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1. Introduction

Increasing life expectancy notwithstanding, people retire earlier nowadays than they did
decades ago. A common explanation for this phenomenon is that pension benefit rules
are poorly designed in many countries (e.g. Gruber and Wise, eds., 1999), which, among
other things, endangers the sustainability of social security systems. It is therefore an
important social task to improve pension benefit rules so that social security systems
remain feasible (by, for example, increasing retirement age), while other goals, such as
insurance, fairness, and the accommodation of heterogeneous individual characteristics,
are also attained.

Most of the literature assumed that the government and the individuals have the
same information regarding life expectancies, and only the individuals’ disutilities of
labor are not known to the government (asymmetric information). Then there is a
plausible benefit rule, called actuarially fairin the literature: pay a life annuity equaling
to the ratio of the lifetime contribution to the remaining life expectancy. Under this
benefit rule, workers, who prefer leisure more, retire earlier and receive a lower life
annuity corresponding to their lower lifetime contributions and their longer remaining
life expectancies.

Fair systems have recently been introduced in several European countries (Sweden,
Italy and Poland) under the name notionally defined contribution system (for short,
NDC). (For certain technical problems of NDC, see Valdés-Prieto, 2000.)

But individuals differ not only in their labor disutilities but their life expectancies as
well. And there is a strong positive relationship between the individual life expectancy
and the individual length of employment — those living longer also work longer. This
positive correlation is established empirically by Waldron (2001). There is also direct
evidence that people can predict their own life expectancies quite well (Smith et al.,
2001). As a result, under such circumstances, not only actuarial fairness but even the
aggregate balance between contributions and benefits is destroyed (Simonovits, 2003).
To avoid any confusion, we shall speak of a neutral scheme if the expected benefit is
equal to the contribution for any type, and add the adjective traditional to the so-called
fair systems.

Since the publication of Mirrlees’ (1971) seminal paper on optimal income taxation,
mechanism design has been providing a tool for solving such problems. In our case,
the design determines the optimal flexible retirement rules under the assumption that
individuals have private information. The government’s goal is to design a pension
system (a payroll tax or contribution and a function relating benefits to retirement age),
which maximizes a social welfare function and satisfies a social budget constraint. Since
individuals with different characteristics optimize their retirement ages conditional on
the benefit function, the government must also take into account incentive-compatibility
constraints: no type wants to choose a contract designed for another type.

In the pension literature, it was Diamond and Mirrlees (1978) who first studied
mechanism design problems, namely concerning disability benefits. It was much later
that Fabel (1994), Diamond (2003), Esé and Simonovits (2002), Simonovits (2003)
and Sheshinski (2004) considered old-age retirement with heterogeneity in individual
life expectancies or disutility of labor. The main contribution of this approach to the
existing literature on pension system reforms is to extend the analysis of optimal pension
benefit rules in an important new direction, by assuming that individuals have private
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information regarding their life expectancies or disutilities.

Here I shall only discuss Es6 and Simonovits (2002). It is a multicohort model, where
individuals or types only differ in life expectancies, which are positive integers: t =
S, ..., T. Using the standard techniques of mechanism design, we determined the first-
and second-best optimal benefit-retirement age functions. (In the first-best solution,
the information is symmetric and the individuals obey the government’s decisions. In
the second-best solution, the information is asymmetric and the individuals’ private
interests should be taken into account in the design). The equations, that determine
the optimal second-best benefit rule, are analytically derived. This benefit rule appears
to be very much different from the traditional fair schedule (which would be acceptable
if individuals differed in their disutilities of labor, but not in their life expectancies).
Similarly to the traditional rule, the socially optimal (and incentive compatible) benefit
rule leads to a redistribution from individuals with shorter life expectancies to individuals
with longer life expectancies, though the redistribution is dampened. The properties
of the optimal benefit rule depend on the shape of the social welfare function: more
egalitarian social objectives lead to more flexible benefit rules. For the utilitarian social
welfare function, (defined as the weighted sum of the lifetime utilities) we have obtained
a very simple though paradoxical result: the first- and the second-best solutions are
identical, every type receives the same periodic benefit and retires at the same age.
Notwithstanding the rigidity of such a ‘flexible’ retirement scheme, it will be used as a
benchmark in the present paper as well (Figures 1 and 2).

The assumption of redistribution among various types is a natural assumption in the
optimal taxation literature but is in sharp contrast with some other fields of information
economics. For example, in the basic model of optimal insurance under asymmetric in-
formation (Rothschild and Stiglitz, 1976), both types of the insured have a zero balance
(neutrality), and the inefficiency of the second-best optimum appears in the partial in-
surance of the low-risk type. Here the participation is not mandatory and the market
competition ensures that the insurers’ profits be zero.

