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Abstract 
 
We examine wage competition in a model where identical workers choose the number of jobs 
to apply for and identical firms simultaneously post a wage. The Nash equilibrium of this 
game exhibits the following properties: (i) an equilibrium where workers apply for just one 
job exhibits unemployment and absence of wage dispersion; (ii) an equilibrium where 
workers apply for two or for more (but not for all) jobs always exhibits wage dispersion and, 
typically, unemployment; (iii) the equilibrium wage distribution with a higher vacancy-to-
unemployment ratio first-order stochastically dominates the wage distribution with a lower 
level of labor market tightness; (iv) the average wage is non-monotonic in the number of 
applications; (v) the equilibrium number of applications is non-monotonic in the vacancy-to-
unemployment ratio; (vi) a minimum wage increase can be welfare improving because it 
compresses the wage distribution and reduces the congestion effects caused by the socially 
excessive number of applications; and (vii) the only way to obtain efficiency is to impose a 
mandatory wage that eliminates wage dispersion altogether. 
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4 Lqwurgxfwlrq
Dw zzz1prqvwhu1frp/ xqhpsor|hg zrunhuv fdq/ dw wkh frvw ri d ihz prxvh folfnv/ revhuyh doo srvwhgydfdqflhv zlwklq d jlyhq uhjlrq iru d fhuwdlq rffxsdwlrq1 Prvw ri wkh srvwhg ydfdqflhv jlyh d ghwdlohgmre ghvfulswlrq exw vkrz qr zdjh lqirupdwlrq1 Dw wkh dfdghplf mre pdunhw/ fdqglgdwhv riwhq vhqgrxw pruh wkdq 83 dssolfdwlrqv vlpxowdqhrxvo| zlwkrxw nqrzlqj suhflvho| wkh zdjhv wkh| zloo ehsdlg1 Wkh irfxv ri wklv sdshu lv rq wkh ihdwxuhv dqg h!flhqf| surshuwlhv ri pdunhwv zlwk wkh deryhfkdudfwhulvwlfv1 Zh suhvhqw d prgho lq zklfk �upv vhw zdjhv/ dqg zrunhuv dsso| wr rqh ru pruhmrev vlpxowdqhrxvo|1 Wkh qxpehu ri dssolfdwlrqv d zrunhu vhqgv rxw zkhq orrnlqj iru d mre dqgwkh zdjhv wkdw wkh �upv vhw duh hqgrjhqrxvo| ghwhuplqhg lq htxloleulxp14 Zh duh lqwhuhvwhg lq wkhh{lvwhqfh dqg wkh surshuwlhv ri Qdvk htxloleuld lq wklv jdph1Lq rxu prgho/ wkh h{rjhqrxv yduldeohv duh= wkh uhodwlyh vl}h ri wkh oderu irufh/ zrunhu*v dssolfd0wlrq frvw dqg wkh qxpehu ri fdqglgdwhv wkdw d �up fdq frqvlghu1 Frqglwlrqdo rq wkrvh yduldeohv zhghulyh wkh qxpehu ri pdwfkhv/ wkh zdjh glvwulexwlrq dqg wkh xqhpsor|phqw udwh1 Wkh prgho kdv dqxpehu ri qryho ihdwxuhv1 Iluvw/ wkh duulydo udwh ri mre r�huv lv hqgrjhqrxv dqg vhqvlwlyh wr nh| oderupdunhw sdudphwhuv vxfk dv wkh ydfdqf|0wr0xqhpsor|phqw udwlr dqg wkh plqlpxp zdjh1 Vhfrqgo|/zh h{solflwo| prgho wkh h{whqw ri frqjhvwlrq h�hfwv fdxvhg e| wkh lqwhqvlw| ri mre vhdufk1 Wklv kdvlpsruwdqw lpsolfdwlrqv iru wkh ghvludelolw| ri plqlpxp zdjh lqfuhdvhv ru pdqgdwru| zdjhv wkdwholplqdwh zdjh glvshuvlrq dowrjhwkhu1 Xvxdoo|/ vhdufk lqwhqvlw| lv wuhdwhg dv d whfkqrorj| sdudphwhu+Slvvdulghv/ 5333,/ wkdw lqfuhdvhv wkh pdwfk suredelolw| iru d zrunhu1 Iru wkh djjuhjdwh qxpehu ripdwfkhv lw grhv qrw pdwwhu zkhwkhu wkh qxpehu ri zrunhuv ru wkh vhdufk lqwhqvlw| lv grxeohg1 Lq rxuprgho/ d kljkhu vhdufk lqwhqvlw| ohdgv wr pruh frruglqdwlrq sureohpv ehwzhhq �upv/ dv lq Doeuhfkwhw do1 +5337,/ dqg pd| wkxv ohdg wr ihzhu pdwfkhv> wklv pd| khos h{sodlq wkh �qglqj ri Nxkq dqgVnxwhuxg +5337, wkdw Lqwhuqhw vhdufk grhv qrw uhgxfh xqhpsor|phqw gxudwlrq1 Ixuwkhupruh/ vlqfhzrunhuv zkr uhfhlyh pxowlsoh r�huv slfn wkh mre zlwk wkh kljkhvw zdjh/ zdjh glvshuvlrq lqfuhdvhvwkh lqglylgxdo lqfhqwlyhv wr dsso|1 Lq wklv uhvshfw rxu prgho gl�huv iurp Vklphu +5337,1 Krzhyhu/zrunhuv gr qrw lqwhuqdol}h wkh frqjhvwlrq h�hfwv ri wkhlu dssolfdwlrqv dqg wkhuhiruh/ wkh htxloleulxplv qrw +frqvwudlqhg, h!flhqw1Zh vwxg| d pdunhw zlwk y � 4 ydfdqflhv dqg x � 5 xqhpsor|hg zrunhuv1 Zh frqvlghu uhfuxlw0phqw whfkqrorjlhv Up zkhuh d �up r�huv wkh mre wr d �uvw fdqglgdwh slfnhg dw udqgrp +li lw kdv

4Wkh prgho lv wkhuhiruh qrw vxemhfw wr wkh �sduwldo0sduwldo� fulwltxh ri Urwkvfklog +4<:6,1
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dq|, dqg li lw idlov wr kluh khu lw r�huv wkh mre wr wkh qh{w fdqglgdwh +li suhvhqw, dqg vr rq dqg vriruwk wloo lwv p� wk fdqglgdwh +li suhvhqw,1 Zh irfxv rq wkh wzr h{wuhph fdvhv ri wklv uhfuxlwphqwwhfkqrorj|1 Iluvw/ U�> wkh rqh h{soruhg lq Doeuhfkw hw do1 +5336,/ zkhuh �upv zlwk fdqglgdwhv slfnrqh zrunhu dw udqgrp/ r�hu wkh mre wr khu dqg wkh pdunhw forvhv1 Lq wkh rwkhu h{wuhph/ Ux> zkhuh�upv wkdw idlo wr kluh wkhlu �uvw fdqglgdwh fdq r�hu wkh mre wr wkhlu vhfrqg fdqglgdwh/ dqg vr rqwloo wkh yhu| odvw dssolfdqw wkh| kdyh1 Zrunhuv zkr uhfhlyh pxowlsoh r�huv wdnh wkh rqh zlwk wkhkljkhvw zdjh1Ghshqglqj rq wkh frvw lqyroyhg lq frpsohwlqj dq dssolfdwlrq dqg rq wkh plqlpxp zdjh/ wkhuhpd| eh htxloleuld zkhuh zrunhuv hlwkhu dsso| wr mxvw rqh mre ru dsso| wr vhyhudo mrev1 Zkhq zrunhuvdsso| wr mxvw rqh mre zh jhw wkh vwdqgdug Gldprqg +4<:4, uhvxow wkdw wkh zdjh glvwulexwlrq lvghjhqhudwh dw wkh plqlpxp zdjh1 Wklv iroorzv iurp wkh idfw wkdw d �up rqo| kdv dq lqfhqwlyh wrr�hu kljkhu zdjhv wkdq rwkhu �upv li wklv lqfuhdvhv wkh klulqj suredelolw|/ exw wklv fdqqrw kdsshqzkhq doo zrunhuv dsso| wr mxvw rqh mre1 Zh �qg wkdw wklv w|sh ri uhvxow fdq rqo| eh vxvwdlqhg zkhq/iru d jlyhq ohyho ri wkh plqlpxp zdjh/ dssolfdwlrq frvwv duh qhlwkhu wrr kljk/ zklfk suhyhqwv zrunhusduwlflsdwlrq/ qru wrr orz/ zklfk jlyhv d zrunhu lqfhqwlyhv wr ghyldwh e| dsso|lqj wr pxowlsoh mrevlq rughu wr lqfuhdvh khu klulqj suredelolw|1 Wklv frqwudvwv zlwk iru h{dpsoh Dfhprjox dqg Vklphu+5333,/ zkhuh d prqrsvrq| htxloleulxp h{lvwv dozd|v1Zkhq dssolfdwlrq frvw duh orz/ zrunhuv vhqg pxowlsoh dssolfdwlrqv dqg wkh htxloleulxp lv fkdu0dfwhul}hg e| zdjh glvshuvlrq1 Wkh qdwxuh ri wkh zdjh glvshuvlrq lv vlplodu wr Exughww dqg Mxgg+4<;6,/ Odqj +4<<4, dqg Dfhprjox dqg Vklphu +5333, zkhuh vrph zrunhuv revhuyh pruh wkdq rqhzdjh zkloh rwkhuv vdpsoh mxvw rqh1 Lq rxu prgho/ vrph zrunhuv uhfhlyh rqh r�hu dqg rwkhuv uhfhlyhwzr ru pruh1 Lq Exughww dqg Pruwhqvhq +4<<;,/ e| frqwudvw/ zdjh glvshuvlrq dulvhv ehfdxvh d �up*vzdjh r�hu pd| duulyh hlwkhu dw dq hpsor|hg zrunhu +zkr duh fkrrvlhu, ru dw dq xqhpsor|hg zrunhu/zkloh lq Doeuhfkw dqg D{hoo +4<;7, lw dulvhv ehfdxvh zrunhuv kdyh gl�huhqw uhvhuydwlrq zdjhv1Zh qrz eulh | glvfxvv wkh xqhpsor|phqw ihdwxuhv ri wkh oderu pdunhw htxloleuld1 Uhfuxlwphqwwhfkqrorjlhv rwkhu wkdq Ux qdwxudoo| ohdg wr xqhpsor|phqw vlpso| ehfdxvh zrunhuv fdqqrw frru0glqdwh zkhuh wkh| vhqg wkhlu dssolfdwlrqv1 Exw hyhq xqghu uhfuxlwphqw whfkqrorj| Ux> wkh prvwolnho| rxwfrph lv xqhpsor|phqw ehfdxvh wkh devhqfh ri lw uhtxluhv wkdw zrunhuv dsso| wr dv pdq|mrev dv wkhuh duh zrunhuv/ zklfk lv xqolnho| wr rffxu lq odujh pdunhwv zlwk frvwo| dssolfdwlrqv1Vrph ri wkh phfkdqlvpv wkdw duh dw zrun lq rxu prgho duh looxvwudwhg e| d vlpsoh 6 zrunhu06 �uphfrqrp|1 Lq wklv frqwh{w/ zh glvfxvv wkh gl�huhqfh ehwzhhq wkh uhfuxlwphqw whfkqrorjlhv U� dqg
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U�= Zh �qg wkdw wkh htxloleulxp fkdudfwhulvwlfv duh wr d odujh h{whqw lqyduldqw wr wkh uhfuxlwphqwwhfkqrorj|1 Wkh h{dpsoh dovr looxvwudwhv wkdw lqglylgxdo lqfhqwlyhv riwhq ohdg wr lqh!flhqw rxwfrphvdqg wkdw d plqlpxp zdjh fdq eh xvhg wr doljq wkh sulydwh dqg wkh vrfldo lqfhqwlyhv1 Lq wkh�qdo sduw ri wkh sdshu zh h{dplqh odujh oderu pdunhwv dqg zh irfxv rq U� ehfdxvh wkdw doorzvxv wr vroyh wkh prgho iru odujh x dqg y1 Wklv jhwv h{wuhpho| whglrxv xqghu rwkhu uhfuxlwphqwphfkdqlvpv dqg wkh lqvljkwv duh vlplodu dv vkrzq lq wkh 6{6 pdunhw1 Lq wklv frqwh{w/ zh �uvwh{soruh wkh uhodwlrqvkls ehwzhhq wkh htxloleulxp zdjh glvwulexwlrq dqg oderu pdunhw wljkwqhvv rqwkh rqh kdqg/ dqg wkh qxpehu ri dssolfdwlrqv rq wkh rwkhu kdqg1 Zh �qg wkdw/ iru d jlyhq qxpehuri dssolfdwlrqv/ wkh htxloleulxp zdjh glvwulexwlrq zlwk d kljkhu ydfdqf|0wr0xqhpsor|phqw udwlr�uvw0rughu vwrfkdvwlfdoo| grplqdwhv wkh zdjh glvwulexwlrq zlwk d orzhu oderu pdunhw wljkwqhvv1 E|frqwudvw/ d uhvxow lq whupv ri �uvw0rughu vwrfkdvwlf grplqdqfh fdqqrw eh hvwdeolvkhg zkhq frpsdulqj�up htxloleuld iru gl�huhqw qxpehuv ri dssolfdwlrqv1 Zh �qg wkdw wkh dyhudjh zdjh lv qrq0prqrwrqlf+�uvw lqfuhdvlqj dqg wkhq ghfuhdvlqj, lq wkh qxpehu ri dssolfdwlrqv1 Wklv lv gxh wr wzr idfwv wkdwd�hfw �up frpshwlwlyhqhvv lq rssrvlwh gluhfwlrqv= pruh dssolfdwlrqv lqfuhdvh wkh pd{lpxp qxpehuri r�huv d zrunhu fdq uhfhlyh exw uhgxfh wkh suredelolw| wkdw d sduwlfxodu dssolfdwlrq ohdgv wr dqr�hu1Vhfrqgo|/ zh h{soruh krz wkh htxloleulxp qxpehu ri dssolfdwlrqv uhodwhv wr oderu pdunhw wljkw0qhvv1 Zh �qg djdlq d qrq0prqrwrqlf uhodwlrqvkls1 Li wkh ydfdqf|0wr0xqhpsor|phqw udwlr lv lql0wldoo| vpdoo dqg lw lqfuhdvhv/ wkhq zrunhuv uhvsrqg e| vhqglqj pruh dssolfdwlrqv lq htxloleulxp1E| frqwudvw/ li wkh pdunhw wljkwqhvv sdudphwhu lv odujh wr vwduw zlwk/ dq lqfuhdvh lq wkh ydfdqf|0wr0xqhpsor|phqw udwlr ohdgv wr ihzhu dssolfdwlrqv1 Wkh lqwxlwlrq iru wklv uhvxow frphv iurp wkhlqfhqwlyhv zrunhuv kdyh wr vhqg rxw dssolfdwlrqv1 Rq wkh rqh kdqg/ pruh dssolfdwlrqv lqfuhdvh wkhfkdqfh wr jhw dw ohdvw rqh mre r�hu1 Rq wkh rwkhu kdqg/ pruh dssolfdwlrqv lqfuhdvh wkh h{shfwhgpd{lpxp zdjh r�hu1 Zkhq wkh ydfdqf|0wr0xqhpsor|phqw udwlr lv yhu| vpdoo/ wkh zdjh glvwulex0wlrq lv vnhzhg wrzdugv wkh plqlpxp zdjh1 Dv wkh y@x�udwlr jrhv xs/ zdjhv lqfuhdvh dqg zrunhuvpdujlqdo jdlqv wr dsso| ulvh1 Zkhq wkh ydfdqf|0wr0xqhpsor|phqw udwh lv odujh/ wkh zdjh glvwule0xwlrq lv frpsuhvvhg lq wkh qhljkerukrrg ri wkh frpshwlwlyh zdjh dqg wkhq wkh pdujlqdo jdlqv wrdsso| idoo dv wkh ydfdqf|0wr0xqhpsor|phqw udwh lqfuhdvhv ixuwkhu1Zh wkhq vwxg| wkh uhodwlrqvkls ehwzhhq wkh htxloleulxp qxpehu ri dssolfdwlrqv dqg wkh plql0pxp zdjh1 Djdlq/ wkh zd| wkh plqlpxp zdjh d�hfwv zrunhuv lqfhqwlyhv wr vhqg rxw dssolfdwlrqvklqjhv xsrq oderu pdunhw wljkwqhvv= zkhq wkhuh duh ihz +pdq|, �upv shu zrunhu/ dq lqfuhdvh lq wkh
7



plqlpxp zdjh ohdgv wr pruh +ohvv, dssolfdwlrqv1 Wkh lqwxlwlrq iru wklv uhvxow lv uhodwhg wr wkh idfwwkdw wkh zdjh glvwulexwlrq dqg wkh plqlpxp zdjh nhhs d prqrwrqlf uhodwlrqvkls vr/ iru h{dpsoh/zkhq wkh zdjh glvwulexwlrq lv douhdg| txlwh vnhzhg wrzdugv wkh frpshwlwlyh zdjh/ dq lqfuhdvh lqwkh plqlpxp zdjh uhgxfhv zrunhuv lqfhqwlyhv wr dsso|1 Wklv prwlydwhv wkh txhvwlrq zkhwkhu wkhplqlpxp zdjh fdq eh d xvhixo srolf| lqvwuxphqw wr hqkdqfh h!flhqf| lq rxu oderu pdunhw1Wr sxuvxh wklv olqh ri lqtxlu|/ zh wxuq wr h{dplqh zkhwkhu sulydwh lqfhqwlyhv ohdg wr djjuhjdwhh!flhqf|1 Zh �uvw revhuyh wkdw/ luuhvshfwlyh ri wkh ohyho ri wkh plqlpxp zdjh/ wkh qxpehu ridssolfdwlrqv zrunhuv vhqg lq htxloleulxp lv h{fhvvlyh iurp d vrfldo zhoiduh shuvshfwlyh1 Wkh lghdkhuh lv wkdw dq lqglylgxdo zrunhu grhv qrw lqwhuqdol}h wkh h�hfwv wkdw klv2khu dssolfdwlrqv fdxvhrq wkh rwkhu zrunhuv1 Wklv uhvxow frqwudvwv zlwk Dfhprjox dqg Vklphu +5333,/ zkhuh wkhuh lv wrrolwwoh vhdufk lq htxloleulxp ehfdxvh vrph zrunhuv iuhh0ulgh rq wkh vhdufk ri rwkhuv1 Wkh gl�huhqfhlq uhvxowv dulvhv gxh wr wkh dgglwlrqdo prwlyhv zrunhuv kdyh wr vhqg rxw dssolfdwlrqv lq rxu vhwwlqj=kljkhu vhdufk lqwhqvlw| lqfuhdvhv qrw rqo| wkh h{shfwhg zdjh exw dovr wkh klulqj suredelolw|1 Lw wkhqiroorzv wkdw dq lqfuhdvh lq wkh plqlpxp zdjh lv ghvludeoh li wkh ydfdqf|0wr0xqhpsor|phqw udwlr lvuhodwlyho| odujh ehfdxvh lq wkdw fdvh wkh htxloleulxp qxpehu ri dssolfdwlrqv lv uhgxfhg dqg zhoiduhulvhv1 Wklv phfkdqlvp lv qhz wr rxu nqrzohgjh1 Zkhq wkhuh lv douhdg| d orw ri frpshwlwlrq iruzrunhuv/ h{wud dssolfdwlrqv duh qrw ghvludeoh1 Lqwurgxflqj d plqlpxp zdjh uhgxfhv wkh qxpehu ridssolfdwlrqv e| frpsuhvvlqj wkh zdjh glvwulexwlrq dqg wklv fdq lqfuhdvh hpsor|phqw e| uhgxflqjfrruglqdwlrq iulfwlrqv1 E| frqwudvw/ li wkh qxpehu ri ydfdqflhv lv vpdoo uhodwlyh wr wkh qxpehuri zrunhuv/ wkhq d plqlpxp zdjh lqfuhdvh jlyhv zrunhuv lqfhqwlyhv wr vhqg pruh dssolfdwlrqv lqhtxloleulxp/ zklfk zruvhqv wkh vlwxdwlrq1 Zh vkrz wkdw +frqvwudlqhg, h!flhqf| fdq eh dfklhyhglq rxu vhwwlqj e| lpsrvlqj d sduwlfxodu pdqgdwru| zdjh wkdw holplqdwhv zdjh glvshuvlrq dowrjhwkhudqg frqvhtxhqwo| rqh ri wkh prwlyhv zrunhuv kdyh wr vhqg dssolfdwlrqv1Wkh odvw lvvxh zh h{dplqh lv krz rxu htxloleulxp lv d�hfwhg e| iuhh hqwu| ri ydfdqflhv1 Zh �uvwh{soruh wkh uhodwlrqvkls ehwzhhq �up*v lqfhqwlyhv wr hqwhu wkh hfrqrp| dqg wkh plqlpxp zdjh irud jlyhq qxpehu ri dssolfdwlrqv1 Qrw vxusulvlqjo|/ zh �qg wkdw hqwu| lqfhqwlyhv duh prqrwrqlfdoo|ghfuhdvlqj lq wkh plqlpxp zdjh1 Vhfrqgo|/ zh h{soruh krz �up hqwu| lv d�hfwhg e| wkh qxpehuri dssolfdwlrqv zrunhuv vhqg rxw1 Zh �qg wkdw �up*v lqfhqwlyhv wr hqwhu duh qrq0prqrwrqlf +�uvwghfuhdvlqj wkhq lqfuhdvlqj, lq wkh qxpehu ri dssolfdwlrqv1 Wklugo|/ zh �qg wkdw/ iurp wkh srlqwri ylhz ri vrfldo zhoiduh/ hqwu| lv h{fhvvlyh li wkh plqlpxp zdjh lv orz/ zkloh lw lv lqvx!flhqwli wkh plqlpxp zdjh lv odujh1 Ilqdoo|/ zh orrn dw krz wkh plqlpxp zdjh d�hfwv wkh iuhh0hqwu|
8



