t

Modified leverage and the bond price are fully exogenous in this case. Thus, the equilibrium
debt level only depends on exogenous terms and the policy variable, re∗t . The equilibrium level of
debt-financed expenditure is also fully exogenous and only varies with natural rate shocks. The
financial account constraint defines the balance sheet policy that instills the divine coincidence:

re∗t =
1

βζ
re∗t−1 +

1− RE
RE

(
1 + Φ

1− ζ

ζ

)(
θt −

1
βζ

θt−1

)
− 1

RE

(
κ(1− ρn)

1− κβζρn
− Y

QB

(
Ω

ε− 1
ε
− Cb

))
rn

t
1− ρn

+
1

RE
1

βζ

rn
t−1

1− κβζρn
(DC)
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C.2 Balance Sheet Policy Supports Model Determinacy with a Policy Rate Peg

Proposition 3. Endogenous balance sheet policy can provide a determinate rational expectations equilib-
rium with a permanent policy rate peg.

Consider the log-linear model and suppose the monetary authority credibly targets the liquidity
premium, ξt ≡ 0 for all t, via reserve management, reξ

t , under a permanent policy rate peg, rt = 0,
implying:

πt = γgapt + βEtπt+1

gapt = Etgapt+1 + Etπt+1 + rn
t[

Cb

Ω
ε

ε− 1
− 1

](
gapt −

1
1− ρn

rn
t

)
= (1 + η)gapt +

1
Ω

ε

ε− 1
QB
Y

(
bt −

1
βζ

(bt−1 − πt)

)
bt = −

(
1− RE

) (
1 + Φ

1− ζ

ζ

)
θt + REreξ

t

Abstracting from shocks, the system can be written as: πt
gapt

reξ
t−1

 =

 1 0 0
0 1 0

χπ χgap 1

−1  γ + β γ 0
1 1 0
0 0 ζβ


︸ ︷︷ ︸

D

 πt+1
gapt+1

reξ
t



which is stable so long as the matrix D has two out of three eigenvalues inside the unit circle.
The characteristic equation for matrix D is given by:

(ζβ− e) [(β + γ− e)(1− e)− γ] = 0

The eigenvalues are:

0 <e1 = ζβ < 1

−1 <e2 =
1 + β + γ−

√
(1 + β + γ)2 − 4β

2
< 1

1 <e3 =
1 + β + γ +

√
(1 + β + γ)2 − 4β

2

Corollary 3.1. Inflation-targeting balance sheet policy, reπ
t , provides a determinate linear rational expec-

tations equilibrium with a permanent policy rate peg.

Consider the log-linear model and suppose the monetary authority credibly targets inflation,
πt ≡ 0 for all t, via reserve management, reπ

t , under a permanent policy rate peg, rt = 0:

0 = γgapt +
γ

1 + η

(
Cb −Ω

)
ξt

gapt = Etgapt+1 + CbEt∆ξt+1 + rn
t

rL
t = κβζqt − qt−1

ξt = Etξt+1 + EtrL
t+1
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cb,t = gapt −
(
1− Cb

)
ξt −

1
1− ρn

rn
t(

Cb −Ω
ε− 1

ε

)
cb,t = Ω

ε− 1
ε

((
1−Ω

η
+ 1−Ω

)
ξt + (1 + η)gapt

)
+

QB
Y

(
(1− κ)qt + bt −

1
βζ

bt−1

)
φt =

Φ
ζ

EtrL
t+1 −

(
1 + Φ

1− ζ

ζ

)
θt

qt + bt =
(
1− RE

)
φt + REreπ

t

The Phillips curve implies that the output gap is proportional to the liquidity premium:

gapt =
Ω− Cb

1 + η
ξt

Substituting the output gap from the IS curve defines a first-order difference equation for liquid-
ity premium dynamics:

ξt = Etξt+1 +
1 + η

Ω + ηCb
rn

t (C.1)

This implies from the liquidity premium definition that the expected future long-term rate is
proportional to the natural rate:

EtrL
t+1 =

1 + η

Ω + ηCb
rn

t

and, from the allowed modified leverage definition, allowed modified leverage is fully exogenous:

φt =
Φ
ζ

1 + η

Ω + ηCb
rn

t −
(

1 + Φ
1− ζ

ζ

)
θt

Rearranging the definition of the expected long-term rate defines the current bond price as a
linear function of the natural rate:

κζβEtqt+1 − qt =
1 + η

Ω + ηCb
rn

t ⇒ qt = κζβEtqt+1 −
1 + η

Ω + ηCb
rn

t = − 1
1− ζβκρn

1 + η

Ω + ηCb
rn

t

The equilibrium debt level is a linear function of the natural rate, financial shock, and balance
sheet policy:

bt =
(
1− RE

) [Φ
ζ

1 + η

Ω + ηCb
rn

t −
(

1 + Φ
1− ζ

ζ

)
θt

]
+ REreπ

t +
1

1− ζβκρn

1 + η

Ω + ηCb
rn

t

Given that the output gap is proportional to the liquidity premium, the two equations defining
debt-financed expenditure can be written as:

cb,t = −
[

1− Ω + ηCb

1 + η

]
ξt −

1
1− ρn

rn
t (C.2)(

Cb

Ω
ε

ε− 1
− 1

)
cb,t =

(
1−Ω

η
+ 1− Cb

)
ξt +

1
Ω

ε

ε− 1
QB
Y

(
(1− κ)qt + bt −

1
βζ

bt−1

)
(C.3)
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Equation (C.2) and (C.3) consolidate to define the current liquidity premium. We have shown
that current bond price is a linear function of the current natural rate and that the equilibrium
debt level is a linear function of the current natural rate, financial shock, and balance sheet policy.
Given this, the current liquidity premium is a linear function of current and lagged values of the
exogenous variables, {rn

t , θt}, and balance sheet policy, reπ
t :

ξt = ω1rn
t + ω2rn

t−1 + ω3θt + ω4θt−1 + ω5reπ
t −ω6reπ

t−1 (C.4)

Substituting equation (C.4) into equation (C.1) defines a first-order difference equation for bal-
ance sheet policy log-differences, ∆reπ

t = reπ
t − reπ

t−1, as a function of exogenous terms:

∆reπ
t =

ω5

ω6
Et∆reπ

t+1 +

[
ω2 −ω1(1− ρn) +

1 + η

Ω + ηCb

]
rn

t
ω6

+ [ω4 −ω3(1− ρθ)]
θt

ω6
−ω2

rn
t−1

ω6
−ω4

θt−1

ω6

This equation has a solution, and therefore completes the proof of model determinacy, if |ω5| <
|ω6|. From equations (C.2) and (C.3) along with the definitions of the bond price, qt, and debt
level, bt, in terms of the exogenous variables and the balance sheet policy:

ω5

ω6
= βζ < 1⇒ ω5 < ω6

ω5 and ω6 have the same sign implying that the solution is non-oscillatory. Note, the inflation-
targeting balance sheet policy under and interest rate peg is stationary in first-differences. This
implies that the balance sheet level is non-stationary under this policy. Following shock innova-
tions, the model converges to a new steady state over time.

Corollary 3.2. Balance sheet policy that targets the output gap, regap
t , with a permanent policy rate peg

results in model indeterminacy.

Consider the log-linear model and suppose the monetary authority credibly targets the output
gap, gapt ≡ 0 for all t, via reserve management, regap

t , under a permanent policy rate peg, rt = 0:

πt = βEtπt+1 +
γ

1 + η

(
Cb −Ω

)
ξt

0 = CbEt∆ξt+1 + Etπt+1 + rn
t

rL
t = κβζqt − qt−1

ξt = Etξt+1 + EtrL
t+1 − rt

cb,t = −
(
1− Cb

)
ξt −

1
1− ρn

rn
t

Cbcb,t = Ω
ε− 1

ε

((
1−Ω

η
+ Cb −Ω

)
ξt −

1
1− ρn

rn
t

)
+

QB
Y

(
qt + bt −

1
βζ

(
qt−1 + bt−1 + rL

t − πt

))
φt =

Φ
ζ

EtrL
t+1 −

(
1 + Φ

1− ζ

ζ

)
θt

qt + bt =
(
1− RE

)
φt + REregap

t

The IS curve defines a relationship between inflation expectations and forward looking changes
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in the liquidity premium:
Etπt+1 = −

(
CbEt∆ξt+1 + rn

t
)

Substituting inflation expectations from the Phillips curve defines the current inflation rate in
terms of the liquidity premium and the natural rate:

πt = −β
(
CbEt∆ξt+1 + rn

t
)
+

γ

1 + η

(
Cb −Ω

)
ξt

With output gap-targeting balance sheet policy under a permanent policy rate peg, the non-
financial block of the model defines the current inflation rate in terms of the liquidity premium
path and the natural rate. The financial block of the economy in this case is given by:

cb,t = −
1

1− ρn
rn

t −
(
1− Cb

)
ξt

Cbcb,t = Ω
ε− 1

ε

((
1−Ω

η
+ Cb −Ω

)
ξt −

1
1− ρn

rn
t

)
+

QB
Y

(
qt + bt −

1
βζ

(qt−1 + bt−1 − ∆ξt − πt)

)
qt + bt = −

(
1− RE

) (Φ
ζ

Et∆ξt+1 +

(
1 + Φ

1− ζ

ζ

)
θt

)
+ REregap

t

Given the relationship between inflation and the liquidity premium from the non-financial model
block, the financial block consolidates into a single equation relating the liquidity premium and
endogenous balance sheet balance sheet policy to exogenous variables. Given that both the
liquidity premium and balance sheet policy are unknown, this results in model indeterminacy.
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