The present paper combines the pension design methodology with the neutrality
requirement. Apart from a benchmark model in Section 5, I restrict the retirement
rules to (actuarially) neutral ones. There is no need to assume a social welfare func-
tion. Following Rothschild and Stiglitz, we could even assume that there are plenty of
competing insurance agencies selling optimal pension policies to the workers. But we
retain the mandatory character of the pension system and charge the government with
the design of a socially optimal neutral system.

As a by-product, the redistributive model of Es6 and Simonovits is simplified, be-
cause the retirement age of any type is determined by his benefit, reducing the dimension
of the problem from 2 to 1.

The main findings are as follows: (i) There exists a neutral first-best benefit—
retirement age rule: every type receives the same periodic benefit and his retirement
age is proportional to his (adult) life expectancy. (This solution was called the autarkic
first-best in Es6 and Simonovits and it could also be called optimum under symmetric
information.) (ii) There exists a neutral second-best benefit—retirement age schedule,
which is constrained Pareto-optimal among the incentive-compatible neutral rules. (iii)
Under certain technical assumptions, the neutral second-best retirement age of the
longest-lived is oversensitive to the life expectancies, i.e. the difference between the re-



tirement ages of the first and the second longest-lived types is larger than the difference
between their life expectancies.

(iv) To formulate the major result, we must introduce a social welfare function and a
redistributive second-best solution (Esé and Simonovits, 2002). For the two-type case,
under related technical assumptions, the neutral second-best solution is not only welfare
inferior to but Pareto-dominated by the redistributive second-best solution: the neutral
solution is inefficient. We have also numerical examples for multitype models, where
the same relation holds. A heuristic explanation is as follows: To deter the longest-
lived type from pretending to be next-to-longest-lived, the neutral second-best must
give the latter a too low benefit, even if this implies an excessively low retirement age
as well. The neutral solution is Pareto-inferior to the redistributive solution, because
in the latter the type-specific retirement ages and benefits are much less diverse and on
average much higher than in the former. (In a variant of the basic model, Rothschild
and Stiglitz have found similar results.)

While concentrating on the heterogeneity in life expectancies and labor disutilities,
all these studies have neglected a third characteristic: earnings. Obviously, in most
(though not in all) systems, individual monthly earnings are observable by the gov-
ernment and are strongly correlated with the foregoing characteristics. Incidentally,
the main criticism of World Bank (1994) against the proportional pension systems is
that they achieve a perverse redistribution from the expectedly long-lived rich to the
expectedly short-lived poor. This difficult issue will be discussed in another study.

The structure of the paper is as follows: Section 2 presents the model of a neutral
pension system. Sections 3 and 4 derive the first-best and the second-best solutions,
respectively. Section 5 compares the neutral second-best solution with the redistributive
one. Section 6 concludes.

2. The model

We analyze the following problem. There is a (stationary) population of individuals who
have private information regarding their life expectancies (a generic life expectancy is
denoted by ¢, calculated from starting the careers). Every individual enters the labor
market at age 0, and produces 1 unit of goods per year while he is active, 0 unit when he
is inactive (retired or dead). (Therefore, in our model, the retirement age and length of
employment are the same.) As is usual in models of old-age pension systems, we assume
that workers cannot privately save for retirement. (For an exception, see Diamond and
Mirrlees, 2005.)

The pension systems we consider will be realistic in the following aspects. The first
ingredient of a pension scheme is a yearly social security payroll tax, 7 < 1, which is
levied on active workers (we assume away other taxes). The tax rate is fixed in this
model. When a worker retires (say, at age R), he stops producing goods and paying
the tax, and receives a yearly retirement benefit, b > 0, until he dies. In the traditional
literature, it is customary to depict the design as the benefit—retirement age function
b(R). Following the optimal design methodology, however, here we shall work with a
parametric solution (by, R;), where ¢ is the generic life expectancy. We require that the
pension system be neutral (for any type, the expected benefit payments cannot exceed
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the amount of social security taxes paid in). We do not allow the pension system to cut
off or reduce the benefits of individuals over time, or give out the benefit as a lump-sum
transfer at retirement.

We assume that the retirement age of a worker with the longest life expectancy is
less than the lower bound on the distribution of ¢: Ry < Spin. (This is a reasonable
assumption for old-age pension. Without this assumption, the death of the shortest-lived
persons would provide new information on the life expectancies of the still working types
to the government, even if there were no uncertainty in individual life expectancies.)