htxloleulxp zlwk dq hqgrjhqrxv qxpehu ri dssolfdwlrqv1 Vlqfh wkh htxloleulxp frqglwlrqv iru oderupdunhw wljkwqhvv dqg wkh qxpehu ri dssolfdwlrqv duh kljko| qrq0olqhdu/ wkh orqj0uxq lpsolfdwlrqri fkdqjhv lq wkh plqlpxp zdjh duh kljko| vhqvlwlyh wr wkh pdunhw*v lqlwldo frqglwlrqv1 Lq wkhorqj0uxq htxloleulxp/ dq lqfuhdvh lq wkh plqlpxp zdjh dozd|v ohdgv wr h{lw dqg/ li lqlwldoo| wkhuhduh vx!flhqwo| pdq| �upv lq wkh pdunhw/ wr pruh dssolfdwlrqv/ rwkhuzlvh wr ihzhu dssolfdwlrqv1Rxu dqdo|vlv lv ixuwkhu uhodwhg wr wkh frqvxphu vhdufk prghov ri Exughww dqg Mxgg +4<;6, dqgMdqvvhq dqg Prudjd0Jrq}äoh} +5337,1 Wkh ixqgdphqwdo gl�huhqfh ehwzhhq wkrvh prghov dqg rxuoderu pdunhw prgho lv wkdw khuh ydfdqflhv fdq rqo| eh rffxslhg e| d vlqjoh zrunhu zkhuhdv lq wkhjrrgv pdunhw/ udwlrqlqj lv xvxdoo| ohvv lpsruwdqw1 Zrunhuv dqwlflsdwh wkh oderu pdunhw iulfwlrqvwkdw dulvh iurp udwlrqlqj dqg vhqg dq h{fhvvlyh dprxqw ri dssolfdwlrqv/ zklfk lq wxuq pd| dpsoli|wkh h{whqw ri wkh iulfwlrqv1Wkh qdwxuh ri xqhpsor|phqw lq rxu prgho lv vlplodu wr wkh gluhfwhg vhdufk prghov ri Prqw0jrphu| +4<<4,/ Exughww/ Vkl/ Zuljkw +5334, dqg Doeuhfkw hw do1 +5336,1 Zkhq zrunhuv dsso| wr rqhmre rqo|/ vrph ydfdqflhv uhfhlyh pxowlsoh dssolfdwlrqv zkloh rwkhuv uhfhlyh qrqh1 Dffruglqjo|/ vrphzrunhuv uhfhlyh qr r�huv dqg uhpdlq xqhpsor|hg zkloh rwkhuv uhfhlyh pxowlsoh r�huv1 Doeuhfkw hw do1+5336, vkrz wkdw zkhq zrunhuv dsso| wr pxowlsoh mrev/ wklv frruglqdwlrq idloxuh grhv qrw glvdsshduexw ehfrphv ohvv lpsruwdqw1 Rxu zrun lv lpsruwdqw lq wklv vhqvh ehfdxvh zrunhuv gr qrw rqo| wdnhlqwr dffrxqw wkh pdjqlwxgh ri wkhvh iulfwlrqv exw dovr wkh zdjh wkh| h{shfw wr jhw zkhq wkh| ghflghxsrq wkh qxpehu ri dssolfdwlrqv wr vhqg rxw1 Dqrwkhu gl�huhqfh lv wkdw lq rxu prgho/ vhdufk lvudqgrp/ fdswxulqj wkh lghd wkdw wkhuh duh fkdudfwhulvwlfv derxw wkh mre wkdw wkh zrunhu rqo| �qgvrxw diwhu wkh �up kdv ehhq frqwdfwhg15 Wklv jhqhudwhv dwrpohvv zdjh glvwulexwlrqv lq htxloleulxpzkloh wkh| ghulyh wzr0srlqw glvwulexwlrqv1 Zkhwkhu vhdufk lv udqgrp ru gluhfwhg lv xowlpdwho| dqhpslulfdo txhvwlrq1 Krzhyhu fdvxdo hylghqfh vkrzv wkdw vrph mre dgyhuwlvhphqwv gr srvw d zdjhdqg/ dv lq wkh h{dpsoh deryh/ vrph grq*w1Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 glvfxvvhv wkh edvlf jdph1 Lq vhfwlrq 6 zh surylghvrph surshuwlhv ri wkh htxloleuld1 Lq vhfwlrq 7 zh ixoo| vroyh d 6{6 h{dpsoh iru erwk U� dqg U�1 Wklvvlpsoh h{dpsoh fdswxuhv wkh pdlq phfkdqlvpv wkdw duh dw zrun dqg vkrzv wkdw gl�huhqw uhfuxlwlqjwhfkqrorjlhv ohdg wr vlplodu lqvljkwv1 Vhfwlrq 8 glvfxvvhv d qxpehu ri jhqhudo uhvxowv iru odujh oderupdunhwv dqg vrph srolf| lpsolfdwlrqv1 Ilqdoo|/ vhfwlrq 9 frqfoxghv1
5Iru h{dpsoh/ hyhq wkrxjk dvvlvwdqw surihvvruv pd| kdyh vrph lghd derxw wkh vwduwlqj vdodulhv dw gl�huhqw xqlyhu0vlwlhv/ wkh dprxqw ri h�ruw wkh| kdyh wr sxw lq wkh mre ghshqgv rq wkh whdfklqj ordg/ w|shv ri frxuvhv wkdw pxvw ehwdxjkw/ pdqdjhphqw gxwlhv/ hwf1/ zklfk w|slfdoo| duh uhyhdohg diwhu wkh frqwdfw kdv wdnhq sodfh1

9



5 Wkh oderu pdunhw
Zh frqvlghu d vlqjoh shulrg oderu pdunhw prgho zlwk x � 5 ulvn qhxwudo xqhpsor|hg zrunhuv dqgy � 4 ulvn qhxwudo ydfdqflhv1 Ilupv/ lqgh{hg e| wkh vxevfulsw l> srvw zdjhv1 Zh dvvxph wkdw hdfk�up kdv h{dfwo| rqh ydfdqf|1 D vwudwhj| iru �up l lv d zdjh r�hu/ ghqrwhg Il+z,= Zdjhv pxvw ehsrvwhg deryh wkh plqlpxp zdjh/ ghqrwhg z> wklv hqdeohv xv wr vwxg| wkh h�hfwv ri plqlpxp zdjhsrolflhv16 Zkhq d zrunhu lv pdwfkhg zlwk d ydfdqf| wkh| surgxfh rqh xqlw ri rxwsxw1Zrunhuv/ lqgh{hg e| wkh vxevfulsw m/ zkr pdqdjh wr jhw d mre uhfhlyh d jurvv xwlolw| htxdo wrwkh zdjh z wkh| duh sdlg1 Wr eh deoh wr uhfhlyh zdjh r�huv/ zrunhuv pxvw vhqg dssolfdwlrqv wr wkhydfdqflhv dqg frpsohwh wkh uhfuxlwphqw surfhgxuhv1 D w|slfdo zrunhu nqrzv wkh orfdwlrq ri �upvexw vkh rqo| ohduqv derxw wkh zdjh ri d �up diwhu vkh kdv dssolhg wkhuh dqg khu dssolfdwlrq uhvxowvlq d zdjh r�hu1 Dsso|lqj wr d mre lv frvwo|1 Zh dvvxph wkdw lw frvwv d zrunhu n A 3 wr frpsohwh dqgvxeplw dq dssolfdwlrq1 Ohw d ghqrwh wkh qxpehu ri dssolfdwlrqv wkdw d zrunhu vhqgv wr gl�huhqwydfdqflhv1 D vwudwhj| iru d zrunhu m lv wkh qxpehu ri dssolfdwlrqv wr vhqg rxw= dm @ i4> 5> ===> yj=7Li d zrunhu uhfhlyhv wzr ru pruh zdjh r�huv/ vkh fkrrvhv wkh ydfdqf| wkdw r�huv wkh kljkhvw zdjh1Zrunhuv dqg �upv sod| d vlpxowdqhrxv pryh jdph1 D �up fkrrvhv d zdjh r�hu wdnlqj dv jlyhqwkh zdjh r�huv ri wkh uhvw ri wkh �upv dv zhoo dv wkh qxpehu ri dssolfdwlrqv vhqw e| wkh zrunhuv1 Dzrunhu ghflghv krz pdq| dssolfdwlrqv wr vhqg wdnlqj dv jlyhq wkh zdjhv r�huhg e| wkh �upv dv zhoodv wkh qxpehu ri dssolfdwlrqv vhqw e| wkh rwkhu zrunhuv1 Rqfh dssolfdwlrqv dqg zdjhv kdyh ehhqghflghg xsrq/ d �up rewdlqlqj pxowlsoh dssolfdwlrqv udqgrpo| slfnv d fdqglgdwh dqg r�huv wkh mrewr khu1 Li wkh fdqglgdwh kdv qr ehwwhu r�huv/ vkh dffhswv lw zkloh li vkh kdv ehwwhu r�hu+v, vkh uhmhfwvlw1 Zkhwkhu wkh �up fdq lq wkh odwwhu fdvh jr wr lwv qh{w fdqglgdwh+v, ghshqgv rq wkh ghjuhh ripdunhw iulfwlrqv1 Wr fdswxuh wklv lghd zh dvvxph wkh iroorzlqj phfkdqlvp iru wkh uhfuxlwphqw rizrunhuv=
Gh�qlwlrq 4 Ohw Up eh d uhfuxlwphqw whfkqrorj|1 Xqghu Up/ d �up wkdw idlov wr kluh lwv �uvw

6Dowhuqdwlyho|/ qrwklqj lv orvw zkhq z lv lqwhusuhwhg dv xqhpsor|phqw lqfrph1 Wkhq/ zdjhv pxvw eh txrwhg deryhz wr dwwudfw zrunhuv/ dqg fkdqjhv lq z hqdeoh xv wr h{dplqh wkh lpsolfdwlrqv ri xqhpsor|phqw ehqh�wv17Zh duh olplwlqj wkh zrunhuv* vwudwhj| vhw lq wkh vhqvh wkdw d zrunhu fdqqrw dgguhvv khu dssolfdwlrqv wr sduwlfxoduydfdqflhv1 Wkh lpsolfdwlrq ri wklv dvvxpswlrq lv wkdw li d zrunhu vhqgv d dssolfdwlrqv/ wkh suredelolw| wkdw d udqgrpo|vhohfwhg ydfdqf| jhwv dq dssolfdwlrq iurp wkh zrunhu lq txhvwlrq lv d@y= Vlqfh zh irfxv rq v|pphwulf htxloleuld zkhuhlghqwlfdo zrunhuv xvh wkh vdph vwudwhjlhv/ wklv lv qrw uhvwulfwlyh1 Htxloleuld zkhuh/ vd|/ zrunhu 4 dssolhv zlwk suredelolw|rqh wr �up D dqg zrunhu 5 zlwk suredelolw| 4 wr �up E hwf1 duh qrw vr lqwhuhvwlqj ehfdxvh wkh| uhtxluh d orw rifrruglqdwlrq/ zklfk lv gl!fxow wr dfklhyh/ lq sduwlfxodu zkhq wkh oderu pdunhw lv odujh1 Ixuwkhupruh/ zh dvvxph wkdwzrunhuv sod| sxuh vwudwhjlhv lq whupv ri wkh qxpehu ri dssolfdwlrqv wkh| vhqg rxw1
:



fdqglgdwh +li dq|, fdq pdnh dq r�hu wr lwv vhfrqg fdqglgdwh +li dq|,/ dqg vr rq wloo lwv p � wkfdqglgdwh +li dq|,/ p @ 4> 5> 6> ===> x1
Lq Doeuhfkw hw do1 +5336/ 5337, lw lv dvvxphg wkdw vfuhhqlqj d zrunhu wdnhv rqh shulrg1 Wklvuhfuxlwphqw whfkqrorj|/ odehoohg U�> fdswxuhv d vlwxdwlrq zkhuh iulfwlrqv duh txlwh odujh vr wkdw d�up wkdw idlov wr kluh lwv �uvw fdqglgdwh forvhv lwv ydfdqf|1 Wkh rwkhu h{wuhph fdvh lv d vlwxdwlrqzkhuh vfuhhqlqj lv frvwohvv vr wkdw d �up wkdw idlov wr kluh lwv �uvw fdqglgdwh fdq dozd|v jr edfnwr wkh qh{w fdqglgdwh+v,1 Zh odeho wklv vfuhhqlqj whfkqrorj|/ Ux ehfdxvh wkh pd{lpxp qxpehuri fdqglgdwhv d �up pd| kdyh lv x= Wkh klulqj surfhgxuh xqghu Ux vwrsv zkhq doo �upv zlwkdssolfdqwv kdyh kluhg d zrunhu wkdw glg qrw jhw kluhg e| vrph rwkhu �up1 Reylrxvo|/ lq pdunhwvzlwk uhodwlyho| kljk iulfwlrqv U� pdnhv pruh vhqvh wkdw Ux/ zkloh wkh rssrvlwh krogv wuxh lq pdunhwvzlwk qr iulfwlrqv1 Hyhq wkrxjk lq jhqhudo zh h{shfw lqwhuphgldwh whfkqrorjlhv U2> ===> Ux3� wr ehlq sodfh lq uhdo zruog pdunhwv/ zh irfxv rq wkh wzr h{wuhph fdvhv U� dqg Ux lq wkh uhpdlqghuri wkh sdshu1 Rqh ri wkh uhvxowv zh rewdlq lv wkdw wkhvh gl�huhqw uhfuxlwphqw whfkqrorjlhv ohdgwr vlplodu txdolwdwlyh uhvxowv/ vr rqh zrxog h{shfw wkh vdph hfrqrplf wudgh0r�v wr dsshdu iru wkhrwkhu vfuhhqlqj whfkqrorjlhv1Zh irfxv rq v|pphwulf Qdvk htxloleuld ri wkh jdph zh ghvfulehg deryh1 Dv|pphwulf htxloleuldzloo lq jhqhudo h{lvw exw duh qrw vr lqwhuhvwlqj lq odujh oderu pdunhwv ehfdxvh wkh| uhtxluh d orw rifrruglqdwlrq ri wkh djhqwv1

6 Htxloleuld
Rxu �uvw uhvxow fkdudfwhul}hv wkh qxpehu ri dssolfdwlrqv d wkdw fdq eh sduw ri dq htxloleulxp irugl�huhqw uhfuxlwphqw whfkqrorjlhv1
Ohppd 4 Xqghu Ux/ rqo| d � plqix> yj fdq eh sduw ri dq htxloleulxp/ zkloh xqghu Up doo d � yfdq eh sduw ri dq htxloleulxp/ p @ 4> 5> 6> ===> x� 41
Surri1 Frqvlghu Ux1 Dvvxph �uvw wkdw plqix> yj @ y= Vlqfh zrunhuv gr qrw vhqg pxowlsoh dssol0fdwlrqv wr wkh vdph �up lw wulyldoo| iroorzv wkdw d � y= Dvvxph qrz wkdw plqix> yj @ x= Zh qrzsuryh wkdw d A x fdqqrw eh sduw ri dq htxloleulxp1 Vxssrvh/ rq wkh frqwudu| wkdw d � x . 4= Lqwkdw fdvh doo wkh zrunhuv dv d froohfwlyh zrxog eh lq frqwdfw zlwk d qxpehu ri ydfdqflhv htxdo wrru juhdwhu wkdq x . 41 Wkhq/ lw lv uhdglo| vhhq wkdw �upv* zdjh vhwwlqj pxvw eh frpshwlwlyh/ l1h1/zl @ 4> l @ 4> 5> ===> y= Exw wkhq dq| zrunhu zrxog jdlq e| uhgxflqj wkh qxpehu ri dssolfdwlrqv wr x1
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Xqghu Up> p @ 4> 5> 6> ===> x�4> wklv dujxphqw idlov ehfdxvh lq wkdw fdvh/ hyhq li doo wkh zrunhuv duhlq frqwdfw zlwk d qxpehu ri ydfdqflhv htxdo wr ru juhdwhu wkdq x.4/ wkh suredelolw| d jlyhq zrunhujhwv d mre lv vwulfwo| ohvv wkdq 41 Dv d uhvxow/ dq| qxpehu ri dssolfdwlrqv d � y fdq srwhqwldoo| ehsduw ri dq htxloleulxp1 �
Rxu qh{w uhvxow vwdwhv vrph jhqhudo ihdwxuhv ri zdjh htxloleuld1

Sursrvlwlrq 4 Iru dq| x> y dqg Up> +l, li dq htxloleulxp h{lvwv zkhuh zrunhuv vhqg mxvw rqh ds0solfdwlrq/ wkh htxloleulxp zdjh glvwulexwlrq pxvw eh ghjhqhudwh dw wkh plqlpxp zdjh z> +ll, li dqhtxloleulxp h{lvwv zkhuh y A d � 5 wkhq wkhuh pxvw eh zdjh glvshuvlrq dqg wkh zdjh glvwulexwlrqpxvw eh dwrpohvv> +lll, iru dq| x dqg y> li dq htxloleulxp h{lvwv zkhuh d @ y @ plqix> yj> wkh htxl0oleulxp zdjh glvwulexwlrq pxvw eh ghjhqhudwh dw wkh plqlpxp zdjh z xqghu uhfuxlwphqw whfkqrorj|Ux dqg dwrpohvv xqghu U�> U2> ===> Ux3�=
Wkh surri/ zklfk lv lq wkh dsshqgl{/ jrhv dorqj wkh iroorzlqj olqhv1 +l, Zkhq d @ 4> wkhsuredelolw| wkdw d jlyhq zrunhu dovr jhwv dq r�hu iurp d frpshwlqj �up lv 3/ khqfh qr �up kdv dqlqfhqwlyh wr r�hu z A z= Vr zkhq d @ 4 wkh htxloleulxp zdjh glvwulexwlrq pxvw eh ghjhqhudwh dwz @ z= +ll, Zkhqplqix> yj A d � 5/ zh fdq suryh wkh vwdwhphqw deryh e| frqwudglfwlrq1 Wkh surrilv vlplodu wr Exughww dqg Mxgg +4<;6, dqg Odqj +4<<4,1 Dvvxph wkdw doo �upv srvw vrph zdjh zlq ^z> 4, lq htxloleulxp1 Iluvw/ zh vkrz wkdw wkhuh lv dozd|v d srvlwlyh suredelolw| wkdw d ydfdqf|uhpdlqv xqpdwfkhg1 Vhfrqg/ zh hvwdeolvk wkh frqwudglfwlrq1 Htxloleulxp sur�wv duh= �l @ �+4�z,>zkhuh � lv wkh suredelolw| wr �oo d ydfdqf|1 Zh vkrz wkdw d �up/ vd| l> fdq gr ehwwhu e| ghyldwlqjdqg r�hu d kljkhu zdjh/ vd| z.%1 Wkh �up lq txhvwlrq zloo wkhq dozd|v vxffhhg lq klulqj d zrunhu/surylghg wkdw lw rewdlqv dw ohdvw dq dssolfdwlrq1 Wklv rffxuv zlwk d suredelolw| juhdwhu wkdq �= E|ghyldwlqj/ wkh �up wkhuhiruh pdnhv sur�wv zklfk duh vwulfwo| kljkhu wkdq �l iru vx!flhqwo| vpdoo% A 3= Wklv dujxphqw uxohv rxw doo zdjhv lq ^z> 4,= Lw uhpdlqv wr eh suryhg wkdw d zdjh glvwulexwlrqghjhqhudwhg dw z @ 4 fdqqrw eh dq htxloleulxp hlwkhu zkhq plqix> yj A d � 51 Qrwh wkdw lq wklvfdvh �upv zrxog pdnh }hur sur�wv lq htxloleulxp1 Li d �up ghyldwhv dqg r�huv d orzhu zdjh/ vd|z> wklv �up zrxog rewdlq d sur�w �Gl @ �G+4 � z,/ zkhuh �G lv wkh suredelolw| wkdw wkh ghyldqwlv pdwfkhg zlwk d zrunhu1 Wr uxoh rxw wklv fdvh zh vkrz wkdw �G A 31 Zh �qdoo| uxoh rxw pdvvsrlqwv zlwk vlplodu dujxphqwv1 +lll, Xqghu UX / li d @ y � x/ hdfk �up jhwv x dssolfdwlrqv dqgkluhv d zrunhu zlwk suredelolw| 4 dqg qr �up kdv dq lqfhqwlyh wr r�hu d zdjh deryh wkh plqlpxp
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zdjh1 Xqghu U�> ===> Ux3�/ wkhuh lv dozd|v frpshwlwlrq iru zrunhuv dqg wkhuhiruh wkh dujxphqwv lq+ll, dovr krog khuh1Sursrvlwlrq 4 kljkoljkwv wkh lq xhqfh ri pxowlsoh dssolfdwlrqv e| zrunhuv rq zdjh vhwwlqj dqgylfh yhuvd1 Zrunhuv duh pruh olnho| wr vhqg pxowlsoh dssolfdwlrqv lq htxloleulxp zkhq wkhuh lvzdjh glvshuvlrq1 Pruhryhu/ zdjh vhwwlqj fdq rqo| eh glvshuvhg li d �up idfhv d srvlwlyh suredelolw|wkdw dq dssolfdqw lv kluhg e| vrph rwkhu �up/ zklfk qhfhvvdulo| uhtxluhv wkdw wkh dssolfdqw vhqgvpxowlsoh dssolfdwlrqv1 Wkhuhiruh/ zdjh glvshuvlrq dqg pxowlsoh dssolfdwlrqv duh skhqrphqd wkdw duhw|slfdoo| revhuyhg wrjhwkhu1 Lw lv zruwk wr uhpdun wkdw dq htxloleulxp zkhuh zdjhv duh frpshwlwlyhgrhv qrw h{lvw lq wklv pdunhw1Rxu qh{w uhvxow glvfxvvhv jhqhudo xqhpsor|phqw ihdwxuhv ri htxloleuld1 Li wkh qxpehu ri ydfdqflhvlv vpdoohu wkdq wkh qxpehu ri xqhpsor|hg zrunhuv wkhq xqhpsor|phqw dulvhv wulyldoo|1 Pruhlqwhuhvwlqjo|=
Sursrvlwlrq 5 Ohw y � x= Li dq htxloleulxp h{lvwv zkhuh d ? x> wkhq xqhpsor|phqw dulvhv zlwkvwulfwo| srvlwlyh suredelolw|/ luuhvshfwlyh ri wkh uhfuxlwphqw whfkqrorj|1 Li dq htxloleulxp h{lvwv zkhuhd @ x> xqghu Ux wkhuh lv devhqfh ri xqhpsor|phqw/ zkloh xqghu U�> ===> Ux3�/ xqhpsor|phqw grhvdulvh zlwk srvlwlyh suredelolw|1
Surri1 Qrwh wkdw li d @ x ? y> zrunhuv dozd|v jhw pdwfkhg zlwk d ydfdqf| xqghu Ux1 Krzhyhu lid ? x ? y> wkh suredelolw| wkdw doo xqhpsor|hg zrunhuv rqo| dsso| wr d �upv lv vwulfwo| srvlwlyh1Lq wkdw fdvh d pd{lpxp ri d ? y zrunhuv jhw pdwfkhg zlwk ydfdqflhv dqg wkh uhpdlqlqj x � dzrunhuv idlo wr �qg d mre1 Iru wkh U�> ===Ux3� fdvh wkhuh lv dozd|v d srvlwlyh suredelolw| wkdw d �uporrvhv doo lwv fdqglgdwhv wr ulydo �upv18 �

Sursrvlwlrq 5 kljkoljkwv wkdw xqhpsor|phqw lv d qdwxudo skhqrphqrq lq rxu mre pdunhw prgho/hyhq li wkh qxpehu ri ydfdqflhv lv juhdwhu wkdq wkh qxpehu ri zrunhuv1 Wklv lv gxh wr wkh idfwwkdw zrunhuv fdqqrw frruglqdwh zkhuh wr vhqg wkhlu dssolfdwlrqv/ zklfk lpsolhv wkdw vrph ydfdqflhvuhfhlyh pxowlsoh dssolfdwlrqv iurp gl�huhqw zrunhuv/ zkloh rwkhuv jhw d vlqjoh dssolfdwlrq ru qrdssolfdwlrqv dw doo1 Vlqfh �upv fdq rqo| kluh d vlqjoh zrunhu/ xqhpsor|phqw dulvhv zlwk srvlwlyhsuredelolw|1
8Frqvlghu iru h{dpsoh wkh fdvh zkhuh zrunhuv �> 2> � dsso| wr �up D> E> F 1 Wkhuh lv d srvlwlyh suredelolw| wkdwdoo �upv frqvlghu zrunhuv � dqg � lq zklfk fdvh/ 2 uhpdlqv xqpdwfkhg dqg rqh ri wkh ydfdqflhv idlov wr kluh d zrunhu1Wklv dujxphqw fdq eh pdgh zlwk dq| qxpehu ri zrunhuv dqg mrev1 Xqghu Ux3�> wkhuh lv dozd|v d srvlwlyh suredelolw|wkdw qrqh ri wkh y ydfdqflhv frqvlghuv zrunhu l=
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Dqrwkhu dvshfw ri wklv uhvxow lv wkdw ixoo hpsor|phqw lv dozd|v dvvrfldwhg zlwk zdjh glvshuvlrq+h{fhsw iru wkh vshfldo fdvh lq zklfk wkh qxpehu ri ydfdqflhv lv htxdo wr wkh qxpehu ri zrunhuvorrnlqj iru d mre dqg hpsor|huv dsso| vfuhhqlqj whfkqrorj| Ux/ vhh Sursrvlwlrq 4,1 Wklv uhvxowlooxvwudwhv wkdw lw lv w|slfdoo| wkh fdvh wkdw ixoo hpsor|phqw fdq rqo| eh dfklhyhg dw wkh frvw rizdjh lqhtxdolw| ehfdxvh wklv lqfuhdvhv wkh vhdufk lqwhqvlw|1Zh qrz pryh wr wkh h{lvwhqfh dqg fkdudfwhul}dwlrq ri htxloleuld1 Wkh qh{w uhvxow fkdudfwhul}hvh{lvwhqfh ri d ghjhqhudwh zdjh htxloleulxp zkhuh zrunhuv dsso| iru d vlqjoh ydfdqf|1 Iru wklvsxusrvh zh gh�qh wkh iroorzlqj ixqfwlrq wkdw jlyhv wkh h{shfwhg sd|r�v ri sduwlflsdwlqj lq wkhoderu pdunhw iru d @ 41 Lw lv vlpso| htxdo wr wkh �xuq0edoo� suredelolw| ri jhwwlqj d mre r�hu wlphvwkh plqlpxp zdjh= ��+z>x> y, @ �yx z= +4,
zkhuh � @ 4��4� 4y�x = +5,
Sursrvlwlrq 6 Ohw ��+z>x> y, � n � k4� �4� }g�2lz���+z>x> y,/ zkhuh 4� ��3+�3 �y ,x3�E�3 2y ��yExn��� }g � 3= Wkhq wkhuh h{lvwv d xqltxh v|pphwulf htxloleulxp lq sxuh vwudwhjlhv zkhuh doo �upv srvwwkh plqlpxp zdjh z dqg zrunhuv dsso| wr rqo| rqh ri wkh ydfdqflhv1 Lq htxloleulxp/ d zrunhu lvxqhpsor|hg zlwk suredelolw| 4� ��+z>x> y,@z/ d ydfdqf| uhpdlqv xq�oohg zlwk suredelolw| �4� �y�xdqg d �up*v h{shfwhg sur�w lv �l @ �4� �4� �y�x� +4�z,= Wklv krogv luuhvshfwlyh ri wkh vfuhhqlqjwhfkqrorj|1

Lq wkh surri/ zklfk lv lq wkh dsshqgl{/ zh vkrz wkdw lw pxvw eh wkh fdvh wkdw n lv vx!flhqwo|orz iru zrunhuv wr sduwlflsdwh lq wkh oderu pdunhw/ dqg vx!flhqwo| kljk wr hqvxuh wkdw d zrunhugrhv qrw �qg lw ehqh�fldo wr ghyldwh e| dsso|lqj wr 5/ 6 ru pruh ydfdqflhv1Zh qrz wxuq wr wkh h{lvwhqfh ri zdjh0glvshuvhg htxloleuld zlwk pxowlsoh dssolfdwlrqv1 Zh �uvwqrwh wkdw/ jlyhq d zrunhu vwudwhj| d � 5/ wkh qxpehu ri dssolfdwlrqv d �up uhfhlyhv lv jlyhqe| d elqrpldo glvwulexwlrq/ elq+x> d@y,= Vlqfh lq rxu prgho hyhu| �up kdv rqo| rqh ydfdqf|/ rxuzdjh vhwwlqj jdph kdv wkh ihdwxuhv ri d Ehuwudqg sulflqj jdph zlwk fdsdflw| frqvwudlqhg �upv1Iroorzlqj Gdvjxswd dqg Pdvnlq +4<;9,/ lw lv hdv| wr vhh wkdw rxu jdph kdv d �up htxloleulxp lqpl{hg vwudwhjlhv iru jlyhq d1 Wklv lv ehfdxvh +l, d �up*v vwudwhj| vsdfh lv wkh forvhg uhdo lqwhuydo^z> 4`> +ll, d �up*v sd|r� ixqfwlrq lv frqwlqxrxv lq z h{fhsw lq wkh hyhqw wkdw wkh zdjh wkh �up r�huv
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wr d zrunhu frlqflghv zlwk wkh zdjh ri vrph rwkhu �up zklfk frqvlghuv wkh yhu| vdph fdqglgdwh dqgwklv zdjh kdsshqv wr eh wkh ehvw r�hu wkh zrunhu uhfhlyhv +vr wkh vhw ri sd|r� glvfrqwlqxlwlhv kdvphdvxuh }hur,/ dqg +lll, wkh vxp ri doo �upv* sd|r�v lv d frqwlqxrxv ixqfwlrq lq d �up*v vwudwhj|ehfdxvh d �up rqo| vwhdov d zrunhu iurp dqrwkhu �up zkhq erwk �upv jhw wkh vdph sur�w shuzrunhu1 Wkhruhp 8 lq Gdvjxswd dqg Pdvnlq +4<;9, suryhv wkdw dq htxloleulxp lq pl{hg vwudwhjlhvh{lvwv1Lq wkh qh{w vhfwlrq zh wkhuhiruh irfxv rq surylglqj d 6{6 h{dpsoh wkdw kljkoljkwv doo wkh nh|phfkdqlvpv wkdw duh dw zrun lq rxu prgho1 Wklv Vhfwlrq looxvwudwhv wkdw wkh uhfuxlwphqw whfkqrorj|lv qrw vr lpsruwdqw iru wkh txdolwdwlyh qdwxuh ri wkh uhvxowv1 Lq Vhfwlrq 8 zh ohw wkh oderu pdunhwjhw odujh lq wkh xvxdo zd|/ l1h1/ x> y $ 4/ zlwk yx @ � dqg ixoo| dqdo|}h d pdunhw zkhuh Up @ U�=
7 D pdunhw zlwk 6 ydfdqflhv dqg 6 zrunhuv
Wklv vhfwlrq vhuyhv vhyhudo sxusrvhv1 Iluvw/ lw looxvwudwhv wkh surshuwlhv ri Qdvk htxloleuld lq dvlpsoh hqylurqphqw1 Lq sduwlfxodu zh irfxv rq wkh qdwxuh ri zdjh glvshuvlrq dqg xqhpsor|phqwdv zhoo dv rq wkh odfn ri h!flhqf| ri pdunhw htxloleulxp1 Vhfrqg/ lw vkrzv wkdw gl�huhqw uhfuxlwlqjwhfkqrorjlhv ohdg wr txdolwdwlyho| vlplodu uhvxowv> wklv lv ehfdxvh wkh hfrqrplf wudgh0r�v �upv dqgzrunhuv idfh duh frpprq wr erwk whfkqrorjlhv1 Ilqdoo|/ zh vhh wkdw wkhvh wudgh0r�v duh ri gl�huhqwpdjqlwxgh xqghu U� wkdq xqghu U� dqg zh �qg wkdw wkhuh lv pruh frpshwlwlrq iru zrunhuv xqghuU�/ zklfk uhvxowv lq kljkhu zdjhv dqg kljkhu xqhpsor|phqw wkdq xqghu U�1
714 Wkh U� uhfuxlwphqw whfkqrorj|
Frqvlghu d pdunhw zkhuh x @ 6 dqg y @ 6 dqg Up @ U�= Iurp Ohppd 4 lw iroorzv wkdw zh pxvwh{dplqh htxloleuld zlwk zrunhuv dsso|lqj iru 4/ 5 dqg 6 mrev1 Sursrvlwlrq 6 |lhogv wkh htxloleulxpfkdudfwhul}dwlrq zkhq zrunhuv dsso| wr mxvw rqh mre1 Iurp +4, lw iroorzv wkdw ��+z> 6> 6, @ 4<z@5:dqg lw lv vwudljkwiruzdug wr vkrz wkdw d zrunhu zkr ghyldwhv e| vhqglqj rxw 5 dssolfdwlrqv kdv dfkdqfh ri 4:@4; wr jhw d mre r�hu= Wkhq=
Fodlp 4 Ohw x> y @ 6 dqg dvvxph ��+z> 6> 6, � n � �.�Hz � ��+z> 6> 6,= Wkhuh h{lvwv d xqltxhv|pphwulf htxloleulxp lq sxuh vwudwhjlhv zkhuh doo �upv srvw wkh plqlpxp zdjh z dqg zrunhuvdsso| wr rqo| rqh ri wkh ydfdqflhv1 Lq htxloleulxp/ d zrunhu lv hpsor|hg zlwk suredelolw| 4<@5:/ dydfdqf| uhpdlqv xq�oohg zlwk suredelolw| ;@5: dqg wkh h{shfwhg sur�w iru d �up lv �l @ �b2.+4�z,=
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Dvvxph qrz wkdw zrunhuv vhqg pxowlsoh dssolfdwlrqv/ lq sduwlfxodu d @ 5= Wkhq e| Sursrvlwlrq5 wkhuh grhv qrw h{lvw d �up htxloleulxp lq sxuh vwudwhjlhv1 Zh qrz suhvhqw wkh zdjh0glvshuvhghtxloleulxp wkdw dulvhv lq wklv vhwwlqj1 Iru wklv sxusrvh ohw xv gh�qh �qGy dv wkh h{shfwhg ydoxh riwkh q0wk kljkhvw zdjh lq d udqgrp gudz ri vl}h y iurp d zdjh glvwulexwlrq I +z,= Pruhryhu ohw
!2�+z, @ 46;4��G� . 4<�2G� � 4495��G� +6,
!2�+z, @ 46;4��G� . 5;4�2G� � :;4�2G�=

Fodlp 5 Ohw x> y @ 6 dqg dqg !2�+z, � n � !2�+z,= Wkhq/ xqghu U� d xqltxh v|pphwulf htxl0oleulxp ri wkh jdph ghvfulehg deryh h{lvwv zkhuh ydfdqflhv r�hu zdjhv iurp wkh vhw ^z> 2�znD2S `dffruglqj wr wkh fxpxodwlyh zdjh glvwulexwlrq
I +z, @ 76 � 46

v49� 96+z �z,+4�z, +7,
dqg zrunhuv vhqg rxw 5 dssolfdwlrqv1 Lq htxloleulxp zrunhuv jhw d mre zlwk suredelolw| :6@;4 dqghdfk �up uhfhlyhv dq h{shfwhg sd|r� ri �l @ 2�2.+4�z,=
Surri1 Wkh sd|r� wr d �up r�hulqj d zdjh z zkhq wkh ulydov r�hu d udqgrp gudz iurp I +z, lv

�l+z>I +z,, @ ks�G�I 2+z, . 5s2G�I +z, ^4� I +z,` . s�G� ^4� I +z,`2l +4�z, +8,
zkhuh s�G�> s2G� dqg s�G� duh wkh suredelolwlhv wkdw d �up r�hulqj wkh kljkhvw/ vhfrqg kljkhvw dqgorzhvw zdjh lq wkh pdunhw kluhv d zrunhu/ uhvshfwlyho|1 Lq Dsshqgl{ E4 zh vkrz wkdw s�G� @ 59@5:>s2G� @ 58@5: dqg s�G� @ 54@5:1 Vxevwlwxwlrq ri wkhp lq +8, |lhogv=

�l+z>I +z,, @ ��4<I 2+z, . ;5:I +z, . 545:� +4�z,
Wkh orzhu erxqg ri wkh vxssruw ri wkh zdjh glvwulexwlrq I +z, pxvw eh z1 Vhwwlqj z @ z |lhogvhtxloleulxp sur�wv= �l+z, @ 2�2. +4�z, = Ohw z ghqrwh wkh xsshu erxqg ri wkh zdjh glvwulexwlrq1Lq d pl{hg vwudwhj| htxloleulxp/ d �up pxvw eh lqgl�huhqw ehwzhhq r�hulqj dq| zdjh lq z 5 +z>z,dqg r�hulqj wkh plqlpxp zdjh z= Wkxv/ I +z, pxvw vroyh �l+z>I +z,, @ �l+z,> zklfk |lhogv +7,1Vhwwlqj I +z, @ 4 dqg vroylqj iru z |lhogv wkh xsshu erxqg ri wkh vxssruw ri wkh zdjh glvwulexwlrq1Iljxuh 4 uhsuhvhqwv wkh fxpxodwlyh zdjh glvwulexwlrq dqg wkh iuhtxhqf| ri zdjhv1 Lw lv lqwhuhvwlqjwr revhuyh wkdw kljk zdjhv duh pruh iuhtxhqw wkdq orz zdjhv/ wkh uhdvrq ehlqj wkdw zkhq zrunhuvvhqg wzr dssolfdwlrqv/ �upv pxvw frpshwh lqwhqvlyho| wr kluh d zrunhu1
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+d, Zdjh glvwulexwlrq +e, Zdjh ghqvlw|
Iljxuh 4= Htxloleulxp zdjh glvwulexwlrq dqg zdjh ghqvlw| +d @ 5/ z@315,

Iru wkh zdjh glvwulexwlrq +7, wr eh dq htxloleulxp/ zh pxvw dovr hvwdeolvk wkdw zrunhuv kdyh qrlqfhqwlyhv wr ghyldwh1 Vlqfh d zrunhu fdq eh kluhg hlwkhu iru wkh kljkhvw/ wkh phglxp/ ru iru wkhplqlpxp zdjh/ wkh h{shfwhg sd|r� iru d zrunhu zkhq d @ 5 lv jlyhq e|=
Xh+d @ 5, @ ��G�t�G� . �2G�t2G� . ��G�t�G� � 5n

Wkh suredelolwlhv ri ehlqj kluhg dw gl�huhqw zdjhv t�G�> t2G�dqg t�G� duh ghulyhg lq dsshqgl{ E51Htxloleulxp h{shfwhg jdlqv wr d zrunhu zkr vhqgv 5 dssolfdwlrqv fdq wkhq eh uhzulwwhq dv=9
Xh+d @ 5, @ 59;4��G� . 58;4�2G� . 55;4��G� � 5n=

Lq htxloleulxp/ d zrunhu pxvw rewdlq qrq0qhjdwlyh h{shfwhg xwlolw|/ zklfk |lhogv wkh iroorzlqjsdudphwulf uhvwulfwlrq= n � 46;4��G� . 58495�2G� . 44;4��G�Ohw !2f+z, ghqrwh wkh UKV ri wklv lqhtxdolw|1Lq dgglwlrq/ iru I +z, wr eh dq htxloleulxp lw pxvw eh wkh fdvh wkdw zrunhuv qhlwkhu zdqw wr vhqgd vlqjoh dssolfdwlrq qru 6 dssolfdwlrqv1 Frqvlghu �uvw wkh fdvh ri d ghyldqw zrunhu zkr vhqgv rxw 6
9Zh qrwh wkdw wklv h{shfwhg xwlolw| fdq eh fdofxodwhg xvlqj wkh zdjh glvwulexwlrq +7,1 Iru wklv/qrwh wkdw �qGdo ' ] "

3" do-Eq3��-Edo3q�-zI Ez�q3� E�3 I Ez��do3q iEz�gz/ ��G� ' � U zI 2Ez�iEz�gz / �2G� 'U Sz E�3 I Ez��I Ez�iEz�gz dqg ��G� ' U �zE� 3 I Ez��2iEz�gz1 Wkhuhiruh/ wkh h{shfwhg xwlolw| iru d zrunhuzkr vhqgv rxw 5 dssolfdwlrqv lv=
XhEd ' 2� ' ] z

z
�2bI Ez�3 22.I 2Ez� n 222.�ziEz�gz 3 2n=
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dssolfdwlrqv udwkhu wkdq 51 Wklv zrunhu vhfxuhv d mre exw lqfxuv kljkhu dssolfdwlrq frvwv1 Ohw t�G��eh wkh suredelolw| wkdw wkh ghyldqw jhwv dq r�hu zlwk wkh kljkhvw zdjh> olnhzlvh/ ohw t2G�� dqg t�G��eh wkh suredelolw| wkdw vkh jhwv wkh vhfrqg kljkhvw zdjh dqg wkh orzhvw zdjh zkhq ghyldwlqj wr 6dssolfdwlrqv/ uhvshfwlyho|1 Lq dsshqgl{ E6 zh ghulyh wkdw t�G�� @ 46@5:/ t2G�� @ 4@6 dqg t�G�� @ 8@5:1Wkhq/ wkh h{shfwhg xwlolw| iru wkh ghyldqw lv jlyhq e|
Xhg +dg @ 6, @ 465:��G� . 46�2G� . 85:��G� � 6n

Ghyldwlqj wr d @ 6 lv qrw sur�wdeoh li
Xh+d @ 5, � Xhg +dg @ 6,/ ru= +9,n � �465: � 59;4���G� .�46 � 58;4��2G� .� 85: � 55;4���G�n � 46;4��G� . 5;4�2G� � :;4��G� @ !2�+z,

Ilqdoo|/ zh kdyh wr hvwdeolvk zkhq lw lv qrw sur�wdeoh wr ghyldwh wr d @ 4= Frqvlghu d zrunhu zkrghyldwhv dqg vhqgv rxw mxvw rqh dssolfdwlrq1 Dv ehiruh/ ohw t�G�� eh wkh suredelolw| wkdw wklv ghyldqwjhwv wkh pd{lpxp zdjh/ t2G�� eh wkh suredelolw| vkh jhwv wkh vhfrqg kljkhvw zdjh/ dqg t�G�� eh wkhsuredelolw| wr jhw wkh orzhvw zdjh1 Zh ghulyh lq dsshqgl{ E16 wkdw t�G�� @ 46@;4/ t2G�� @ 49@;4 dqgt�G� @ 48@871 Wkh h{shfwhg xwlolw| iru d ghyldqw lq wklv fdvh lv jlyhq e|=
Xhg +dg @ 4, @ 46;4��G� . 49;4�2G� . 4887��G� � n

Ghyldwlqj wr d @ 4 lv qrw sur�wdeoh li=
Xh+d @ 5, � Xhg +d @ 4, ru= +:,n � �59;4 � 46;4���G� .�58;4 � 49;4��2G� .�55;4 � 4887���G�n � 46;4��G� . 4<�2G� � 4495��G� @ !2�+z,

Qrwh wkdw !2�+z, � !2f+z,> wkhuhiruh li frqglwlrq +:, krogv/ zrunhuv rewdlq qrq0qhjdwlyh xwlolw|1Wkh surri lv qrz frpsohwh1 �
Zh �qdoo| frqvlghu wkh fdvh zkhuh hdfk zrunhu vhqgv 6 dssolfdwlrqv1 Wkh iroorzlqj uhvxowfkdudfwhul}hv htxloleulxp lq wklv fdvh1 Ohw +z, @ z@6=

Fodlp 6 Ohw x> y @ 6 dqg n � +z,= Wkhq xqghu U� d xqltxh v|pphwulf htxloleulxp h{lvwv zkhuh
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doo ydfdqflhv r�hu wkh plqlpxp zdjh z dqg zrunhuv vhqg rxw wkuhh dssolfdwlrqv1 Lq htxloleulxpzrunhuv jhw d mre iru vxuh dqg �upv uhfhlyh dq h{shfwhg sd|r� ri �l @ +4�z,1
Surri1 Zkhq zrunhuv dsso| wr doo 6 mrev/ �upv jhw d zrunhu iru vxuh dqg kdyh qr lqfhqwlyh wrsd| d zdjh deryh wkh plqlpxp zdjh1 Wkh h{shfwhg sd|r� iru d zrunhu lv Xh+d @ 6, @ z � 6n=Lq htxloleulxp/ d zrunhu pxvw rewdlq qrq0qhjdwlyh h{shfwhg xwlolw|1 Wklv |lhogv wkh sdudphwulfuhvwulfwlrq n � ��z @ +z,=Zh qrz fkhfn wkh frqglwlrqv xqghu zklfk zrunhuv gr qrw ghyldwh1 Frqvlghu d zrunhu zkrghyldwhv e| vhqglqj rxw 5 dssolfdwlrqv1 Wkh suredelolw| wkdw wklv zrunhu jhwv qr mre lv �� = Wklvrffxuv zkhq ydfdqflhv wr zklfk wkh ghyldqw dssolhv iru jhw rffxslhg e| rwkhu zrunhuv1 Khqfh/ wkhh{shfwhg sd|r� iru wkh ghyldqw lv Xhg +dg @ 5, @ 2�z � 5n= Ghyldwlqj wr d @ 5 lv qrw sur�wdeoh liXh+d @ 6, � Xhg +dg @ 5, ru z � 6n � 2�z � 5n/ zklfk lv dozd|v vdwlv�hg zkhq wkh qrq0qhjdwlyhh{shfwhg xwlolw| frqglwlrq krogv1 Ghyldwlqj wr d @ 4 lv reylrxvo| d ohvv sur�wdeoh ghyldwlrq zkhqn � z@61 Wklv frpsohwhv wkh surri1 �

Ryhuylhz ri htxloleuld iru wkh fdvh ri 6 ydfdqflhv dqg 6 zrunhuv xqghu U�1Dv vkrzq deryh/ lq d pdunhw zlwk 6 ydfdqflhv dqg 6 zrunhuv htxloleuld h{lvw zkhuh zrunhuvdsso| wr hlwkhu rqh/ wzr ru wkuhh ydfdqflhv1 Zkhq zrunhuv dsso| wr wzr ydfdqflhv/ wkh htxloleulxph{klelwv zdjh glvshuvlrq zkloh zkhq zrunhuv dsso| wr hlwkhu rqh ru wkuhh mrev/ doo �upv srvw wkhplqlpxp zdjh zlwk suredelolw| rqh lq htxloleulxp1 Zkhq zrunhuv dsso| iru rqh ru wzr mrev/ wkhuhlv xqhpsor|phqw zkloh hdfk zrunhu jhwv d mre iru vxuh zkhq wkh| dsso| iru wkuhh mrev1Ilup sur�wv duh lqfuhdvlqj lq wkh qxpehu ri dssolfdwlrqv lq wklv 6{6 h{dpsoh1 Dq lqfuhdvh lqzrunhuv vhdufk lqwhqvlw| kdv wzr h�hfwv1 Rq wkh rqh kdqg/ lw lqfuhdvhv frpshwlwlrq ehwzhhq �upv/zklfk whqgv wr uhgxfh �upv* sur�wv1 Rq wkh rwkhu kdqg/ �upv lqfuhdvh wkh suredelolw| wr �oo wkhluydfdqflhv1 Wkh vhfrqg h�hfw lv ri juhdwhu pdjqlwxgh lq wklv h{dpsoh dqg wkxv �upv* sur�wv duhlqfuhdvlqj lq wkh qxpehu ri dssolfdwlrqv vhqw e| wkh zrunhuv lq htxloleulxp1 Lq wkh qh{w vhfwlrq zhvkrz wkdw wklv grhv qrw krog lq d pruh jhqhudo vhwwlqj1Wkh gl�huhqw htxloleuld h{lvw iru glvwlqfw sdudphwhu frqvwhoodwlrqv1 Lq Iljxuh 5+d, zh kdyhsorwwhg/ lq wkh +n>z, vsdfh/ wkh ixqfwlrqv �+�,> !2�+�,> !2�+�, dqg +�, wkdw dsshdu lq wkh Sursrvlwlrqvderyh1 Wkhvh ixqfwlrqv gh�qh wkh sdudphwhu duhdv iru zklfk wkh gl�huhqw htxloleuld h{lvw1 Wkhvkdghg uhjlrqv odehoohg _d @ 4%> _d @ 5% dqg _d @ 6% lqglfdwh wkh glvwlqfw htxloleuld1 Wkh Iljxuhuhyhdov wkdw iru kljk frvwv ri dssolfdwlrq/ vd| nK > rqo| wkh htxloleulxp zkhuh zrunhuv dsso| wr mxvw
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rqh mre h{lvwv dqg wklv uhtxluhv wkh plqlpxp zdjh wr eh txlwh kljk1 Iru lqwhuphgldwh dssolfdwlrqfrvwv/ vd| nP > li wkh plqlpxp zdjh lv kljk dq htxloleulxp zlwk d @ 5 ru d @ 6 h{lvwv zkloh li wkhplqlpxp zdjh lv prghudwh wkhq d vlqjoh dssolfdwlrq htxloleulxp h{lvwv1 Ilqdoo|/ iru orz dssolfdwlrqfrvwv/ olnh nO> zrunhuv w|slfdoo| dsso| wr wkuhh mrev lq htxloleulxp1

+d, Htxloleuld +e, Zhoiduh
Iljxuh 5= Htxloleuld dqg Zhoiduh lq d 6{6 prgho xqghu U�1

Wkhuh duh wzr dvshfwv uhodwhg wr Iljxuh 5+d, zruwk wr glvfxvv1 Wkh �uvw uhihuv wr wkh h�hfwvri dq lqfuhdvh lq wkh plqlpxp zdjh rq xqhpsor|phqw1: Wkh judsk uhyhdov wkdw xqhpsor|phqwlv zhdno| ghfuhdvlqj lq z1 Iru kljk dssolfdwlrq frvwv/ dq lqfuhdvh lq wkh plqlpxp zdjh kdv qrlpsdfw rq xqhpsor|phqw1 E| frqwudvw/ zkhq dssolfdwlrq frvwv duh prghudwh ru orz/ xqhpsor|phqwghfuhdvhv lq z1 Wkh uhdvrq iru wklv uhvxow lv wkdw d kljkhu plqlpxp zdjh pdnhv dsso|lqj iru pruhmrev d pruh dwwudfwlyh vwudwhj| dqg wkxv d zrunhu*v suredelolw| ri ehlqj hpsor|hg lqfuhdvhv1 Wklvfrxog h{sodlq vrph ri wkh frqwuryhuvlhv ri wkh kxjh hpslulfdo olwhudwxuh rq plqlpxp zdjhv/ vhhh1j1 Eurzq +4<<<, iru dq ryhuylhz1 Wkh vhfrqg dvshfw shuwdlqv wr wkh h�hfwv ri dssolfdwlrq frvwvrq xqhpsor|phqw1 Wkh Iljxuh uhyhdov wkdw/ iru d �{hg plqlpxp zdjh/ xqhpsor|phqw lv w|slfdoo|zhdno| lqfuhdvlqj lq n1 Zkdw kdsshqv lv wkdw iru orz dssolfdwlrq frvwv zrunhuv dsso| wr doo mreviru vxuh> iru lqwhuphgldwh frvwv wkh| dsso| iru wzr mrev rqo| dqg uxq lqwr wkh ulvn ri uhpdlqlqjxqhpsor|hg1 Ilqdoo|/ iru kljk n wkh| dsso| iru d vlqjoh mre dqg idlo pruh iuhtxhqwo| wr jhw d mre1Iljxuh 5+e, vkrzv wkh ohyhov ri zhoiduh dwwdlqhg xqghu wkh gl�huhqw htxloleuld1 Wkh prvw h!flhqwhtxloleulxp lv wkh rqh wkdw pd{lpl}hv rxwsxw +qxpehu ri pdwfkhv wlphv rqh, plqxv wrwdo dssolfdwlrqfrvw1 Wkh judsk vkrzv wkh uhjlrqv zkhuh d @ 4/ d @ 5 dqg d @ 6 duh h!flhqw uhvshfwlyho|1 Wkhplqlpxp zdjh kdv qr gluhfw lpsdfw rq h!flhqf|/ lw rqo| uhglvwulexwhv lqfrph iurp wkh �up wr wkh
:Qrwh wkdw rqo| iru U�/ xqhpsor|phqw lv dozd|v ghfuhdvlqj lq wkh qxpehu ri dssolfdwlrqv1
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zrunhu1 Lw fdq krzhyhu eh xvhg wr vhohfw wkh prvw idyrudeoh htxloleulxp1 D frpsdulvrq ri 5+d,ri dqg 5+e, uhyhdov wkdw zrunhuv fdq vhqg hlwkhu wrr pdq| ru wrr ihz dssolfdwlrqv lq htxloleulxp1Iru h{dpsoh/ li n @ 3=58 Iljxuh 5+e, whoov xv wkdw lw lv h!flhqw wkdw zrunhuv dsso| iru d vlqjohmre> lq wkdw fdvh Iljxuh 5+d, vkrzv wkdw wkh plqlpxp zdjh vkrxog eh vhw vx!flhqwo| kljk vr wkdwzrunhuv gr sduwlflsdwh lq wkh oderu pdunhw exw qrw wrr kljk vr wkdw zrunhuv dsso| wr pxowlsoh mrev1Vlploduo|/ li n lv forvh wr }hur/ wkh plqlpxp zdjh vkrxog eh vhw vx!flhqwo| kljk wr vhohfw wkh d @ 6htxloleulxp1
Zdjhv dqg oderu pdunhw wljkwqhvv1Zh duh lqwhuhvwhg lq wkh uhodwlrqvkls ehwzhhq zdjh vhwwlqj dqg wkh ydfdqf|0wr0xqhpsor|phqwudwlr y@x= Htxloleulxp zdjh glvwulexwlrqv iru gl�huhqw pdunhwv zkhq zrunhuv dsso| iru wzr mrev+d @ 5, duh frpsduhg lq Iljxuh 6 ehorz1; Lqwhuhvwlqjo| wkh zdjh glvwulexwlrqv fdq eh udqnhgdffruglqj wr wkh �uvw rughu vwrfkdvwlf grplqdqfh fulwhulrq1 Dv zh lqfuhdvh wkh y@x udwlr/ �upvfrpshwh pruh lqwhqvlyho| iru zrunhuv dqg r�hu kljkhu zdjhv1 Lq Vhfwlrq 8 zh vkdoo vkrz wkdw wklvuhvxow dovr dulvhv lq �odujh� oderu pdunhwv1

Iljxuh 6= Zdjh glvwulexwlrqv iru y{x@6{6/ 6{5 dqg 7{5 +z @ 3=5> d @ 5,=
715 Wkh U� uhfuxlwphqw whfkqrorj|
Lq wklv Vhfwlrq zh ghulyh htxloleuld lq wkh 6{6 oderu pdunhw prgho zkhq �upv fdq r�hu wkh mrerqo| wr rqh fdqglgdwh1 Xqghu U� wkhuh zloo eh ihzhu pdwfkhv lq htxloleulxp wkdq xqghu U�/ vr zh

;Wkh ghulydwlrqv iru wkh 6{5 dqg 7{5 duh vlplodu dqg fdq eh rewdlqhg iurp wkh dxwkruv xsrq uhtxhvw1
4;



fdq wklqn ri wklv fdvh dv d kljk iulfwlrqv fdvh1 Lqwhuhvwlqjo|/ zrunhuv fdq dfwxdoo| eh ehwwhu r� lqwklv kljk iulfwlrqv fdvh ehfdxvh �upv frpshwh pruh lqwhqvlyho| iru wkhp dqg wkh uhvxowlqj zdjhglvwulexwlrq +�uvw rughu, vwrfkdvwlfdoo| grplqdwhv wkh rqh ri wkh orz iulfwlrqv fdvh1 Prvw ghulydwlrqvduh vlplodu wr wkh rqhv xqghu U�/ vr zh rqo| vxppdul}h iru zklfk ydoxhv ri n/ d @ 4> d @ 5/ dqgd @ 6 duh htxloleuld dqg zkdw wkh dvvrfldwhg zdjh glvwulexwlrqv duh +ghwdlov ri wkh ghulydwlrqv fdqeh irxqg lq wkh Dsshqgl{,1
Iru reylrxv uhdvrqv/ li zrunhuv vhqg mxvw rqh dssolfdwlrq/ wkh srvvlelolw| ri vhfrqg urxqg r�huvkdv qr ehdulqj rq zdjh vhwwlqj ehkdylru1 Khqfh Fodlp 4 dovr krogv khuh1Dvvxph qrz wkdw zrunhuv vhqg rxw 5 dssolfdwlrqv hdfk1 Lq wklv fdvh/ lw lv frqyhqlhqw wr lqwurgxfhwkh iroorzlqj qrwdwlrq= ohw Hq ghqrwh wkh h{shfwhg pd{lpxp zdjh iurp d udqgrp vdpsoh ri vl}hq iurp wkh zdjh glvwulexwlrq I +z, dqg ohw

!2f+z, @ 45 � ;9495H� . 68495H2�
!2�+z, @ � 4:495H� . 58495H2 . 48495H�

Fodlp 7 Ohw x> y @ 6 dqg !2f+z, � n � !2�+z,= Wkhq xqghu U� d xqltxh v|pphwulf htxlole0ulxp h{lvwv zkhuh zrunhuv vhqg rxw 5 dssolfdwlrqv dqg �upv fkrrvh zdjhv iurp wkh vhw ^z> �Dne�z.H `dffruglqj wr wkh fxpxodwlyh zdjh glvwulexwlrq
I +z, @ 7668 +z�z,+4�z, +;,

Lq htxloleulxp zrunhuv jhw d mre zlwk suredelolw| �2��S2 dqg �upv rewdlq dq h{shfwhg sd|r� ri �l @e�H�+4�z,1
Lw lv lqwhuhvwlqj wr frpsduh htxloleulxp zdjh vhwwlqj zlwk dqg zlwkrxw vhfrqg urxqg r�huv iruwklv fdvh zkhuh d @ 51 Iljxuh 7 uhsuhvhqwv zdjh vhwwlqj xqghu U�/ jlyhq lq +7,/ dqg xqghu U�+htxdwlrq +;,,1 Wkh judsk vkrzv wkdw +;, grplqdwhv +7, xqghu wkh fulwhulrq ri �uvw0rughu vwrfkdvwlfgrplqdqfh1 Wklv lpsolhv wkdw �up frpshwlwlyhqhvv lv hqkdqfhg e| wkh devhqfh ri vhfrqg urxqg r�huvdqg wkxv zrunhu h{shfwhg xwlolw| pd| eh juhdwhu lq wkh pruh iulfwlrqdo fdvh1 Iru wkh lqwhuphgldwhfdvh U2 rqh zrxog h{shfw wkh zdjh glvwulexwlrq wr olh lq ehwzhhq wkh wzr fxuyhv1Zh qrz suhvhqw wkh uhvxowv lq fdvh zrunhuv vhqg 6 dssolfdwlrqv1 Iru wklv sxusrvh ohw

!�2+z, @ 4<H2 . 45:H�
4<



Iljxuh 7= Zdjh glvwulexwlrqv xqghu Ux dqg U� +6{6 pdunhw/ z @ 3=5> d @ 5,1
Fodlp 8 Ohw x> y @ 6 dqg !�2+z, � n= Wkhq xqghu U� d xqltxh v|pphwulf htxloleulxp h{lvwvzkhuh zrunhuv vhqg rxw 6 dssolfdwlrqv dqg �upv fkrrvh zdjhv iurp wkh vhw ^z> Dnezb ` dffruglqj wrwkh fxpxodwlyh zdjh glvwulexwlrq

I +z, @ 5#u4�z4�z � 4$ +<,
Lq htxloleulxp zrunhuv jhw d mre zlwk suredelolw| �b2. dqg �upv rewdlq dq h{shfwhg sd|r� ri �l @eb+4�z,1

Wkh gl�huhqfh zlwk vhfwlrq 714 zkhuh �upv frxog pdnh vhfrqg dqg wklug urxqg r�huv lv wkdwqrz d �up fdq idlo wr kluh d zrunhu dqg wkhuhiruh wkhuh lv frpshwlwlrq iru zrunhuv1 Wklv uhvxowv lqzdjh glvshuvlrq dqg/ lqwhuhvwlqjo|/ pd| uhvxow lq juhdwhu zrunhu zhoiduh1 Wr looxvwudwh wklv/ frqvlghuwkh fdvh wkdw z @ 6n> zlwk vhfrqg urxqg r�huv/ �upv r�hu wkh plqlpxp zdjh lq htxloleulxp dqgwkh sd|r� wr d zrunhu lv wkxv }hur1 E| frqwudvw/ lq wkh fdvh zlwkrxw vhfrqg urxqg r�huv wkhuh lvzdjh glvshuvlrq +iru d orz z d d @ 6 htxloleulxp h{lvwv, dqg wkxv d zrunhu*v h{shfwhg sd|r� lvvwulfwo| srvlwlyh1 Khqfh/ d pruh uhvwulfwlyh pdwfklqj whfkqrorj| fdq lqfuhdvh wkh h{shfwhg xwlolw|ri zrunhuv e| pdnlqj wkhp h�hfwlyho| vfdufhu1
Wkh vhw ri sdudphwhuv iru zklfk glvwlqfw htxloleuld h{lvw xqghu wkh uhfuxlwphqw whfkqrorj| U�lv uhsuhvhqwhg lq Iljxuh 8+d,1D frpsdulvrq ri Iljxuhv 5+d, dqg 8+d, uhyhdov wkdw wkh vfuhhqlqj whfkqrorj| grhv qrw d�hfw wkh
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+d, Htxloleuld +e, Zhoiduh
Iljxuh 8= Htxloleuld dqg Zhoiduh lq d 6{6 prgho xqghu U�1

txdolwdwlyh revhuydwlrqv zh kdyh pdgh deryh1 U� kdv wkh dgydqwdjh wkdw wkh frpelqdwrulfv qhhghgwr fdofxodwh h{shfwhg sd|r�v iru �upv dqg zrunhuv lv hdvlhu iru odujh oderu pdunhwv1 Lq zkdw iroorzvzh zloo frq�qh wkh dqdo|vlv wr U� dqg ghulyh jhqhudo surshuwlhv ri odujh oderu pdunhwv1Iljxuh 8+e, sorwv djjuhjdwh zhoiduh iru wkh U� fdvh iru gl�huhqw ydoxhv ri n1 Wkh pdlq gl�huhqfhzlwk wkh U� fdvh lq Iljxuh 5+e, lv wkdw d @ 6 lv qhyhu h!flhqw1 Wkh uhdvrq lv wkdw d @ 4 dqg d @ 6jhqhudwh wkh vdph qxpehu ri pdwfkhv ehfdxvh xqghu d @ 4 doo wkuhh zrunhuv dsso| wr rqh mre zklohwkh d @ 6 fdvh fdq eh wkrxjkw ri dv doo wkuhh �upv dsso|lqj wr rqh zrunhu1 Vlqfh dsso|lqj lv frvwo|/d @ 6 fdq qhyhu eh h!flhqw dqg wkh plqlpxp zdjh vkrxog eh vhw orz vr wkdw lw suhyhqwv zrunhuviurp vhqglqj dq h{fhvvlyh qxpehu ri dssolfdwlrqv1
8 Odujh oderu pdunhwv
Lq wklv vhfwlrq zh ohw wkh oderu pdunhw jhw odujh lq wkh xvxdo zd|/ l1h1/ x> y $ 4/ zlwk yx @ �= Zhuhvwulfw rxuvhoyhv wr wkh U� fdvh dv dujxhg deryh1 Zh irfxv rq h{lvwhqfh dqg fkdudfwhul}dwlrq ri wkhhtxloleulxp zlwk pxowlsoh dssolfdwlrqv +wkh htxloleulxp iru d @ 4 iroorzv vwudljkwiruzdugo| iurpSursrvlwlrq 6,1 Zh duh dovr lqwhuhvwhg lq krz wkh htxloleulxp qxpehu ri dssolfdwlrqv dqg wkh zdjhglvwulexwlrq duh d�hfwhg e| wkh pdunhw wljkwqhvv sdudphwhu �= Odwhu lq wklv Vhfwlrq zh hqgrjhql}h� e| h{dplqlqj wkh iuhh0hqwu| orqj0uxq htxloleulxp dqg zh vwxg| wkh h!flhqf| surshuwlhv ri wkhhtxloleulxp1

Rxu �uvw uhvxow fkdudfwhul}hv zdjh vhwwlqj ehkdylru e| �upv/ jlyhq zrunhuv vwudwhjlhv1
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Sursrvlwlrq 7 Iru dq| ydoxh ri �/ dqg d � 5/ wkhuh h{lvwv dq htxloleulxp zdjh glvwulexwlrq
I +z> d> �> z, @ 4� }+�> d,}+�> d,

%�4�z4�z� �d3� � 4&
zlwk vxssruw �z> 4� +4�z,+4� }+�> d,,d3�� > zkhuh }+�> d, @ +�3i T+3d� ,,�d = Ixuwkhu/ wkh glvwulex0wlrq ri zdjhv I +z> d> �> z.7, grplqdwhv lq d �uvw0rughu vwrfkdvwlf vhqvh wkh glvwulexwlrq ri zdjhvI +z>d> �>z,/ dqg I +z> d> � .7> z, �uvw0rughu vwrfkdvwlfdoo| grplqdwhv I +z> d> �> z,1
Surri = Uhfdoo wkdw �+x> y> d, lv wkh +%xuq edoo%, suredelolw| wkdw d �up jhwv dw ohdvw rqh dssolfdqw1Wkxv= �+�> d, @ olpx>y<"> yx'�

�4� �4� dy�x� @ 4� h{s��d��Li wkh �up uhfhlyhv pruh wkdq rqh dssolfdwlrq/ wkh �up slfnv rqh ri wkhp dw udqgrp1 Wkh +udqgrpo|fkrvhq, dssolfdqw kdv vhqw d wrwdo ri d dssolfdwlrqv/ vr kh fdq srwhqwldoo| jhw 4/ 5/ 6/ 111/ xs wr dwrwdo ri d� 4 rwkhu zdjh r�huv1Ohw }+x> y> d, eh wkh suredelolw| iru rqh ri wkh +d� 4, rwkhu dssolfdwlrqv ri wkh zrunhu wr uhvxowlq d mre r�hu1 Zh xvh wkh uhvxow ri Doeuhfkw hw do1 +5336, wkdw lq wkh olplw +x> y $ 4> yx @ �,/jhwwlqj dq r�hu iurp �up m lv lqghshqghqw ri jhwwlqj dq r�hu iurp �up l 9@ m= Wkhq/ }+�> d, @olpx>y<"> yx'� }+x> y> d, lv vlpso| htxdo wr wkh qxpehu ri �upv zlwk dssolfdwlrqv glylghg e| wkhwrwdo qxpehu ri dssolfdwlrqv=
}+�> d, @ �+�> d,�d @ �4� h{s ��d� �� �d

D �up grhv qrw frpshwh iru wkh zrunhu lq txhvwlrq zlwk suredelolw| +4� }+�> d,,d3�/ frpshwhvzlwk mxvw rqh rwkhu �up zlwk suredelolw| +d�4,}+�> d,+4�}+�> d,,d32> dqg vr rq1 Wkxv wkh h{shfwhgsd|r� wr d �up l fdq eh zulwwhq dv=
�l+z>I +�,, @ �+�> d,3Cd3�[

m'f
�d� 4m �}+�> d,m+4� }+�> d,,d3�3mI +z,m4D +4�z, +43,

Zh fdq xvh wkh elqrpldo wkhruhp wr vlpsoli| +43, wr=
H�l+z>I +�,, @ �+�> d, ^4� }+�> d, . }+�> d,I +z,`d3� +4�z,

Vlqfh lq d pl{hg vwudwhj| htxloleulxp/ doo �upv pxvw eh lqgl�huhqw ehwzhhq vwudwhjlhv/ sur�wv
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ri dq| �up pxvw eh htxdo wr wkh sur�wv ri d �up wkdw r�huv wkh plqlpxp zdjh1
H�l+z>I +�,, @ �+�> d, +4� }+�> d,,d3� +4�z, +44,

Vroylqj H�+z>I +�,, @ H�+z>I +�,, |lhogv wkh htxloleulxp zdjh glvwulexwlrq jlyhq deryh1 Wkhxsshu erxqg ri wkh vxssruw ri wkh zdjh glvwulexwlrq fdq eh irxqg e| vhwwlqj I +z> d> �, @ 41 Lw lvhdv| wr vhh wkdw wkh xsshu erxqg ri wkh glvwulexwlrq ri zdjhv lv ohvv wkdq 4/ lqfuhdvlqj lq d +iru djlyhq �, dqg lq � +iru d jlyhq d,1Wr suryh wkh uhvxowv rq vwrfkdvwlf grplqdqfh/ zh �uvw qrwh wkdw I +�, lv prqrwrqlfdoo| ghfuhdvlqjlq }+�> d, dqg lq z1 Vhfrqgo| zh qrwh wkdw wkh ixqfwlrq }+�> d, lv lqfuhdvlqj lq �/ zklfk fdq eh vhhqiurp g}+�> d,g� @ � h{s+d� ,� +d. �,d� h{s+d� , +45,
Qrwlfh wkdw wkh OKV ri wkh qxphudwru lqfuhdvhv h{srqhqwldoo| lq d zkloh wkh UKV lqfuhdvhv olqhduo|>wkxv/ li g}+�> d,@g� A 3 iru d @ 5/ wkhq wkh vdph lqhtxdolw| krogv jhqhudoo|1 Zh wkhq qhhg wr fkhfnwkdw �+h{s+5@�,� 4, A 5/ zklfk krogv iru doo � A 31 Wkh surri lv qrz frpsohwh1 �

Sursrvlwlrq 7 vkrzv wkdw dq lqfuhdvh lq wkh ydfdqf|0wr0xqhpsor|phqw udwlr uhvxowv lq d uljkw0zdug vkliw ri wkh zdjh glvwulexwlrq1 Wkxv/ zdjh vhwwlqj ehkdylru ehfrphv pruh frpshwlwlyh dv wkhpdunhw wljkwqhvv sdudphwhu � lqfuhdvhv1 Dq lqfuhdvh lq wkh plqlpxp zdjh z kdv d vlplodu lq xhqfhrq wkh zdjh glvwulexwlrq1
Zh qrz glvfxvv krz wkh dyhudjh zdjh ghshqgv rq wkh qxpehu ri dssolfdwlrqv d1 Xvlqj Sursr0vlwlrq 7/ wkh h{shfwhg zdjh fdq eh zulwwhq dv +xvlqj lqwhjudwlrq e| sduwv dqg fkdqjlqj wkh yduldeohri lqwhjudwlrq, H^z> �> d` @ 4� ] �

f +4�z,+4� }+�> d,,d3�+4� }+�> d,+4� |,,d3� g|=Wkh lq xhqfh ri wkh qxpehu ri dssolfdwlrqv rq wkh dyhudjh zdjh lv jlyhq e| wkh iroorzlqj h{suhvvlrq=
gH^z`gd @ CH^z`Cd . CH^z`C} g}gd= +46,