An individual’s lifetime utility, v, is the sum of his total utilities when active and
when retired. If a worker of type ¢ retires at age R, then he receives utility or felicity
u=u(l —7) for R years and w(b) for (t — R) years, and the (expected) lifetime utility
is given by the linear combination:

vy = Ru+ (t — R)w(b). (1)
Note that the random lifetime utility, due to random life span t, is
vi = Ru+ (t — R)w(b), (1)

and b and R only depend on the life expectancy ¢ but not on t, therefore the expected
value of vy is provided by (1). The same is true for the type-specific budget constraints
of (3) below.

The individual’s preference for leisure is reflected in that u(-) and w(-) are different
functions. We only make a single technical restriction on u and w:

w(0) —w (0)7 < u < w(l) —w' (1)(7+1). (2)

This assumption is needed to have a first-best optimum in the interval 0 < b < 1
(cf. Theorem 1 below) and it is quite mild. (It could be even further relaxed if we
did not require b < 1, but this inequality will be needed.) We shall strengthen it and
assume below that w(0) < u (even w(0) = —o0), therefore the lower bound is innocent.
Turning to the upper bound, and calling e = w(1 — 7) — u the disutility of labor at the
tax rate 7, and using the concavity of v, € + u = w(l — 7) < w(l) — w'(1)(1 — 7), i.e.
vu=w(l—-7)—e<w(l)—w1)(1-7)—e<w(l)—w'(1)(r+1) holds if 2w’ (1) < ¢
is valid, i.e. the labor disutility ¢ is sufficiently large with respect to the tax rate 7.

As was mentioned, we shall assume neutrality, i.e. the equality of lifetime contribu-
tions and expected lifetime benefits:

b
R R= t. (3)

TR="5b(t—R) or b:t—R p——

We shall often distinguish the neutral solution by a tilde. Substituting (3) into (1),

ub + w(b)T

0y = tp(b), where ¢(b) = p—

(4)

We consider a discrete-type model. Types (life expectancies t) range from S to T (all
integers). To avoid triviality, we assume that there are at least two types, i.e. S < T.
Let f; be the relative frequency of individuals with life expectancy ¢: fs, fr > 0 and

Z:{:S fe=1.



3. First-best solution

In this section, we derive the optimal benefit-retirement age schedule under the assump-
tion that every worker’s life expectancy is commonly observable and the individuals
retire at type-specific ages optimizing their lifetime utilities. This result will serve as a
benchmark for the optimum under asymmetric information, which is the subject of the
next section.

We shall assume that the government designs a socially optimal, mandatory pension
system. It offers contracts (b, R;), maximizing the type-specific lifetime utility o; sub-
ject to zero-balance constraints and fixing the values of other vys, t' #¢,t=S5,...,T.

We call this problem the neutral first-best problem. (Those readers who identify
first-best with an optimum, where only physical constraints are taken into account,
may call this problem as the optimization under symmetric information.) Denoting the
corresponding solution by *, we obtain

Theorem 1. a) There exists a unique neutral first-best schedule {b}, R} }I_s, where
the benefit is invariant with respect to the life expectancy: by = b*, satisfying

w—w(b*) +w' (b*)(r+b*) = 0. (5)
b) The neutral first-best retirement age is proportional to the type’s life expectancy:

b*t
T+ b’

R} (6)

Remark. Condition (2) guarantees the existence of a positive benefit, satisfying
(5), implying u < w(b*). Then the solution is unique because the derivative of the LHS
of (5) is negative.

Proof. The individual maximization problems are independent of each other. By
(4), the first-order conditions are the same for each type:

1y - w0 +w'(b)(T+b)
QO(b)— (T+b)2 T_OJ

implying (5). (3) implies (6). 1

For simplicity, we may assume that u(z) = w(x) — e, € > 0, where € is a constant
disutility of labor. Then in the first-best case, there exists an individually optimal tax
rate, namely 7% = 1 — b*(7*): the worker’s consumption is equal to the pensioner’s.
(This is an unwanted consequence of our assumption: the worker’s and the pensioner’s
felicity functions only differ in an additive constant ¢.)

4. Second-best solution
We return now to the model’s original informational assumption and assume that indi-

viduals have private information regarding their life expectancies, and only the distrib-
ution of these data is commonly known. It is obvious that under such circumstances
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rules (5)—(6) cannot be used, because everybody except type S will underreport his life
expectancy. Therefore the optimal benefit—retirement age schedule will have to satisfy
incentive-compatibility (for short, IC) constraints.