Zh qrwh wkdw CH^z`C} @ ] �
f +4�z, +d� 4,|+4� },d32+4� }+4� |,,d A 3> +47,
g}gd @ 4� }d � }� ? 3 +48,
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zkloh CH^z`Cd @ �] �
f +4�z, +4� },d3�+4� }+4� |,,d3� oq� 4� }4� }+4� |,�g| A 3

zkhuh wkh odvw lqhtxdolw| iroorzv iurp wkh idfw wkdw wkh lqwhjudqg lv qhjdwlyh1 Iurp wkh vljq ri wkhvhsduwldo ghulydwlyhv/ lw iroorzv wkdw dq lqfuhdvh lq d uhvxowv lq wzr irufhv rq frpshwlwlyhqhvv wkdw jrlq rssrvlwh gluhfwlrqv1 Wr xqghuvwdqg wklv/ frqvlghu d �up r�hulqj d mre wr d fdqglgdwh zkhq hdfkzrunhu vhqgv rxw d dssolfdwlrqv1 Li wkh zrunhu lqfuhdvhv wkh qxpehu ri dssolfdwlrqv wr d. 4/ rqhirufh lqfuhdvhv wkh suredelolw| wkdw wkh �up orrvhv wkh zrunhu wr dqrwkhu �up vlpso| ehfdxvh wkhzrunhu fdq jhw rqh dgglwlrqdo r�hu zlwk d kljkhu zdjh1 Wklv h�hfw lqfuhdvhv �up frpshwlwlyhqhvvdqg lv fdswxuhg e| wkh �uvw whup ri wkh UKV ri htxdwlrq +46,1 Krzhyhu/ zkhq doo zrunhuv vhqgd.4 dssolfdwlrqv/ wkh suredelolw| wkdw hdfk ri wkh rwkhu d dssolfdwlrqv ri wkh fdqglgdwh lq txhvwlrquhvxowv lq d mre r�hu idoov1 Wklv lv vlpso| gxh wr wkh idfw wkdw doo �upv kdyh pruh dssolfdqwv wrfkrrvh iurp1 Wklv h�hfw whqgv wr zhdnhq �upv frpshwlwlrq dqg lv fdswxuhg e| wkh vhfrqg whup lqwkh UKV ri +46,1 Zklfk h�hfw grplqdwhv wxuqv rxw wr eh vhqvlwlyh wr pdunhw sdudphwhuv exw zhfdq suryh wkh iroorzlqj uhvxow=
Fruroodu| 4 Wkhuh h{lvwv d vx!flhqwo| odujh h� vxfk wkdw wkh h{shfwhg zdjh lqfuhdvhv lq wkh qxpehuri dssolfdwlrqv d iru doo � � h�= Ixuwkhu/ lq d qhljkerukrrg ri d @ 5> wkh h{shfwhg zdjh lqfuhdvhv lqd iru doo �=
Fruroodu| 4 vkrzv wzr uhvxowv1 Iluvw/ wkdw wkh h{shfwhg zdjh lv dozd|v lqfuhdvlqj lq wkh qxpehu ridssolfdwlrqv lq d qhljkerukrrg ri d @ 5= Wkh lghd khuh lv wkdw wkh vhfrqg irufh +g}@gd ? 3, lv vpdoozkhq wkh qxpehu ri dssolfdwlrqv lv orz1 Lq wkdw fdvh/ frpshwlwlrq xqdpeljxrxvo| lqfuhdvhv zkhqzrunhuv vhqg pruh dssolfdwlrqv1 Wkh vhfrqg uhvxow lv wkdw wkh h{shfwhg zdjh lv dozd|v lqfuhdvlqjlq wkh qxpehu ri dssolfdwlrqv surylghg wkdw wkhuh duh vx!flhqwo| pdq| �upv durxqg1 Wkh lghd lvvlplodu1 Zkhq wkhuh duh pdq| �upv lq wkh pdunhw/ dq lqfuhdvh lq wkh qxpehu ri dssolfdwlrqv dlv olnho| wr lqfuhdvh wkh qxpehu ri �upv wkdw frpshwh iru wkh vdph zrunhu/ zklfk lqfuhdvhv �upfrpshwlwlyhqhvv1 Qxphulfdo dqdo|vlv ri htxdwlrq +46,/ krzhyhu/ kdv uhyhdohg wkdw wkh h{shfwhgzdjh pd| idoo lq d iru vrph sdudphwhuv> wklv fdq eh vhhq lq Iljxuh 9 zkhuh zh kdyh frpsxwhg wkhh{shfwhg zdjh iru gl�huhqw ydoxhv ri wkh oderu pdunhw wljkwqhvv sdudphwhu �1 Wkh Iljxuh vkrzvwkdw zkhq d lv uhodwlyho| odujh +h1j1 43 ? d ? ;3, dqg 5 ? � ? 7 wkhq wkh h{shfwhg zdjh ghfuhdvhvlq wkh qxpehu ri dssolfdwlrqv zrunhuv vhqg rxw1 Wkh judsk dovr looxvwudwhv wkh vwrfkdvwlf grplqdqfhuhvxow surylghg lq Sursrvlwlrq 7= iru d �{hg d/ wkh h{shfwhg zdjh lqfuhdvhv lq �=
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Iljxuh 9= H{shfwhg zdjh dqg wkh qxpehu ri dssolfdwlrqv +iru gl�huhqw � ydoxhv/ z @ 3,1
Zh qrz wxuq wr wkh zrunhuv sureohp1 D zrunhu pd{lpl}hv xwlolw| wdnlqj �up zdjh vhwwlqj dqgrwkhu zrunhuv vwudwhjlhv dv jlyhq1 Wkh +jurvv, h{shfwhg xwlolw| ri d zrunhu vhqglqj do dssolfdwlrqvzkhq wkh uhvw ri wkh zrunhuv vhqgv d dssolfdwlrqv lv jlyhq e| wkh iroorzlqj h{suhvvlrq=

Hx+do> d, @ ] z
z

3C do[
m'�

�dom�}+�> d,m+4� }+�> d,,do3m � m � I +z,m3�4Dzi+z,gz +49,
Wklv h{suhvvlrq whoov xv wkdw d zrunhu zkr vhqgv do dssolfdwlrqv jhwv d vlqjoh r�hu zlwk sure0delolw| do}+4 � },do3� dqg lq wklv fdvh wkh zdjh wkh zrunhu h{shfwv wr jhw lv wkh phdq zdjh> wkhzrunhu jhwv wzr r�huv zlwk suredelolw| �do2 �}2+4� },do32 dqg wkhq wkh zdjh wkh zrunhu h{shfwv wrjhw lv wkh pd{lpxp ri d udqgrp vdpsoh ri vl}h 5> dqg vr rq dqg vr iruwk1< Xvlqj wkh elqrpldowkhruhp/ htxdwlrq +49, fdq eh uhzulwwhq dv

Hx+do> d, @ do}+�> d,] z
z ^4� }+�> d,+4� I +z,,`do3�zi+z,gz

dqg lqwhjudwlrq e| sduwv |lhogv=
Hx+do>d, @ z�z+4� }+�> d,,do ] z

z ^4� }+�> d,+4� I +z,,`dogz
< Lq wkh hpslulfdo mre vhdufk olwhudwxuh dq lpsruwdqw glvwlqfwlrq lv pdgh ehwzhhq wkh r�hu glvwulexwlrq/ I dqg wkhglvwulexwlrq ri dffhswhg zdjh r�huv zklfk lv lq rxu fdvh yhu| vlplodu wr wkh whup lq eudfnhwv ri +49,= J Ed> �> z� 'Sd3�m'f �d3�m �}E�> d�mE�3}E�> d��d3�3m uI Ez�m = Wklv lv edvlfdoo| d frpelqdwlrq ri wkh zdjh r�hu I Ez� dqg wkh suredelolw|wkdw wkh zrunhu dffhswv wkh r�hu zklfk ghshqgv rq wkh qxpehu ri rwkhu r�huv dqg rq wkh pdjqlwxgh ri wkh r�hu1
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Fkdqjlqj wkh yduldeoh ri lqwhjudwlrq dssursuldwho|/ zh fdq uhzulwh d w|slfdo zrunhu*v xwlolw| dv=
Hx+do> d, @ ] �

E�3}E�>d��do
3C4� +4�z,+4� }+�> d,,do3�| do3�do

4Dg|
Lqwhjudwlrq ri wklv h{suhvvlrq |lhogv=

Hx+do>d, @ 4� +4� }+�> d,,do � do+4�z,+4� }+�> d,,d3� �4� +4� }+�> d,,don�3d�do . 4� d +4:,
Wkh pdujlqdo jdlqv wr d zrunhu vhqglqj do dssolfdwlrqv duh jlyhq e|
gHx+do>d,gdo @ �+4� }+�> d,,do orj^4� }+�> d,` . +4�z,+4� }+�> d,,d3�+do . 4� d,2�+d� 4,+4� +4� }+�> d,,don�3d, . do+do . 4� d, orj^4� }+�> d,`+4� }+�> d,,don�3d�+4;,Lq v|pphwulf htxloleulxp/ wkh pdujlqdo jdlqv iurp dsso|lqj wr d ydfdqflhv pxvw eh htxdo wr wkhpdujlqdo frvw n1 Lqyrnlqj v|pphwu| lq +4;, |lhogv wkh iroorzlqj htxloleulxp frqglwlrq=����gHx+do>d,gdo

����do'd @ n +4<,
Ru
�+4� }+�> d,,d orj^4�}+�> d,`. +4�z,+4� }+�> d,,^+d�4,}+�> d,.d+4� }+�> d,, orj^4� }+�> d,` @ n+53,Wkh OKV ri +53, uhsuhvhqwv wkh htxloleulxp pdujlqdo jdlqv wr zrunhuv zkhq wkh| dsso| wr d ydfdq0flhv1 Ohw xv ghqrwh wkhvh pdujlqdo jdlqv dv �+d> �> z,= Zh qrz pdnh wkh iroorzlqj revhuydwlrqv rqwklv ixqfwlrq= +l, �+d> �>z, lv frqwlqxrxv lq d dqg vwulfwo| srvlwlyh hyhu|zkhuh1 Wkh odwwhu iroorzviurp qrwlqj wkdw

�+d> �>z, A �+4�z,+4� },d orj^4� }` . +4�z,+4� },^+d� 4,} . d+4� }, orj^4� }`@ +4�z,+4� },d3�+d� 4,^} . +4� }, orj+4� },` A 3
zkhuh wkh odvw lqhtxdolw| iroorzv iurp } 5 +3> 4,= +ll, Lw lv hdv| wr vhh wkdw wkhvh pdujlqdo jdlqvfrqyhujh wr }hur dv d dssurdfkhv lq�qlw|1 Wkhvh wzr frqglwlrqv jxdudqwhh h{lvwhqfh ri htxloleulxpiru vx!flhqwo| orz dssolfdwlrq frvw n=43 Dv d uhvxow/ zh fdq vwdwh=

43Wr vkrz xqltxhqhvv zh qhhg wr fkhfn wkdw/ iru dq| � dqg z> g[Ed�@gd ? f1 Dqdo|wlfdoo| wklv lv gl!fxow exwqxphulfdo dqdo|vlv ri wklv ghulydwlyh vxjjhvwv wkdw wklv lv wkh fdvh1
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Wkhruhp 4 Ohw 3 ? n � �+5> �> z,1 Wkhq dq htxloleulxp h{lvwv zkhuh zrunhuv vhqg dW+� 5, dssol0fdwlrqv dqg �upv udqgrpo| fkrrvh zdjhv iurp wkh vhw �z> 4� +4�z,+4� }+�> dW,,dW3�� dffruglqjwr wkh zdjh glvwulexwlrq
I +z>dW> �> z, @ 4� }+�> dW,}+�> dW,

%�4�z4�z� �dW3� � 4&
zkhuh dW vroyhv �+dW> �>z,� n @ 31 Wkh htxloleulxp xqhpsor|phqw udwh lv +4� } +�> dW,,dW =

Rxu qh{w txhvwlrq lv krz dq lqfuhdvh lq wkh ydfdqf|0wr0xqhpsor|phqw udwlr/ �> d�hfwv wkhhtxloleulxp qxpehu ri dssolfdwlrqv dW dv zhoo dv xqhpsor|phqw udwh1 Wr dqvzhu wklv txhvwlrq/ zhh{dplqh krz wkh htxloleulxp pdujlqdo jdlqv iurp dssolfdwlrqv fkdqjh zlwk �144 Wklv iroorzv iurpwkh iroorzlqj ghulydwlyh=
g�+d> �> z,g� @ �+d� 4,+�+hd� � 4,� d,+4� },d�+dhd� � �+hd� � 4,,2 ^+d�4,�+hd� �4,.d+dhd� ��+hd� �4,, orj^4�}`, +54,

Wkh vljq ri wkh �uvw idfwru lq +54, lv qhjdwlyh vlqfh �+hd� � 4,� d lv dozd|v srvlwlyh1 Wkxv/ wkh vljqri wklv ghulydwlyh ghshqgv rqo| rq wkh odvw idfwru lq wkh qxphudwru1 Ohw 
+�> d, @ +d � 4,�+hd� �4,.d+dhd� ��+hd� �4,, orj^4�}`1 Zh qrwh wkdw iru dq| jlyhq d/ }+�> d, lv frqwlqxrxv lq �> frqyhujhvwr 4 dv � dssurdfkhv lq�qlw| dqg frqyhujhv wr }hur dv � dssurdfkhv }hur1 Dv d uhvxow/ 
+�> d, lvqhjdwlyh iru � vpdoo dqg srvlwlyh iru � odujh1 Wklv lpsolhv wkdw=
Sursrvlwlrq 8 Wkhuh h{lvwv d vx!flhqwo| vpdoo � vxfk wkdw iru doo � ? � wkh htxloleulxp qxpehuri dssolfdwlrqv dW lv lqfuhdvlqj lq �1 Pruhryhu/ wkhuh h{lvwv d vx!flhqwo| odujh � vxfk wkdw iru doo� A � wkh htxloleulxp qxpehu ri dssolfdwlrqv dW lv ghfuhdvlqj lq �1

Wklv uhvxow vkrzv wkdw wkh htxloleulxp qxpehu ri dssolfdwlrqv lv qrq0prqrwrqlf lq �= Wr rxunqrzohgjh wklv uhvxow lv qhz1 Iru h{dpsoh/ Slvvdulghv +5333, wuhdwv vhdufk lqwhqvlw| dv d whfkqrorj|sdudphwhu dqg �qgv wkdw vhdufk h�ruw lv dozd|v lqfuhdvlqj lq �= Lq rxu prgho/ wkh pdujlqdo jdlqviurp dsso|lqj duh ghfuhdvlqj lq � zkhq � lv lqlwldoo| odujh1 Zh looxvwudwh wklv Sursrvlwlrq lq Iljxuh:/ zkhuh zh kdyh frpsxwhg wkh htxloleulxp qxpehu ri dssolfdwlrqv dv d ixqfwlrq ri wkh pdunhwwljkwqhvv sdudphwhu �> iru gl�huhqw ydoxhv ri wkh plqlpxp zdjh1 Wkh judsk vkrzv wkdw wkh ixqfwlrqdW+�, lv xqlprgxodu1
44Zh vhw z ' f khuh iru vlpsolflw|1
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Iljxuh := Htxloleulxp qxpehu ri dssolfdwlrqv dqg pdunhw wljkwqhvv sdudphwhu �=
Wkh lqwxlwlrq lv wkh iroorzlqj1 Zh qrwh wkdw/ iru d �{hg qxpehu ri dssolfdwlrqv d> d fkdqjh lq� kdv dq h�hfw rq wkh suredelolw| wkdw d zrunhu lv kluhg dv zhoo dv rq wkh zdjh wkh zrunhu h{shfwvwr eh sdlg1 Zkhq � lv vpdoo +�$ 3, wkh wrwdo qxpehu ri dssolfdwlrqv vzdpsv wkh wrwdo qxpehu riydfdqflhv1 Wkh suredelolw| wkdw d jlyhq zrunhu jhwv d mre r�hu lv txlwh orz1 D jlyhq �up uhfhlyhvpdq| dssolfdqwv dqg wkh olnholkrrg wkdw lw frpshwhv zlwk dqrwkhu �up iru d jlyhq fdqglgdwh lv forvhwr }hur> dv d uhvxow wkh zdjh glvwulexwlrq lv �forvh� wr wkh ghjhqhudwh glvwulexwlrq dw wkh plqlpxpzdjh1 Dv � lqfuhdvhv/ wkh suredelolw| d zrunhu uhfhlyhv d mre r�hu jrhv xs/ dqg dovr wkh suredelolw|wkdw �upv kdyh wr frpshwh iru wkh vdph fdqglgdwh ulvhv> wkhvh wzr h�hfwv lqfuhdvh vxevwdqwldoo|wkh pdujlqdo jdlqv iurp vhqglqj dssolfdwlrqv1 Dv � lqfuhdvhv ixuwkhu/ wkrvh wzr h�hfwv ehfrphzhdnhu dqg zhdnhu ehfdxvh wkh suredelolw| wr jhw vhyhudo mre r�huv dqg wkh jdlqv dvvrfldwhg wrfkrrvlqj iurp dprqj vhyhudo zdjhv duh douhdg| odujh dqg gr qrw lqfuhdvh pxfk ixuwkhu1 Lqghhg iru� uhodwlyho| odujh hdfk ydfdqf| jhwv hlwkhu qr ru rqh dssolfdqw/ vr wkh fkdqfh d �up lv frpshwlqjzlwk vrph rwkhu �up iru wkh vdph fdqglgdwh lv forvh wr 4> dv d uhvxow wkh zdjh glvwulexwlrq lv forvhwr wkh ghjhqhudwh glvwulexwlrq dw wkh frpshwlwlyh zdjh1 Wkxv dv � lqfuhdvhv eh|rqg vrph fulwlfdoohyho/ wkh pdujlqdo jdlqv iurp vhqglqj dssolfdwlrqv ehfrph vpdoohu1
Zh qrz dvn krz wkh htxloleulxp xqhpsor|phqw udwh fkdqjhv zlwk wkh ydfdqf|0wr0xqhpsor|phqwudwlr1 Wkhuh duh wzr h�hfwv dw zrun khuh1 Iru d jlyhq qxpehu ri dssolfdwlrqv/ dq lqfuhdvh lq �lqfuhdvhv wkh fkdqfh wkdw d zrunhu jhwv dq r�hu vlqfh dssolfdwlrqv duh vsuhdg ryhu d odujhu vhwru ydfdqflhv1 Wklv h�hfw whqgv wr ghfuhdvh wkh xqhpsor|phqw udwh1 Krzhyhu/ dq lqfuhdvh lq wkh
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qxpehu ri ydfdqflhv dovr fkdqjhv wkh lqfhqwlyhv zrunhuv kdyh wr dsso| iru mrev +fi1 Sursrvlwlrq 8,1Dq dqdo|wlfdo dqvzhu wr wklv txhvwlrq wkxv uhtxluhv wr h{dplqh wkh iroorzlqj ghulydwlyh=
g++4� }+�> dW,,dW,g� @ C++4� }+�> dW,,dW,C� . C++4� }+�> dW,,dW,CdW CdWC� =

Wkh �uvw whup ri wkh UKV ri wklv htxdwlrq lv fohduo| qhjdwlyh1 Vrph fdofxodwlrqv vkrz wkdw
C++4� }+�> dW,,dW,CdW @ +4� },dW �orj^4� }`� 4 . dW}�+4� },� =

Wklv h{suhvvlrq lv srvlwlyh zkhq � lv vpdoo1 Iru odujh � lw ghshqgv rq d> li d lv uhodwlyho| vpdoo wkhqlw lv qhjdwlyh zkloh li d lv odujh lw lv srvlwlyh1 Dv d uhvxow/ wklv ghulydwlyh grhv qrw |lhog fohdu0fxwuhvxowv1 Iru wkh pdmrulw| ri wkh sdudphwhuv/ wkh wzr h�hfwv phqwlrqhg deryh zrun lq rssrvlwhgluhfwlrqv1 Wr jdlq vrph lqvljkw lqwr wklv lvvxh/ zh kdyh qxphulfdoo| frpsxwhg wkh suredelolw|wr uhpdlq xqhpsor|hg dv d ixqfwlrq ri wkh ydfdqf|0wr0xqhpsor|phqw udwlr1 Wkh uhvxowv vkrz dqhjdwlyh uhodwlrqvkls ehwzhhq wkhvh wzr yduldeohv +vhh Iljxuh ; ehorz,1Rxu odvw txhvwlrq lq wklv vhfwlrq lv krz wkh plqlpxp zdjh d�hfwv wkh htxloleulxp qxpehuri dssolfdwlrqv dW dqg wkh xqhpsor|phqw udwh1 Zh �uvw h{dplqh krz wkh pdujlqdo jdlqv iurpdssolfdwlrqv fkdqjh zkhq wkh plqlpxp zdjh jrhv xs1 Wklv lv jlyhq e| wkh iroorzlqj ghulydwlyh=
g�+d> �> z,gz @ �+4� }+�> d,,d3�^+d� 4,}+�> d, . d+4� }+�> d,, orj^4� }+�> d,`` +55,

Zh qrz pdnh wzr uhpdunv derxw wklv h{suhvvlrq1 Rqh/ iru d �{hg d> h{suhvvlrq +55, frqyhujhv wr}hur dv � dssurdfkhv }hur dqg lv srvlwlyh dqg lqfuhdvlqj lq � lq d qhljkerukrrg ri � @ 3= Wkxv/ irud vx!flhqwo| vpdoo � wkh qxpehu ri dssolfdwlrqv zrunhuv vhqg lq htxloleulxp lv lqfuhdvlqj lq wkhplqlpxp zdjh1 Wzr/ zh qrwh wkdw +55, lv qhjdwlyh iru odujh � dqg jrhv wr }hur zkhq � dssurdfkhvlq�qlw|1 Wkhq iru odujh �> wkh htxloleulxp qxpehu ri dssolfdwlrqv lv ghfuhdvlqj lq wkh plqlpxpzdjh1Wr h{dplqh wkh lpsolfdwlrqv ri wkh plqlpxp zdjh rq xqhpsor|phqw udwh/ zh frpsxwh
g++4� }+�> dW,,dW,gz @ C++4� }+�> dW,,dW,CdW CdWCz

Dv dujxhg deryh/ wkh �uvw whup ri wkh UKV ri wklv h{suhvvlrq lv srvlwlyh zkhq � lv vpdoo1 Dv duhvxow/ zh frqfoxgh wkdw dq lqfuhdvh lq wkh plqlpxp zdjh udlvhv xqhpsor|phqw zkhqhyhu � lv orzhqrxjk1 Zkhq � lv odujh dqg d prghudwh/ wklv whup lv qhjdwlyh dqg wkxv d plqlpxp zdjh lqfuhdvhfdq ghfuhdvh xqhpsor|phqw1 Ilqdoo|/ zkhq � dqg d duh erwk odujh wklv whup lv srvlwlyh dqg wkhq
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djdlq dq lqfuhdvh lq z ohdgv wr orzhu xqhpsor|phqw1 Wkh iroorzlqj Sursrvlwlrq vxppdul}hv=
Sursrvlwlrq 9 Wkhuh h{lvwv d vx!flhqwo| vpdoo � vxfk wkdw iru doo � ? � wkh htxloleulxp qxpehuri dssolfdwlrqv dW lv lqfuhdvlqj lq wkh plqlpxp zdjh z= Pruhryhu/ wkhuh h{lvwv d vx!flhqwo| odujh� vxfk wkdw iru doo � A � wkh htxloleulxp qxpehu ri dssolfdwlrqv dW lv ghfuhdvlqj lq z1 Pruhryhu/wkh xqhpsor|phqw udwh lv lqfuhdvlqj lq z iru vx!flhqwo| orz �> dqg iru vx!flhqwo| kljk �> zkloh lwfdq ghfuhdvh iru lqwhuphgldwh ydoxhv ri �1

Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkh iroorzlqj1 Iluvw/ qrwh wkdw dq lqfuhdvh lq wkh plqlpxpzdjh grhv qrw d�hfw wkh suredelolw| wkdw d zrunhu lv kluhg exw lw grhv d�hfw wkh zdjh d zrunhuh{shfwv wr jhw1 Zkhq � lv orz/ wkh zdjh glvwulexwlrq lv forvh wr wkh ghjhqhudwh glvwulexwlrq dwwkh plqlpxp zdjh dqg wkxv dq lqfuhdvh lq wkh plqlpxp zdjh vkliwv wkh pdujlqdo jdlqv iurpdssolfdwlrqv xszdugv dqg pdnhv wkh glvwulexwlrq ohvv frpsuhvvhg +qrwh iurp Wkhruhp 4 wkdw wkhpd{lpxp zdjh ulvhv zkhq wkh plqlpxp zdjh lqfuhdvhv,1 E| frqwudvw/ zkhq � lv odujh/ wkh zdjhglvwulexwlrq lv forvh wr wkh ghjhqhudwh glvwulexwlrq dw wkh frpshwlwlyh zdjh dqg wkxv dq lqfuhdvh lqwkh plqlpxp zdjh uhgxfhv wkh pdujlqdo jdlqv iurp dssolfdwlrqv e| pdnlqj wkh glvwulexwlrq hyhqpruh frpsuhvvhg145 Wkh uhvxow lq Sursrvlwlrq 9 lv looxvwudwhg deryh lq Iljxuh :1 Wkh judsk vkrzvwkdw zkhq � lv orz/ zrunhuv uhdfw wr dq lqfuhdvh lq wkh plqlpxp zdjh e| vhqglqj pruh dssolfdwlrqv/zkloh wkh rssrvlwh krogv iru � uhodwlyho| odujh1Wkh xqhpsor|phqw h�hfwv ri dq lqfuhdvh lq wkh plqlpxp zdjh dovr ghshqg rq lqlwldo frqglwlrqv1Iru � orz +dssur{lpdwho| � � 4@5,/ wkh xqhpsor|phqw udwh lv prqrwrqlfdoo| lqfuhdvlqj lq d +vhhDoeuhfkw hw do1/ 5336, dqg zh nqrz iurp Sursrvlwlrq 9 wkdw dq lqfuhdvh lq wkh plqlpxp zdjh udlvhvwkh htxloleulxp qxpehu ri dssolfdwlrqv1 Dv d uhvxow wkh plqlpxp zdjh lqfuhdvhv xqhpsor|phqw1Olnhzlvh/ zkhq � A 4@5 xqhpsor|phqw lv �uvw lqfuhdvlqj dqg wkhq ghfuhdvlqj lq d1 Zh nqrziurp Sursrvlwlrq 8 wkdw dW lv h{fhvvlyh1 Wkhq/ lqfuhdvlqj wkh plqlpxp zdjh frpsuhvvhv wkh zdjhglvwulexwlrq dqg uhgxfhv wkh htxloleulxp qxpehu ri dssolfdwlrqv zklfk dovr lqfuhdvhv hpsor|phqw1Zkdw lv vwulnlqj khuh lv wkdw d plqlpxp zdjh fdq eh ghvludeoh ehfdxvh lw uhgxfhv udwkhu wkdqlqfuhdvhv wkh qxpehu ri dssolfdwlrqv1 Wklv lv d yhu| gl�huhqw phfkdqlvp wkdq wkh rqhv wkdw duhfxuuhqwo| hpskdvl}hg lq wkh olwhudwxuh> pdnlqj lw pruh olnho| wkdw d mre lv dffhswhg +l1h1 Exughwwdqg Pruwhqvhq/ 4<<;,/ dqg lqfuhdvlqj wkh vhdufk lqwhqvlw| ru gulylqj rxw ohvv surgxfwlyh �upv +l1h1
45Ohh +4<<<, dqg Whxolqjv +5336, jlyh hpslulfdo hylghqfh wkdw plqlpxp zdjh lqfuhdvhv frpsuhvv wkh zdjhglvwulexwlrq1
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Ydq ghq Ehuj 5336,1 Zkdw lv dovr vwulnlqj lv wkdw d plqlpxp zdjh lv prvw ghvluhg zkhq � lv odujh1Lq vhfwlrq 815/ zh zloo ixuwkhu glvfxvv wkh zhoiduh h�hfwv ri wkh plqlpxp zdjh zlwk hqgrjhqrxvydfdqf| vxsso|1
814 H!flhqf|
Lv wkh oderu pdunhw htxloleulxp frqvwudlqhg0h!flhqwB Lq rughu wr dqvzhu wklv txhvwlrq zh gh�qhwkh sodqqhu*v remhfwlyh ixqfwlrq dv wrwdo rxwsxw qhw ri dssolfdwlrq frvw dqg ydfdqf| frvw/ zkhuhwrwdo rxwsxw lv vlpso| htxdo wr wkh qxpehu ri pdwfkhv wlphv 41 Glylglqj e| xqhpsor|phqw jlyhvwkh zhoiduh shu zrunhu= � @ pd{d>� ^4� +4� } +�> d,,d`� dn +56,

Zh �uvw h{dplqh zkhwkhu zrunhuv lqfhqwlyhv wr dsso| iru mrev duh vrfldoo| rswlpdo1 Wkh �uvwrughu frqglwlrq zlwk uhvshfw wr d lv
g�gd @ � +4� } +�> d,,d3� �+4� }+�> d,, orj^4� } +�> d,`� dg} +�> d,gd �� n @ 3=

Vxevwlwxwlqj lq +48, |lhogv
� +4� } +�> d,,d orj^4� } +�> d,`� +4� } +�> d,,d3��4� }+�> d,� d}+�> d,� � @ n +57,

D frpsdulvrq ri wkh zrunhuv htxloleulxp frqglwlrq +53, zlwk +57, |lhogv wkh iroorzlqj uhvxow=
Sursrvlwlrq : Wkh htxloleulxp qxpehu ri dssolfdwlrqv lv h{fhvvlyh iurp wkh srlqw ri ylhz ri vrfldozhoiduh pd{lpl}dwlrq1

Surri1 Wkh �uvw whup lq +53, lv lghqwlfdo wr wkh �uvw whup lq +57, vr zh qhhg wr vkrz wkdw
+4�z, ++d� 4,} . d+4� }, orj^4� }`, A 4� }+�> d,� d}+�> d,� +58,

Zh �uvw qrwh wkdw wkh UKV ri +58, lv qhjdwlyh1 Vhfrqg/ wkh OKV ri +58, lv dozd|v srvlwlyh iru �odujh +� A 5=;4, dqg wkhuhiruh wkh uhvxow iroorzv1 Iru � vpdoo +� ? 5=;4, wkh OKV lv qhjdwlyh zkhqd lv vx!flhqwo| vpdoo dqg wkxv zh qhhg wr hydoxdwh +58,1 Qrwh wkdw li wkh uhvxowv krogv iru z @ 3> lwdovr krogv iru doo z= Vhwwlqj z @ 3/ +58, fdq eh zulwwhq dv d+4� },d3�+}.+4� }, orj^4� }`,. }+4�+4� },d3�.d}@�� 4 A 3 dqg d wkuhh0glphqvlrqdo sorw ri wklv h{suhvvlrq vkrzv wkdw wkh lqhtxdolw|lv dozd|v vdwlv�hg1 �
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Wklv uhvxow/ looxvwudwhg lq Iljxuh ;/ vkrzv wkdw zrunhuv vhqg wrr pdq| dssolfdwlrqv lq htxlole0ulxp1 Wkh ohiw judsk vkrzv d frpsdulvrq ri wkh htxloleulxp qxpehu ri dssolfdwlrqv dW+�, dqg wkhh!flhqw dprxqw dVE+�,1 Wkh uljkw judsk vkrzv wkh frqvhtxhqfhv ri h{fhvvlyh dssolfdwlrqv rq wkhxqhpsor|phqw udwh1

+d, Qxpehu ri dssolfdwlrqv +e, Xqhpsor|phqw udwh
Iljxuh ;= Sulydwh dqg vrfldo lqfhqwlyhv wr vhqg dssolfdwlrqv +n @ 3=34> z @ 3,

Wr jhw vrph lqwxlwlrq iru wklv uhvxow/ vxssrvh wkdw wkh plqlpxp zdjh lv vhw htxdo wr 41 Lqwklv fdvh zdjh glvshuvlrq lv ixoo| holplqdwhg dqg wkh rqo| uhdvrq wr vhqg dssolfdwlrqv lv wr lqfuhdvhwkh fkdqfh wr jhw d mre1 D frpsdulvrq ehwzhhq +53, dqg +57, zkhq z @ 4 uhyhdov wkdw wkhuhduh wrr pdq| dssolfdwlrqv lq htxloleulxp1 Wkh uhdvrq lv wkdw dq lqglylgxdo zrunhu grhv qrw wdnhlqwr dffrxqw wkh h{whuqdolwlhv klv2khu dssolfdwlrqv fdxvh rq wkh klulqj suredelolw| ri rwkhu zrunhuv+wkh vhfrqg whup ri +57, lv qhjdwlyh,1 Zkhq wkh plqlpxp zdjh lv vhw ehorz 4/ wkhuh lv zdjhglvshuvlrq dqg khqfh zrunhuv kdyh dq dgglwlrqdo prwlyh wr vhqg dssolfdwlrqv/ qdpho|/ wr lqfuhdvhwkhlu h{shfwhg zdjh1 Dv zh phqwlrqhg ehiruh/ wkh plqlpxp zdjh fdq wkxv sod| d xvhixo uroh lquhgxflqj frqjhvwlrq h{whuqdolwlhv e| frpsuhvvlqj wkh zdjh glvwulexwlrq dqg uhgxflqj wkh htxloleulxpqxpehu ri dssolfdwlrqv1Wklv glvfxvvlrq vxjjhvwv wkdw wkh rqo| zd| wr jhw dq h!flhqw rxwfrph lq wklv hfrqrp| lv wrholplqdwh zdjh glvshuvlrq1 Vxssrvh wkh jryhuqphqw �{hg d pdqgdwru| zdjh ez= Xvlqj +49,/ zrunhuv*h{shfwhg xwlolw| zrxog eh HX+do>d, @ +4�+4�}+d,,do,ez= D frpsdulvrq ri wkh pdujlqdo jdlqv iurpdssolfdwlrqv lq wklv fdvh zlwk wkh h!flhqf| frqglwlrq +57, ohdgv wr wkh iroorzlqj uhvxow1
Sursrvlwlrq ; Iru dq| jlyhq �> n> ohw ed eh wkh vroxwlrq wr +57, dqg ohw e} @ }+�>ed,= Wkhq wkhuhh{lvwv d pdqgdwru| zdjh ez @ ��3edE�3e}�ed3�E�3e}ed 3 e}� � iru zklfk wkh pdunhw htxloleulxp lv +vhfrqg0ehvw,
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h!flhqw1
9 Iuhh hqwu| ri ydfdqflhv
Lq wklv Vhfwlrq/ zh h{dplqh wkh iuhh0hqwu| orqj0uxq htxloleulxp1 Zh vwduw zlwk d frqvlghudwlrqri �up hqwu| iru dq h{rjhqrxvo| jlyhq qxpehu ri dssolfdwlrqv d1 Ohw f eh wkh frvw ri rshqlqj dydfdqf|1 Iru d jlyhq qxpehu ri zrunhuv x> dqg d jlyhq qxpehu ri dssolfdwlrqv d/ wkh iuhh hqwu|htxloleulxp lv jlyhq e| wkh ydfdqf|0wr0xqhpsor|phqw udwlr � wkdw vroyhv H�l+z>I +�,,�f @ 3 +dorqjzlwk wkh htxloleulxp zdjh vhwwlqj ehkdylru jlyhq lq Sursrvlwlrq 7,1 Ru/ xvlqj +44,/

d� }+�> d, +4� }+�> d,,d3� +4�z, @ f +59,
Iru frqyhqlhqfh/ zh uhzulwh wklv iuhh0hqwu| frqglwlrq dv=

orj �d}+�> d,� �. +d� 4, orj^4� }+�> d,` . orj^4�z` @ orj^f` +5:,
Ohw xv ghqrwh wkh OKV ri wklv h{suhvvlrq dv �+�> d,= Zh �uvw qrwh wkdw +5:, kdv d xqltxh vroxwlrqlq � iru dq| jlyhq vhw ri ihdvleoh sdudphwhuv1 Wklv iroorzv iurp wkh iroorzlqj wkuhh revhuydwlrqv=+l, olp�<f�+�> d, @ 3> +ll, olp�<"�+�> d, @ �4 dqg

+lll, g�+�> d,g� @ +d� 4,+4� hd� ,2�2 . d2+hd� . �+4� hd� ,,+4� hd� ,�2+dhd� . �+4� hd� ,, ? 3 iru doo d � 5=
Lqvshfwlrq ri wkh iuhh0hqwu| frqglwlrq +5:, lpphgldwho| vkrzv wkdw wkh orqj0uxq qxpehu ri ydfdqflhvghfuhdvhv lq wkh plqlpxp zdjh/ iru dq| jlyhq d= Wkh lqwxlwlrq lv vlpsoh= hqwu| ehfrphv ohvvsur�wdeoh dv z jhwv odujhu1Zh qrz dvn krz wkh iuhh0hqwu| qxpehu ri ydfdqflhv ghshqgv rq zrunhuv vhdufk dfwlylw|1 Wrdqvzhu wklv txhvwlrq zh h{dplqh krz wkh jdlqv iurp hqwu| fkdqjh zlwk d= Wklv lv jlyhq e| wkhiroorzlqj ghulydwlyh=

g�+�> d,gd @ �+d� 4,+d. �+4� hd� ,,d+dhd� . �+4� hd� ,, . �4�+4� hd� , . orj^4� }+�> d,`= +5;,
Wkh vljq ri wklv h{suhvvlrq ghshqgv lq d frpsolfdwhg zd| rq d dqg � = wkh �uvw whup lv srvlwlyh/zkloh wkh vhfrqg dqg wkh wklug whupv duh qhjdwlyh1 Krzhyhu/ lw fdq eh vhhq wkdw lq d qhljkerukrrgri d @ 5> g�+�> d,@gd lv dozd|v qhjdwlyh1 Dv d uhvxow/ � lv lqlwldoo| ghfuhdvlqj lq d= Qxphulfdodqdo|vlv ri +5;, uhyhdov wkdw lwv vljq fdq ehfrph srvlwlyh iru d uhodwlyho| kljk d dqg lqwhuphgldwhohyhov ri �= Zh kdyh qxphulfdoo| fdofxodwhg wkh iuhh hqwu| qxpehu ri ydfdqflhv dv d ixqfwlrq ri d>

66



wkh uhvxowv uhyhdo wkdw wkh qxpehu ri ydfdqflhv wkdw rshq lq wkh iuhh0hqwu| htxloleulxp lv w|slfdoo|qrq0prqrwrqlf lq d= Iljxuh < vkrzv � dv d ixqfwlrq ri d iru ydulrxv ohyhov ri wkh plqlpxp zdjh1 Lwfdq eh vhhq wkdw � lqlwldoo| idoov vkduso| zlwk d dqg wkhq lw fdq voljkwo| lqfuhdvh lq d= Wkh lqwxlwlrqlv wkh iroorzlqj1 Lqvshfwlrq ri wkh OKV ri htxdwlrq +59, uhyhdov wkdw dq lqfuhdvh lq d ohdgv wr wzrh�hfwv1 Wkh �uvw h�hfw lv srvlwlyh dqg whoov xv wkdw wkh olnholkrrg wr jhw fdqglgdwhv lv lqfuhdvlqj lqd> zkloh wkh vhfrqg h�hfw lv qhjdwlyh dqg uh hfwv wkh suredelolw| wkdw rqh ru pruh ulydo �upv dovrfrqvlghu |rxu fdqglgdwh/ zklfk lqfuhdvhv wkh htxloleulxp zdjh dqg uhgxfhv sur�wv1 Wkhvh h�hfwvduh uhodwlyho| lpsruwdqw iru orz ydoxhv ri d exw ehfrph lqvljql�fdqw dv d jhwv odujh1 Wkh h{srqhqw+d� 4, pdnhv wkh vhfrqg h�hfw ydqlvk idvwhu wkdq wkh �uvw h�hfw dqg wklv h{sodlqv wkh uhvxow1

Iljxuh <= Iuhh hqwu| qxpehu ri ydfdqflhv +iru �{hg d/ f @ 3=4,1
Zh qrz orrn dw wkh iuhh0hqwu| htxloleulxp zkhq zrunhuv duh dfwlyh dqg ghflgh krz pdq|dssolfdwlrqv wr vhqg wr pd{lpl}h wkhlu h{shfwhg xwlolw|1 Wdnlqj lqwr dffrxqw htxloleulxp zdjhvhwwlqj +Sursrvlwlrq 7,/ d iuhh0hqwu| htxloleulxp lv wkhq fkdudfwhul}hg e| wkh vroxwlrq wr wkh v|vwhpri htxdwlrqv +53, dqg +59,1 Zh qrwh wkdw erwk htxloleulxp frqglwlrqv +53, dqg +59, duh qrq0prqrwrqlf dqg wklv pdnhv lw yhu| gl!fxow wr fkdudfwhul}h vhwv ri sdudphwhuv +f> n> z, iru zklfk wkhh{lvwhqfh dqg xqltxhqhvv ri d orqj0uxq htxloleulxp lv jxdudqwhhg1 Wklv lv vrphwklqj zh zloo qrwsxuvxh lq wklv sdshu1 Krzhyhu/ wr jdlq vrph lqvljkw lqwr wklv lvvxh zh kdyh vlpxodwhg wkh hfrqrp|iru pxowlsoh sdudphwhu ydoxhv +f> n dqg z,= Zh �qg wkdw zkhq dssolfdwlrq frvwv duh orz frpsduhgwr hqwu| frvwv/ d iuhh0hqwu| htxloleulxp zlwk hqgrjhqrxv dssolfdwlrqv dozd|v h{lvwv dqg lv xqltxho|ghwhuplqhg1 +Zkhq hqwu| frvwv duh yhu| orz dqg dssolfdwlrq frvwv duh odujh/ wkhuh pd| eh h{lvwhqfh
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sureohpv1, Iljxuh 43 looxvwudwhv d pdunhw zkhuh erwk hqwu| dqg dssolfdwlrq frvwv duh uhodwlyho| orz+f @ n @ 3=34 dqg z @ 3,1 Wkh fxuyh odehoohg _X �+d, � n% lv wkh zrunhuv htxloleulxp frqglwlrq+53,/ zkloh wkh fxuyh odehoohg _H� @ 3% lv wkh }hur0sur�wv frqglwlrq1 Lw fdq eh vhhq wkdw wkh fxuyhvlqwhuvhfw rqo| rqfh/ dw wkh srlqw pdunhg _Ht=% Lq wklv h{dpsoh/ wkh orqj uxq htxloleulxp lv jlyhqe| wkh sdlu +dW> �W, @ +53=8> 7=6,=

Iljxuh 43= Iuhh0hqwu| htxloleulxp +f @ n @ 3=34 dqg z @ 3,
Xvlqj Iljxuh 43/ lw lv vwudljkwiruzdug wr dvfhuwdlq wkh lq xhqfh ri sdudphwhuv f dqg n rq wkhorqj0uxq htxloleulxp1 D ghfuhdvh lq hqwu| frvw f vkliwv wkh iuhh hqwu| frqglwlrq wr wkh uljkw1 Lqpdunhwv zlwk yhu| ihz ydfdqflhv +� vpdoo,/ wklv uhvxowv lq d odujhu qxpehu ri �upv dqg lq pruhdssolfdwlrqv1 E| frqwudvw/ lq pdunhwv zlwk pdq| ydfdqflhv +olnh lq Iljxuh 43,/ wkh qxpehu ridssolfdwlrqv ghfuhdvhv1 Vlploduo|/ zh fdq dvn krz d ghfuhdvh lq dssolfdwlrq frvw n d�hfwv wkh orqj0uxq htxloleulxp1 Zh qrwh wkdw wklv fkdqjh vkliwv wkh zrunhuv* htxloleulxp frqglwlrq xszdugv/ zklfkuhvxowv lq d odujhu qxpehu ri dssolfdwlrqv dqg lq hqwu| ri ydfdqflhv1Qh{w/ zh duh lqwhuhvwhg lq krz wkh plqlpxp zdjh z lq xhqfhv wkh orqj0uxq htxloleulxp1 Zhqrwh wkdw wklv lq xhqfh lv kljko| vhqvlwlyh wr wkh lqlwldo pdunhw frqglwlrqv1 Iluvw/ zh kdyh vhhq krzdq lqfuhdvh lq wkh plqlpxp zdjh fdq ohdg wr pruh ru ohvv dssolfdwlrqv/ ghshqglqj rq wkh qxpehuri ydfdqflhv � +Sursrvlwlrq 9,1 Vhfrqg/ dq lqfuhdvh lq z d�hfwv qrw rqo| wkh zrunhuv* htxloleulxpfrqglwlrq exw dovr wkh iuhh hqwu| frqglwlrq1 Wklv lv looxvwudwhg lq Iljxuh 44/ zkhuh f @ n @ 3=341 Wkhvrolg fxuyhv fruuhvsrqg wr d vlwxdwlrq zkhuh z @ 3/ zkloh wkh gdvkhg fxuyhv vkrz wkh fdvh z @ 3=5=Wkh judsk uhyhdov wkh iroorzlqj ihdwxuh ri wkh iuhh0hqwu| htxloleulxp= dq lqfuhdvh lq wkh plqlpxp
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zdjh z dozd|v ohdgv wr h{lw dqg/ li lqlwldoo| wkhuh duh vx!flhqwo| pdq| �upv lq wkh pdunhw/ wr pruhdssolfdwlrqv> rwkhuzlvh wr ihzhu dssolfdwlrqv1 Wklv vxusulvlqj uhvxow vwhpv iurp wkh idfw wkdw li �lv odujh/ pdq| zdjh r�huv duh douhdg| forvh wr wkh frpshwlwlyh zdjh dqg ixuwkhu lqfuhdvhv ri wkhplqlpxp zdjh wkhuhiruh uhgxfh wkh pdujlqdo jdlqv ri dgglwlrqdo dssolfdwlrqv1

Iljxuh 44= Iuhh hqwu| htxloleulxp iru z @ 3 +vrolg fxuyhv, dqg z @ 3=5 +gdvkhg fxuyhv,1
Wkh odvw lvvxh zh lqyhvwljdwh lv zkhwkhu wkh iuhh0hqwu| orqj0uxq htxloleulxp lv frqvwudlqhg h!0flhqw1 Zh nqrz douhdg| wkdw wkh dqvzhu wr wklv txhvwlrq lv qhjdwlyh ehfdxvh wkh sulydwh lqfhqwlyhvwr vhqg dssolfdwlrqv duh h{fhvvlyh iru dq| �1 Krzhyhu/ zh vwloo fdq dvn zkhwkhu wkh iuhh0hqwu| htxl0oleulxp qxpehu ri �upv lv h{fhvvlyh ru lqvx!flhqw iurp d vrfldo zhoiduh shuvshfwlyh1 Wkh sodqqhu*vsureohp frqvlvwv ri pd{lpl}lqj � � f�/ zkhuh � lv gh�qhg lq htxdwlrq +56,1 Iru d �{hg d> wkhrswlpdo ydfdqf|0wr0xqhpsor|phqw udwlr lv wkhq jlyhq e| wkh iroorzlqj �uvw rughu frqglwlrq=

g�g� @ d +4� } +�> d,,d3� g} +�> d,g� � f @ 3 +5<,
Ru/ vxevwlwxwlqj wkh h{suhvvlrq iru g}@g� =

g�g� @ d +4� } +�> d,,d3� �}+�> d,� � h{s+�d� ,� �� f @ 3 +63,
Frpsdulqj +59, zlwk +63, uhyhdov wkdw �upv lqfhqwlyhv wr hqwhu duh qrw vrfldoo| h!flhqw1 Dqh!flhqw rxwfrph uhtxluhv }+�> d,+4�z, @ }+�> d,� h{s+�d� ,>zklfk lpsolhv wkdw=

69



Sursrvlwlrq < Iru dq| jlyhq qxpehu ri dssolfdwlrqv d/ wkhuh h{lvwv d vx!flhqwo| orz plqlpxpzdjh ez vxfk wkdw iru doo z � ez �upv lqfhqwlyhv wr hqwhu wkh oderu pdunhw duh h{fhvvlyh> pruhryhu/wkhuh h{lvwv d vx!flhqwo| odujh plqlpxp zdjh hz vxfk wkdw iru doo z � hz �upv lqfhqwlyhv wr hqwhuwkh oderu pdunhw duh lqvx!flhqw1
: Ilqdo uhpdunv
Zh suhvhqwhg d vlpsoh vwudwhjlf zdjh vhwwlqj jdph zkhuh zrunhuv pxvw ghflgh xsrq wkh qxpehuri mrev wkh| dsso| iru dqg �upv vlpxowdqhrxvo| srvw d zdjh wdnlqj lqwr dffrxqw wkh h�hfw wkdwwkh zdjh kdv rq wkh ehkdylru ri zrunhuv dqg zkhuh zrunhuv vlploduo| wdnh lqwr dffrxqw wkh h�hfwwkdw wkhlu vhdufk lqwhqvlw| kdv rq zdjhv1 Txlwh vxusulvlqjo|/ wklv prgho jhqhudwhv/ hyhq lq wkhprvw vlpsoh vhwwlqj/ pdq| lqwhuhvwlqj lqvljkwv1 Zh vkrz wkdw dq htxloleulxp zkhuh zrunhuv dsso|wr mxvw rqh mre h{klelwv xqhpsor|phqw dqg devhqfh ri zdjh glvshuvlrq> wklv w|sh ri Gldprqguhvxow fdqqrw eh vxvwdlqhg jhqhudoo|1 Dq htxloleulxp zkhuh zrunhuv dsso| iru wzr ru pruh mrevw|slfdoo| h{klelwv zdjh glvshuvlrq dqg xqhpsor|phqw1 Lq dgglwlrq/ zh vkrzhg wkdw wkhuh h{lvwv d�uvw rughu vwrfkdvwlf grplqdqfh uhodwlrq ehwzhhq zdjh glvwulexwlrqv ri oderu pdunhwv zlwk gl�huhqwydfdqf|0wr0xqhpsor|phqw udwlrv dqg plqlpxp zdjhv> krzhyhu dyhudjh zdjh lv qrq0prqrwrqlf lqwkh qxpehu ri dssolfdwlrqv1 Ilqdoo|/ zh vkrzhg wkdw wkh uhvxowlqj htxloleulxp lv qrw h!flhqw1Zrunhuv fdxvh wrr pxfk frqjhvwlrq e| vhqglqj rxw wrr pdq| dssolfdwlrqv1 Lqwurgxfwlrq ri dplqlpxp zdjh fdq lpsuryh zhoiduh zkhq wkh ydfdqf|0wr0xqhpsor|phqw udwlr lv odujh vlqfh lwuhgxfhv wkh qxpehu ri dssolfdwlrqv exw wkh rqo| zd| wr doljq wkh sulydwh dqg wkh vrfldo lqfhqwlyhvlv wr lpsrvh d pdqgdwru| zdjh wkdw holplqdwhv zdjh glvshuvlrq dowrjhwkhu1
Uhihuhqfhv
^4` Dfhprjox/ G1 dqg U1 Vklphu +5333,/ Zdjh dqg Whfkqrorj| Glvshuvlrq/ Uhylhz ri HfrqrplfVwxglhv 9:/ 8;8093;1^5` Doeuhfkw/ M1Z1 dqg E1 D{hoo +4<;7,/ Dq htxloleulxp prgho ri vhdufk xqhpsor|phqw/Mrxuqdo ri Srolwlfdo Hfrqrp|/ <5/ ;570731^6` Doeuhfkw/ M1Z1/ S1D1 Jdxwlhu/ dqg V1E1 Yurpdq +5335,/ Htxloleulxp Gluhfwhg Vhdufkzlwk Pxowlsoh Dssolfdwlrqv/ plphr Wlqehujhq Lqvwlwxwh1^7` Doeuhfkw/ M1Z/ S1D Jdxwlhu/ dqg V1E1 Yurpdq +5336,/ Pdwfklqj zlwk Pxowlsoh Dssol0fdwlrqv/ wkh Olplwlqj Fdvh/ plphr/ Wlqehujhq Lqvwlwxwh1
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^8` Ehuj ydq ghq/ J1M1 +5336,/ Pxowlsoh htxloleuld dqg plqlpxp zdjhv lq oderu pdunhwv zlwklqirupdwlrqdo iulfwlrqv dqg khwhurjhqhrxv surgxfwlrq whfkqrorjlhv/ Lqwhuqdwlrqdo HfrqrplfUhylhz/ 7707/ 466:1^9` Eurzq/ F1 +4<<<,/ Plqlpxp zdjhv/ hpsor|phqw/ dqg wkh glvwulexwlrq ri lqfrph/ fkdswhu 65lq Kdqgerrn ri oderu Hfrqrplfv/ R1 Dvkhqihowhu dqg G1 Fdug hg/543405496/ Qruwk Kroodqg1^:` Exughww/ N1 dqg N1 O1 Mxgg +4<;6,/ Htxloleulxp Sulfh Glvshuvlrq/ Hfrqrphwulfd 84/ 7/<880<9<1^;` Exughww/ N1 dqg G1 Pruwhqvhq +4<<;,/ Zdjh Gl�huhqwldov/ Hpsor|hu Vl}h dqg Xqhpsor|0phqw/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6</ 58:0:61^<` Exwwhuv +4<::,/ Htxloleulxp Glvwulexwlrqv ri Vdohv dqg Dgyhuwlvlqj Sulfhv/ Uhylhz ri Hfr0qrplf Vwxglhv/ 7706/ 79807<41^43` Exughww/ N1/ V1 Vkl/ dqg U1 Zuljkw +5334,/ Sulflqj dqg Pdwfklqj zlwk Iulfwlrqv/ Mrxuqdori Srolwlfdo Hfrqrp|/ 43</ 43930;81^44` Gdvjxswd/ S1 dqg H1 Pdvnlq +4<;9,/ �Wkh H{lvwhqfh ri Htxloleulxp lq GlvfrqwlqxrxvHfrqrplf Jdphv/ Sduw L +Wkhru|,/� Uhylhz ri Hfrqrplf Vwxglhv 86+o,/ 4<;9/ ss140591^45` Gldprqg/ S1 +4<:4,/ D Prgho ri Sulfh Dgmxvwphqw/ Mrxuqdo ri Hfrqrplf Wkhru|/ 6/ 48909;1^46` Mdqvvhq P1 dqg M1O1 Prudjd0Jrq}doh} +5336,/ Vwudwhjlf Sulflqj/ Frqvxphu Vhdufk dqgwkh Qxpehu ri Ilupv/ Uhylhz ri Hfrqrplf Vwxglhv/ iruwkfrplqj1^47` Nxkq/ S1 dqg P1 Vnxwhuxg +5337,/ Lqwhuqhw Mre Vhdufk dqg Xqhpsor|phqw Gxudwlrqv/Dphulfdq Hfrqrplf Uhylhz/ <704/ 54;05651^48` Odqj/ N1 +4<<4,/ Shuvlvwhqw zdjh glvshuvlrq dqg lqyroxqwdu| xqhpsor|phqw/ Wkh Txduwhuo|Mrxuqdo ri Hfrqrplfv/ 439/ 4;405351^49` Ohh/ G1V1 +4<<<,/ Zdjh lqhtxdolw| lq wkh Xqlwhg Vwdwhv gxulqj wkh 4<;3*v= Ulvlqj glvshuvlrqru idoolqj plqlpxp zdjhB/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 447/ <74043561^4:` Prqwjrphu|/ M1 +4<<4,/ Htxloleulxp zdjh glvshuvlrq dqg lqwhulqgxvwu| zdjh gl�huhqwldov/Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 439/ 49604:<1^4;` Slvvdulghv/ F1 +5333,/ Htxloleulxp Xqhpsor|phqw Wkhru|/ 5qg hg1/ PLW Suhvv1^4<` Urwkvfklog/ P1 +4<:6,/ Prghov ri pdunhw rujdql}dwlrq zlwk lpshuihfw lqirupdwlrq= d vxuyh|/Mrxuqdo ri Srolwlfdo Hfrqrp|/ O[[[L/ 45;60463;1^53` Vklphu/ U1 +5337,/ Vhdufk lqwhqvlw|/ plphr/ Xqlyhuvlw| ri Fklfdjr1^54` Whxolqjv/ F1Q1 +5336,/ Frqwulexwlrqv ri plqlpxp zdjhv wr lqfuhdvlqj zdjh lqhtxdolw|/ Hfr0qrplf Mrxuqdo/ 446/ ;340661
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Dsshqgl{D Surri ri Sursrvlwlrq 4
+l, Vlqfh zrunhuv rqo| revhuyh wkh zdjh diwhu wkh| kdyh dssolhg wr d �up/ �upv rqo| kdyh dqlqfhqwlyh wr r�hu d zrunhu z A z zkhq wkh suredelolw| wkdw wkh zrunhu dovr jhwv dq r�hu iurp dfrpshwlqj �up lv vwulfwo| srvlwlyh1 Zkhq d @ 4 wklv rffxuv zlwk suredelolw| 3/ khqfh qr �up kdvdq lqfhqwlyh wr r�hu z A z= Vr zkhq d @ 4 wkh htxloleulxp zdjh glvwulexwlrq pxvw eh ghjhqhudwhdw z @ z=+ll, Frqvlghu qrz wkh fdvh lq zklfk plqix> yj A d � 5 lq htxloleulxp1 Zh suryh wkh vwdwhphqwderyh e| frqwudglfwlrq1 Dvvxph wkdw doo �upv srvw vrph zdjh z lq ^z> 4, lq htxloleulxp1 Wkhsd|r� ri d �up ghshqgv srvlwlyho| rq wkh suredelolw| � wkdw d ydfdqf| vxffhhgv lq klulqj d zrunhudqg qhjdwlyho| rq wkh srvwhg zdjh1 Iluvw/ zh vkrz wkdw d ydfdqf| uhpdlqv ydfdqw zlwk d vwulfwo|srvlwlyh suredelolw|/ l1h1/ � ? 4= Zkhq x ? y/ wklv lv hdv| ehfdxvh wkhq � � xy ? 4/ iru doo d= Lix � y/ d �up zlwk dssolfdqwv idlov wr kluh d zrunhu zkhq doo lwv dssolfdqwv jhw kluhg e| rwkhu �upv1Wr vkrz wkdw � ? 4 dovr lq wklv fdvh/ lw lv hqrxjk wr �qg dq hyhqw wkdw fdq rffxu zlwk srvlwlyhsuredelolw| zkhuh vrph �up l zlwk dssolfdqwv idlov wr �oo lwv ydfdqf|1 Dq h{dpsoh ri vxfk dq hyhqwlv wkh fdvh zkhuh vrph �up l rqo| jhwv d vlqjoh dssolfdwlrq iurp rqh ri wkh zrunhuv/ vd| m1 Lw lvreylrxv wkdw wklv hyhqw fdq lqghhg rffxu zlwk srvlwlyh suredelolw|/ iru doo 5 � d � y � 4 dqg irudq| x1 Vxssrvh wklv hyhqw lv uhdol}hg> wkhq wkhuh lv d srvlwlyh suredelolw| wkdw wklv dssolfdqw m jhwvkluhg e| vrph rwkhu �up gl�huhqw wkdq l> dv d uhvxow � ? 4= Vhfrqg/ zh hvwdeolvk d frqwudglfwlrq1Qrwh wkdw htxloleulxp wkh sur�wv wr �up l duh �l @ �+4 � z,= Zh qrz vkrz wkdw �up l fdq grehwwhu e| ghyldwlqj dqg r�hulqj d kljkhu zdjh/ vd| z . %1 Li wklv lv vr/ wkh �up lq txhvwlrq zloodozd|v vxffhhg lq klulqj d zrunhu/ surylghg wkdw lw rewdlqv dw ohdvw dq dssolfdwlrq1 Wklv rffxuvzlwk suredelolw| 4� �4� dy �x > zklfk lv juhdwhu wkdq �=46 E| ghyldwlqj/ wkh �up zrxog pdnh sur�wv�Gl @ �4� �4� dy �x� +4�z� %,> zklfk duh vwulfwo| kljkhu wkdq �l iru vx!flhqwo| vpdoo % A 3= Wklvdujxphqw uxohv rxw doo zdjhv lq ^z> 4,= Lw uhpdlqv wr eh suryhg wkdw d zdjh glvwulexwlrq ghjhqhudwhgdw z @ 4 fdqqrw eh dq htxloleulxp hlwkhu zkhq plqix> yj A d � 51 Qrwh wkdw lq wklv fdvh �upvzrxog pdnh }hur sur�wv lq htxloleulxp1 Li d �up ghyldwhv dqg r�huv d orzhu zdjh/ vd| z> wklv �upzrxog rewdlq d sur�w �Gl @ �G+4�z,/ zkhuh �G lv wkh suredelolw| wkdw wkh ghyldqw lv pdwfkhg zlwkd zrunhu1 Wr uxoh rxw wklv fdvh zh qhhg wr vkrz wkdw �G A 3= Frqvlghu �uvw wkdw x ? y= Wr suryhwkdw �G A 3/ lw lv vx!flhqw wr jlyh dq h{dpsoh ri dq hyhqw wkdw fdq dulvh zlwk srvlwlyh suredelolw|zkhuh wkh ghyldqw kluhv d zrunhu/ iru 5 � d � x1 Wklv lv hdv| ehfdxvh hyhq li wkh ghyldqw jhwvrqo| rqh dssolfdqw/ wkhuh lv d srvlwlyh suredelolw| wkdw wklv fdqglgdwh jhwv qr r�huv iurp dq| ri wkhrwkhu �upv wr zklfk vkh dssolhg iru d mre1 Wkhuhiruh/ �G A 3 zkhq x ? y dqg d �up zrxog jdlqe| ghyldwlqj1 Qh{w frqvlghu x � y= Ohw xv qxpehu wkh ydfdqflhv iurp 4 wr Y � 4 dqg wkh zrunhuviurp 4 wr X 1 Rqfh djdlq/ wr suryh wkdw �G A 3/ lw lv vx!flhqw wr �qg d srvlwlyh0suredelolw| hyhqwlq zklfk wkh ghyldqw kluhv d zrunhu iru vxuh/ qrz iru 5 � d � y � 4= Dq h{dpsoh ri vxfk dq hyhqwlv wkh fdvh zkhuh zrunhu m dssolhv iru ydfdqf| l @ m> iru wkh ghyldqw*v ydfdqf| dqg srvvleo| iruvrph rwkhu ydfdqflhv dqg zrunhu 4 lv slfnhg e| ydfdqf| 4/ zrunhu 5 lv slfnhg e| ydfdqf| 5/ 111/ dqgzrunhu Y � 4 lv slfnhg e| ydfdqf| Y � 41 Lq wkdw fdvh/ wkh ghyldqw kluhv zrunhu Y +ru dq| rwkhuzrunhu iurp Y wr X, zlwk suredelolw| 41 Wkhuhiruh/ wkh ghyldqw zrxog jdlq e| ghyldwlqj1 Vr zhkdyh hvwdeolvkhg wkdw li plqix> yj A d � 5> wkhuh lv qr zdjh htxloleulxp lq sxuh vwudwhjlhv1 Wkhvdph w|sh ri dujxphqwv fdq eh xvhg wr vkrz wkdw wklv dovr krogv zkhq d @ x ? y1 Zh �qdoo| dujxhwkdw li dq htxloleulxp zdjh glvwulexwlrq I +z, h{lvwv/ lw pxvw eh dwrpohvv1 Wkh surri iroorzv wkhdujxphqwv deryh dqg zh rqo| vnhwfk lw khuh1 Vxssrvh/ rq wkh frqwudu|/ wkdw wkhuh zhuh dwrpv lq wkh

46Vlqfh s @ �4� �4� dy �x� ^4� Su +doo fdqglgdwhv jhw kluhg e| rwkhu �upv,` =
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zdjh glvwulexwlrq dqg frqvlghu d �up r�hulqj d zdjh ez vxfk wkdw gI +ez, A 3= Wkhq/ zlwk vwulfwo|srvlwlyh suredelolw|/ vxfk �up zrxog wlh zlwk doo rwkhu �upv dw r�hulqj ez/ dqg dv vkrzq ehiruh/wkh �up zrxog jdlq e| r�hulqj d voljkwo| kljkhu zdjh1 Dq dwrp dw wkh frpshwlwlyh zdjh fdqqrwdulvh lq htxloleulxp hlwkhu ehfdxvh d �up r�hulqj vxfk zdjh zrxog kdyh dq lqfhqwlyh wr ghyldwhdqg r�hu d orzhu rqh1 Wkrvh dujxphqwv krog iru dq| uhfuxlwlqj whfkqrorj| Up1 Lq dgglwlrq/ xqghuU�/111/Ux3� wkh| dovr krog iru y A d A x=+lll, Xqghu Ux1 Li d @ y � x/ hdfk �up jhwv x dssolfdwlrqv dqg kluhv d zrunhu zlwk suredelolw| 4dqg qr �up kdv dq lqfhqwlyh wr r�hu d zdjh deryh wkh plqlpxp zdjh1 Xqghu U�/111/Ux3�/ wkhuh lvdozd|v frpshwlwlrq iru zrunhuv dqg wkhuhiruh wkh dujxphqwv lq +ll, dovr krog khuh1 Wklv frpsohwhvwkh surri1 �
Surri ri Sursrvlwlrq 6
Lq wklv dsshqgl{ zh fdofxodwh d vx!flhqw frqglwlrq iru dq htxloleulxp zlwk d @ 4 wr h{lvw1 Wkh�uvw frqglwlrq lv wkdw sduwlflsdwlrq |lhogv qrq0qhjdwlyh sd|r�v1 Khqfh/ �� +�,z � n1 Wkh vhfrqgfrqglwlrq lv wkdw ghyldwlqj wr d @ 5 lv qrw sur�wdeoh1 Wr fdofxodwh wkh sd|r�v iurp vxfk d ghyldwlrqzh pxvw �uvw fdofxodwh wkh suredelolw| wr jhw d mre r�hu zkhq dsso|lqj iru 5 mrev zkhq wkh rwkhuzrunhuv dsso| wr rqh mre1 Ohw H� eh wkh suredelolw| wkdw wkh ghyldqw*v �uvw dssolfdwlrq uhvxowvlq dq r�hu dqg H2 eh wkh suredelolw| wkdw klv vhfrqg dssolfdwlrq uhvxowv lq dq r�hu1 Qrwh wkdwS +H�, @ a} @ e�yxn� @ ��3+�3 �y ,x3�E�3 2y ��yxn� / zkhuh e� @ �4� �4� �y �x3� +4� 2y ,� lv wkh suredelolw|wkdw d ydfdqf| kdv dssolfdwlrqv +rqh plqxv wkh suredelolw| wkdw qrq0ghyldqw zrunhuv gr qrw dsso|plqxv wkh suredelolw| wkdw wkh ghyldqw grhv qrw dsso|,1 Wkh suredelolw| wkdw dw ohdvw rqh riwkh ghyldqw*v dssolfdwlrqv uhvxowv lq dq r�hu lv 4 � S �H��S �H2mH�� zklfk lv rqo| lq wkh olplw+x> y $ 4> yx $ �, htxdo wr 4 � S �H��2/ vhh Doeuhfkw hw do1 +5337,= D qhjdwlyh ghshqghqf| lv djhqhudo surshuw| ri �qlwh xuq0edoo w|sh ri prghov= li d vxevhw ri wkh xuqv uhfhlyhv pdq| edoov wkhqd glvmrlqw vxevhw ri wkh xuqv pxvw uhfhlyh d ihz edoov1 Khqfh wkh idfw wkdw wkh �uvw dssolfdwlrq grhvqrw uhvxow lq d pdwfk jlyhv lpsolflw lqirupdwlrq rq wkh wrwdo qxpehu ri dssolfdwlrqv wkh �up zkhuhwklv dssolfdwlrq odqghg kdg1 Wkh olnholkrrg wkdw wkh vhfrqg rqh grhv qrw uhvxow lq dq r�hu wkhuhiruhehfrphv vpdoohu1 Li H�> ===> Hq duh qhjdwlyho| dvvrfldwhg=47

S �H�> ===> Hq� � �SH��q >Qh{w/ zh wxuq wr wkh surri1 Dvvxph iru wkh prphqw wkdw d @ 4 lq htxloleulxp1 Iluvw qrwh wkdw dqdssolfdqw jhwv hlwkhu d vlqjoh zdjh r�hu ru qr zdjh r�hu dw doo1 Dv d uhvxow/ d �up r�hulqj d zdjhwr d zrunhu idfhv qr frpshwlwlrq iurp rwkhu �upv wr kluh vxfk zrunhu1 Wklv lpsolhv wkdw �upv kdyhqr lqfhqwlyhv wr r�hu zdjhv deryh wkh plqlpxp zdjh vlqfh grlqj vr grhv qrw lqfuhdvh wkh klulqjsuredelolw|1 Khqfh/ wkh htxloleulxp sd|r� wr d �up lv �l @ �+4 � z,> zkhuh � lv wkh suredelolw|ri vxffhhglqj lq klulqj d zrunhu1 Qrwh wkdw wkh qxpehu ri dssolfdwlrqv wkdw d �up uhfhlyhv lv dudqgrp yduldeoh zlwk d elq+x> d@y, glvwulexwlrq1 Wkhq/ � lv wkh vwdqgdug �xuq0edoo�suredelolw| wrjhw rqh ru pruh dssolfdqwv/ l1h1/ � @ 4� �4� �y �x =Zh qrz fkhfn wkdw d @ 4 lv lqghhg d zrunhu*v ehvw0uhvsrqvh1 Lq htxloleulxp/ wkh h{shfwhg xwlolw|iru d zrunhu lv htxdo wr Xh @ }z � n/ zkhuh } lv wkh suredelolw| wkdw d zrunhu jhwv d mre1 Wklvsuredelolw| fdq eh hdvlo| frpsxwhg/ } @ �yx 1 H{shfwhg xwlolw| lq htxloleulxp lv qrq0qhjdwlyh li dqgrqo| li wkh frqglwlrq n � �+z>x> y, krogv1 D srwhqwldo ghyldqw zrunhu zkr vhqgv rxw 5 dssolfdwlrqv
47L1h1 iru wkh 6{6 fdvh/ �4� S �H4�5� @ 445:45<9 zkloh 4� S �H4�S �H5mH4� @ 4445 =
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zloo jhw d mre zlwk d suredelolw| wkdw lv dw ohdvw 4�+4� a},2 +zkhuh a} lv jlyhq deryh,1 Vr khu h{shfwhgxwlolw| lv dw ohdvw Xhg +d @ 5, @ �4� +4� a},2�z � 5n= Iru d v|pphwulf htxloleulxp/ zh qhhg wkdwzrunhuv kdyh qr lqfhqwlyhv wr ghyldwh/ l1h1 lw pxvw eh wkh fdvh wkdw }z� n � k4� +4� a},2lz� 5n>ru n � k4� +4� a},2lz� ��+z>x> y,= Ilqdoo|/ wkh xsshu erxqg frphv iurp vhwwlqj a} @ 4= Zh qrwhwkdw wklv frqglwlrq dovr hqvxuhv wkdw d zrunhu grhv qrw �qg lw ehqh�fldo wr dsso| wr 6 ru pruhydfdqflhv1 Wkh surri lv qrz frpsohwh1 �
E Klulqj suredelolwlhv iru U6 Ey ' �> x ' �> d ' 2�E14 Ghulydwlrq ri sqG�s�G�>s2G�dqg s�G� duh wkh suredelolwlhv wkdw d �up r�hulqj wkh kljkhvw/ vhfrqg kljkhvw dqg orzhvw zdjhlq wkh pdunhw kluhv d zrunhu/ uhvshfwlyho|1 Qrwh wkdw s�G� @ 4 � �4� 2��� @ 2S2. = Wr fdofxodwh s2G�>qrwh wkdw wkh vhfrqg kljkhvw zdjh �up dozd|v kluhv d zrunhu zkhq lw kdv 5 ru pruh dssolfdqwv dqglw uhpdlqv ydfdqw zkhq lw kdv rqh dssolfdqw dqg wklv dssolfdqw jhwv kluhg e| wkh kljkhvw zdjh �up1Wkh olnholkrrg wkdw wkh fdqglgdwh dw wkh vhfrqg kljkhvw zdjh �up dovr dssolhg wr wkh kljkhvw zdjh�up lv �2 = Jlyhq wkdw wkh fdqglgdwh lq txhvwlrq lv wkh rqo| dssolfdqw dw wkh vhfrqg kljkhvw zdjh �updqg kh dovr dssolhg wr wkh kljkhvw zdjh �up/ wkhuh pxvw eh 6 fdqglgdwhv dw wkh kljkhvw zdjh �up vrkh jhwv kluhg e| wkdw �up zlwk suredelolw| �� 1 Wkh suredelolw| wkdw d �up jhwv h{dfwo| 4 fdqglgdwhlv ���� �2�� ����2 @ S2. @ 2b > dqg wkh suredelolw| wr jhw 5 ru pruh fdqglgdwhv lv= 4� �2. � S2. @ 2f2. = Wkxv

s2G� @ 45:3 . 95: �45 �4� 46�. 454�. 535:4 @ 585:Wr fdofxodwh s�G�/ qrwh wkdw d �up dozd|v kluhv d zrunhu zkhq lw jhwv 6 dssolfdqwv/ zklfk kdsshqvzlwk suredelolw| H2. > d �up idlov wr kluh d zrunhu zkhq doo lwv fdqglgdwhv jhw kluhg e| wkh kljkhvwdqg2ru wkh vhfrqg kljkhvw zdjh �up1 Wkxv=
s�G� @ 45:3 . 95: �45 �454 . 453�. 45 �56 45 . 463��. 455:

#4 . 4 . �e . �e7
$. ;5:4 @ 545:

E15 Ghulydwlrq ri tqG�Wkh suredelolwlhv ri ehlqj kluhg dw uhvshfwlyho| wkh 4vw/ 5qg ru 6ug kljkhvw zdjh/ t�G�>t2G�dqg t�G�>fdq eh fdofxodwhg dv iroorzv1 Iluvw qrwh wkdw d zrunhu dssolhv wr ydfdqf| D zlwk suredelolw| 2�dqg/ frqglwlrqdo rq dsso|lqj/ vkh lv wkh rqo| dssolfdqw dw ydfdqf| D zlwk suredelolw| �b+zrunhuv 5dqg 6 erwk kdyh d ����2fkdqfh wr qrw dsso| wr wkh vdph ydfdqf| zrunhu 4 kdv dssolhg wr,1 Zlwksuredelolw| eb vkh lv rqh ri wkh wzr fdqglgdwhv dw D> dqg zlwk suredelolw| eb vkh lv rqh ri wkh 6fdqglgdwhv1 Khqfh=
t�G� @ 55: �4 . 7 � 45 . 7 � 46� @ 59;4t2G� @ 45: �46 . 5 � 45 . 7 � 47 . 56 . 3�. 45: �8 � 45 . 5 � 67 . 46 . 4� @ 58;4t�G� @ 45: �8 � 45 . 5 � 47 . 46 . 3�. 45: �56 . 9 � 45 . 46 . 3� @ 55;4
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Wkh zrunhu uhpdlqv xqhpsor|hg zlwk suredelolw| 4� t�G� � t2G� � t�G� @ 49@495=
E16 Ghulydwlrq ri tqG�� dqg tqG��Ohw t�G�� eh wkh suredelolw| wkdw d ghyldqw zrunhu zkr vhqgv 6 dssolfdwlrqv jhwv wkh kljkhvw zdjh>olnhzlvh/ ohw t2G�� dqg t�G�� eh wkh suredelolw| wkdw vkh jhwv wkh vhfrqg kljkhvw zdjh dqg wkh orzhvwzdjh/ uhvshfwlyho|1 Vwdqgdug frpelqdwrulfv |lhogv=

t�G�� @ 4<4 . 7< 45 . 7< 46 @ 465: >t2G�� @ 4< 56 . 7<
# �25 . �e57

$. 7<
#3 . �e5 . ��7

$ @ 46 >
t�G�� @ 4< 46 . 7<

# �e5 . �S57
$. 7<

#3 � 5 . �e57
$ @ 85: =

Lq wklv fdvh/ wkh ghyldqw jhwv d mre iru vxuh1 Frqvlghu d zrunhu zkr ghyldwhv dqg vhqgv rxwmxvw rqh dssolfdwlrq1 Dv ehiruh/ ohw t�G�� eh wkh suredelolw| wkdw d ghyldqw zrunhu jhwv wkh pd{lpxpzdjh/ t2G�� eh wkh suredelolw| vkh jhwv wkh vhfrqg kljkhvw zdjh/ dqg t�G�� eh wkh suredelolw| wr jhw wkhorzhvw zdjh1
t�G�� @ 46 �4<4 . 7< 45 . 7< 46� @ 46;4
t2G�� @ 46

#4<4 . 7<
# �25 . �e57

$. 7<
# �26 . ��7

$$ @ 49;4
t�G�� @ 46

#4<4 . 7<
# �e5 . 4 � 57

$. 7<
#4 � 5 . �257

$$ @ 84; =
Lq wklv fdvh wkh ghyldqw zrunhu uhpdlqv xqhpsor|hg zlwk suredelolw| 8<24951
F Ghulydwlrq ri htxloleuld xqghu U4 iru +x ' �> y ' �,
Sursrvlwlrq 6 vkrzv wkdw zkhq zrunhuv dsso| iru mxvw rqh mre/ �upv r�hu wkh plqlpxp zdjh irudq| uhfuxlwlqj whfkqrorj|1 Dv d uhvxow/ wkh htxloleulxp fkdudfwhul}dwlrq iru d @ 4 lv lghqwlfdo wrwkdw lq wkh U� fdvh1Qh{w/ wdnh d @ 5= Wklv jhqhudwhv d zdjh0glvshuvhg htxloleulxp1 Wr ghulyh wkh sd|r� wr d �up lr�hulqj d zdjh z zkhq wkh ulydov r�hu d udqgrp gudz iurp I +z,/ zh frqvlghu wkh iroorzlqj hyhqwv1Iluvw/ qrwh wkdw wkh qxpehu ri dssolfdqwv d �up uhfhlyhv lv elq �x> dy �/ vr wkh suredelolw| �up lkdv qr dssolfdqwv lv 4@5:/ wkdw lw kdv 4 dssolfdqw lv 925:/ wkdw lw kdv wzr dssolfdqwv lv 4525: dqgwkdw lw kdv 6 dssolfdqwv lv ;25:1 Li �up l kdv rqh dssolfdqw/ wkh rwkhu �up zkhuh wklv fdqglgdwhdssolhg wr kdv lq wrwdo 6 dssolfdwlrqv zlwk suredelolw| 41 Li �up l kdv 5 fdqglgdwhv/ wkh �up slfnvrqh ri wkhp dw udqgrp dqg pdnhv dq r�hu wr klp2khu1 Lw pd| eh wkh fdvh wkdw wkh fkrvhq zrunhulv txhxhlqj wrjhwkhu zlwk wkh wzr rwkhu zrunhuv lq wkh rwkhu �up kh dssolhg iru/ zklfk kdsshqvzlwk suredelolw| 425 dqg lq wklv fdvh �up l kluhv wkh zrunhu zlwk suredelolw| 5@6 . 4@6I +z,> rulw pd| eh wkh fdvh wkdw wkh fkrvhq zrunhu kdv mxvw rqh frpshwlwru iru wkh r�hu ri wkh rwkhu �upkh dssolhg iru/ zklfk kdsshqv zlwk suredelolw| 425 dqg lq wklv fdvh �up l kluhv wkh zrunhu zlwksuredelolw| 4@5 . 4@5I +z,1 Li �up l kdv wkuhh dssolfdqwv lv/ wkh �up slfnv rqh ri wkhp dw udqgrp
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djdlq dqg pdnhv dq r�hu wr klp2khu1 Wkh fkrvhq dssolfdqw pd| eh txhxhlqj zlwk qr rwkhu zrunhulq wkh rwkhu ydfdqf| kh dssolhg iru/ zklfk kdsshqv zlwk suredelolw| 427 dqg lq wklv fdvh �up lkluhv wkh zrunhu zlwk suredelolw| I +z,> ru lw pd| eh wkh fdvh wkdw wkh fkrvhq zrunhu lv txhxhlqjzlwk mxvw rqh rwkhu zrunhu lq wkh rwkhu ydfdqf| kh dssolhg iru/ zklfk kdsshqv zlwk suredelolw| 527dqg lq wklv fdvh �up l kluhv wkh zrunhu zlwk suredelolw| 4@5 . 4@5I +z,> ru/ �qdoo|/ lw pd| eh wkhfdvh wkdw wkh fkrvhq zrunhu lv txhxhlqj zlwk wzr rwkhu zrunhuv lq wkh rwkhu ydfdqf| kh dssolhgiru/ zklfk kdsshqv zlwk suredelolw| 427 dqg lq wklv fdvh �up l kluhv wkh zrunhu zlwk suredelolw|5@6 . 4@6I +z,1Froohfwlqj whupv jlyhv wkh iroorzlqj sd|r�=
�l+z>I +z, @ � 95: �56 . 46I +z,�. 455: �45 �56 . 46I +z,�. 45 �45 . 45I +z,��.;5: �47 �56 . 46I +z,�. 57 �45 . 45I +z,�. 47I +z,�� +4�z,@ 95: 56 . 455: �45 56 . 45 45�. ;5: �47 56 . 57 45�.� 95: 46 . 455: �45 46 . 45 45�. ;5: �47 46 . 57 45 . 47��I +z,@ �76;4 . 68;4I +z,� +4�z,

Qrwh wkdw zkhq �up l r�huv wkh kljkhvw srvvleoh zdjh lq wkh pdunhw lw idlov wr kluh d zrunhu zlwksuredelolw| 6@;4= Vhwwlqj z @ z |lhogv htxloleulxp sur�wv= �l+z, @ e�H� +4�z, = Ohw z ghqrwh wkhxsshu erxqg ri wkh zdjh glvwulexwlrq1 Lq d pl{hg vwudwhj| htxloleulxp/ wkh �up pxvw eh lqgl�huhqwehwzhhq r�hulqj dq| zdjh lq ^z>z` vr I +z, pxvw vroyh=�76;4 . 68;4I +z,� +4�z, @ 76;4 +4�z,
zklfk |lhogv +7,1 Vhwwlqj I +z, @ 4 dqg vroylqj iru z rqh �qgv wkh xsshu erxqg ri wkh zdjhglvwulexwlrq1Ohw H�> H2> H� ghqrwh wkh h{shfwhg pd{lpxp zdjh iurp d vdpsoh ri vl}h 4> 5> dqg 6> uhvshf0wlyho|148 Wkh h{shfwhg sd|r� wr d zrunhu lq htxloleulxp lv jlyhq e|=

Xh+d @ 5, @ ;9495H� . 68495H2 � 5n
zkhuh ;9@495 lv wkh suredelolw| wkdw wkh zrunhu uhfhlyhv mxvw rqh mre r�hu dqg 68@495 lv wkhsuredelolw| wkdw kh2vkh jhwv wzr mre r�huv1 Zh qrwh wkdw d zrunhu jhwv qr mre zlwk d suredelolw|htxdo wr 74@495=Lq htxloleulxp/ d zrunhu pxvw rewdlq qrq0qhjdwlyh h{shfwhg xwlolw|/ zklfk |lhogv wkh frqglwlrq=

n � !2f @ ;9657H� . 68657H2 +64,dqg wkhuh vkrxog eh qr sur�wdeoh xszdug ru grzqzdug ghyldwlrq1 Wkh h{shfwhg xwlolw| iru d ghyldqw
48Iru d jlyhq zdjh glvwulexwlrq I Ez�> wkh h{shfwhg pd{lpxp zdjh iurp d udqgrp vdpsoh ri vl}h q lv Hq 'U"3" qI Ez�q3�iEz�gz=
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zkr vhqgv 6 dssolfdwlrqv lv jlyhq e|
Xhg +dg @ 6, @ 9<495H� . 93495H2 . 48495H� � 6n

zkhuh 9<@495 lv wkh suredelolw| wkdw wkh zrunhu uhfhlyhv mxvw rqh mre r�hu/ 93@495 lv wkh suredelolw|wkdw kh2vkh jhwv wzr zdjh r�huv dqg 48@495 lv wkh suredelolw| kh2vkh uhfhlyhv wkuhh r�huv1 Zh qrwhwkdw lq wklv fdvh wkh suredelolw| wkh zrunhu uhpdlqv xqhpsor|hg lv 4;@495= Ghyldwlqj wr d @ 6 lvqrw sur�wdeoh li
Xh+d @ 5, � Xhg +dg @ 6,/ ru= +65,n � !2� @ � 49495H� . 58495H2 . 48495H�

Qh{w/ zh kdyh wr hvwdeolvk zkhq lw lv qrw sur�wdeoh wr ghyldwh wr d @ 4= Frqvlghu d zrunhu zkrghyldwhv dqg vhqgv rxw mxvw rqh dssolfdwlrq1 Wkh h{shfwhg xwlolw| lv
S +3 riihuv, @ 4< �56 . 56 . 45 . 56 . 56 . 45 . 45 . 45 . 3� @ 475:

Xhg +d @ 4, @ 465:H� � nzkhuh 46@5: lv wkh suredelolw| ri jhwwlqj hpsor|hg1 Ghyldwlqj wr d @ 4 lv qrw sur�wdeoh li=
Xh+d @ 5, � Xhg +dg @ 4, ru= +66,n � !2� @ :495H� . 68495H2

Zh qrwh wkdw !2f ? !2� vr wkh frqglwlrq +66, lv lpsolhg e| frqglwlrq +64,1 Vr lw pxvw eh wkh fdvhwkdw !2f � n � !2� iru dq htxloleulxp zlwk d @ 5 wr h{lvw1Zh �qdoo| frqvlghu wkh fdvh zkhuh hdfk zrunhu vhqgv 6 dssolfdwlrqv1 Wkh sd|r� wr d �up r�hulqjd zdjh z zkhq wkh ulydov r�hu d udqgrp gudz iurp I +z, lv fdofxodwhg dv iroorzv1 Iluvw/ qrwh wkdw�up l slfnv d zrunhu dw udqgrp dqg pdnhv dq r�hu wr klp2khu1 Wkh �up kluhv wklv zrunhu vxuho|zkhq wkh rwkhu wzr �upv r�hu wkhlu ydfdqf| wr gl�huhqw zrunhuv/ l1h1/ zlwk suredelolw| +5@6,2=Vhfrqg/ zlwk suredelolw| 5+4@6,+5@6, dw ohdvw rqh rwkhu �up r�huv lwv mre wr wkh zrunhu ri �upl> lq zklfk fdvh �up l rqo| kluhv li lwv zdjh lv kljkhu/ l1h1/ zlwk suredelolw| I +z,= Ilqdoo|/ zlwksuredelolw| +4@6,2 erwk rwkhu �upv r�hu wkhlu mre wr wkh fdqglgdwh ri �up l> lq zklfk fdvh �up lrqo| kluhv zlwk suredelolw| I +z,2= Wklv ohdgv wr wkh iroorzlqj sd|r�=
�l+z>I +z,, @ �4<I 2+z, . 7<I +z, . 7<� +4�z,Vroylqj wkh htxdwlrq �l+z>I +z,, @ �l+z, |lhogv wkh glvwulexwlrq ixqfwlrq surylghg lq wkh wh{w1Vhwwlqj I +z, @ 4 dqg vroylqj iru z |lhogv z @ +8 . 7z,@<=Wr fdofxodwh wkh h{shfwhg sd|r� iru d zrunhu zkhq d @ 6> qrwh wkdw zh fdq wklqn ri wklv surfhvvdv hdfk �up dsso|lqj wr 4 zrunhu vr wkh qxpehu ri r�huv d zrunhu jhwv lv elq �y> �x�1 Wkh zrunhuuhfhlyhv wkuhh r�huv zlwk suredelolw| +4@6,�> wzr r�huv zlwk suredelolw| 6+4@6,2+5@6,/ rqh r�hu zlwksuredelolw| 6+4@6,+5@6,2=dqg qr r�hu zlwk suredelolw| +5@6,�= Dv d uhvxow/

Xh+d @ 6, @ 7<H� . 5<H2 . 45:H� � 6n
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Lq htxloleulxp/ d zrunhu pxvw rewdlq qrq0qhjdwlyh h{shfwhg xwlolw|/ zklfk |lhogv wkh frqglwlrq
n � �f @ 75:H� . 55:H2 . 4;4H�= +67,

Lq dgglwlrq/ wkhuh vkrxog eh qr sur�wdeoh grzqzdug ghyldwlrq1 Wkh h{shfwhg xwlolw| iru d ghyldqwzkr vhqgv mxvw 5 dssolfdwlrqv lv fdofxodwhg wdnlqj lqwr dffrxqw wkdw wkh zrunhu jhwv rqh r�hu zlwksuredelolw| 5+4@6,+5@6, dqg wzr r�huv zlwk fkdqfh +4@6,2= Zh qrwh wkdw wkh zrunhu uhfhlyhv qrr�hu zlwk suredelolw| +5@6,2=Wklv |lhogv d sd|r�
Xhg +dg @ 5, @ 7<H� . 4<H2 � 5n

Ghyldwlqj wr d @ 5 lv qrw sur�wdeoh li=
Xh+d @ 6, � Xhg +dg @ 5, ru=n � �2 @ 4<H2 . 45:H�= +68,

Ghyldwlrq wr d @ 4 lv qrw sur�wdeoh surylghg wkdw
Xh+d @ 6, � Xhg +dg @ 4, @ 46H� � n ru=

n � �� @ 45 �4<H� . 5<H2 . 45:H�� = +69,
Zh qrwh wkdw �2 ? �� ? �f vr wkh frqglwlrq +68, lpsolhv frqglwlrqv +67, dqg +69,1
G Surri Fruroodu| 4
Wr suryh wkdw wkh h{shfwhg zdjh lv lqlwldoo| lqfuhdvlqj lq d iru doo sdudphwhuv/ zh hydoxdwh +46, dwd @ 5= Wklv |lhogv
gH^z`gd ����d'2 @ CH^z`C} g}gd ����d'2 . CH^z`Cd ����d'2

@ +4�z,] �
f
| ��3}E�>2�2 � }E�>2�� �� +4� }+�> 5,, +4� }+�> 5,+4� |,, orj k �3}E�>2��3}E�>2�E�3|�l+4� }+�> 5,+4� |,,2 g|=

Qrwh wkdw wkh ghqrplqdwru ri wkh lqwhjudqg ri wklv h{suhvvlrq lv srvlwlyh/ iru doo |=Qrz zh vkrzwkdw wkh qxphudwru lv dovr srvlwlyh/ iru doo |= Wkdw lv/ zh qhhg wr vkrz wkdw
� +4� }, +4� } . }|, orj � 4� }4� } . }|� � |�}� � 4� }5 � +6:,

iru doo |/ zkhuh zh kdyh vxssuhvvhg wkh dujxphqwv ri }+�, wr vdyh rq qrwdwlrq1 Qrwlfh wkdw +6:, krogviru | @ 3= Pruhryhu/ wkh OKV ri +6:, lqfuhdvhv lq | dw d udwh } +4� },�4� orj k �3}�3}n}|l�/ zklohwkh UKV grhv vr dw d frqvwdqw udwh ��3}2 � }�� = Qrz zh qrwh wkdw } +4� },�4� orj k �3}�3}n}|l� A} +4� }, +4� orj^4� }`, A �}� � �3}2 � > iru doo �> zkhuh wkh odvw lqhtxdolw| fdq eh hdvlo| sorwwhg lq �xvlqj wkh h{suhvvlrq iru }+�> 5, jlyhq deryh1 Wkxv/ wkh h{shfwhg zdjh lqfuhdvhv lq wkh qxpehu ri
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dssolfdwlrqv lq d qhljkerukrrg ri d @ 5> iru doo �=
Zh qrz suryh wkdw li � lv vx!flhqwo| odujh/ wkh h{shfwhg zdjh lv lqfuhdvlqj lq wkh qxpehu ridssolfdwlrqv d= Zh fdq uhzulwh +46, lq wkh iroorzlqj zd|=

gH^z`gd @ +4�z,] �
f +4� },d3�+4� }+4� |,,d

%+d� 4,|#4d � 4d�3h3d� � �
$� +4� }+4� |,, orj � 4� }4� }+4� |,�

&g|=
Qrwlfh wkdw wkh vljq ri wklv ghulydwlyh ghshqgv rq wkh vljq ri wkh whup ehwzhhq vtxduh eudfnhwv1Wkh OKV ri wkdw whup lv qhjdwlyh/ ghfuhdvhv dv � lqfuhdvhv dqg frqyhujhv wr ��d dv �$ 4 zkloh lwvUKV lv srvlwlyh/ lqfuhdvhv lq � dqg frqyhujhv wr lq�qlw| dv � $ 4= Dv d uhvxow wkhuh h{lvwv h� vxfkwkdw iru doo � A h�/ wkh vljq ri wklv ghulydwlyh lv srvlwlyh1 Wkh surri lv qrz frpsohwh1 �
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