Incentive compatibility of {b;, Rt}f: ¢ means that every type t prefers to choose b,
from the schedule, while R; is determined by (3). Tt is enough to consider downward
adjacent IC constraints: type t41 prefers to retire at R, with a life annuity by,1, rather
than to retire earlier, at R; with a reduced life annuity b, and draw it for longer than
expected by the government. (The upward adjacent IC constraints are automatically
satisfied, because nobody needs pretend that he expectedly lives longer than is his actual
life expectancy!) In formula,

V41 Z [’LL — ’U)(bt)]Rt + ’U)(bt)(t + 1) = Ut + ’U)(bt),
i.e.
vir1 > vp +w(by), for t=S8,...,T—1. (7)
It is easy to show that b; < b1 (from which it also follows that Ry < Ritq).
The problem of optimum now becomes finding a series of benefits b; and the corre-

sponding retirement ages Ry = bit/(T+b;), (t = S,...,T) which are strictly constrained
Pareto-optimal: there are no other b;s for which v; > v;; subject to

17t+1217t+w(bt), t:S,,T—l

We will call this problem the neutral second-best problem and analyze its solution in
this Section.

We reiterate that the neutral first-best solution does not satisfy the IC conditions:
for the longer-lived types, it is worth pretending they are shorter-lived; they can retire
earlier without receiving lower benefit.

Inserting v; = t@(b;) into (7), we have the Pareto-optimality problem subject to

(t 4+ 1)o(big1) — tp(by) —w(by) >0, for t=S5,...,T—1. (8)

We strengthen the LHS of assumption (2) as follows: people marginally prefer work-
ing for a net earning 1 — 7 to be retired at zero benefit: u > w(0). Corollary: there
exists a solution to w(b,) = u, i.e. a positive benefit b, such that the corresponding
pensioner’s felicity is equal to that of the worker.

An elementary observation yields

_ Theorem 2. There exists a unique neutral second-best solution, where the benefits
{b;} satisfy the following implicit difference equation:

(t+ D)p(begr) — to(by) —w(b) =0, for t=85,...,T—1, (8")

with end-value br = b*. Moreover, the benefits increase with life expectancy: by >
br_1>:+->bg > b,.

Remarks. 1. There is nothing peculiar in the fact that the highest-risk type
can achieve his first-best. It is much less usual, however, that the neutral second-best
solution is not only constrained Pareto-optimal, but it dominates the other feasible
solutions in the following very strong sense: let ¢, be any integer between S and T.
Even dropping the types t = t,+1,...,T,if by, < by, then by < by fort =S,...,t, — 1.

2. It is a peculiar feature of this solution that adding one more, shortest-lived cohort
(S — 1) to the population, the new optimal schedule contains the old: b; is independent
of bS—l .



Proof. Because ¢ is the weighted average of w(b) and u [(4)], ¢(bo) = w(bo)-
Therefore by = b, satisfies (8'), the set of feasible solutions is not empty. Because ¢(-) is
increasing in the interval [b,, b*], each b; can be increased to its conditional maximum,
determined by its successor Bt-l—l via (8). Since br has no successor, its unconstrained
optimum, b* can be chosen.

By mathematical induction, by >bp_q1 > >bg > b,. ]

In the second-best case, we can determine the solution step-by-step, in reversed
order. To simplify the calculations, we shall assume that u(z) = w(z) — ¢, when the
tax rate 7% = 1 — b* is also first-best (i.e. the worker’s consumption is equal to the
pensioner’s).

To have a feeling for the order of magnitudes, it will be helpful to simulate our find-
ings (Es6 and Simonovits, 2002). Assume that from the point of view of the government,
the individuals’ life expectancies (starting from entering the workforce at age 20) are
between S = 49 and T' = 59 years. Let the pensioner’s felicity function be of CRRA-
type, w(z) = x% /o + 0, where 0 is large enough to ensure that u(z) = w(z) —e > 0,
(otherwise v¢11 > vy may not hold); 1 — o being the coefficient of relative risk aversion.
We set 6 = 1, 0 = —.5 and ¢ = 1.398. The neutral first-best benefit, b* = .8, hence
7* = .2. Tt is worth displaying the numerical characteristics of the second-best solution
in Figure 1 and Table 1. The content of the last column will be explained later.

Table 1. Characteristics of the neutral (and the redistributive) second-best solution

Neutral Redistributive
Life retirement lifetime lifetime
expectancy benefit age (yrs) utility utility
t Et Rt f)t ﬁt
49 0.424 33.3 31.7 30.9
50 0.433 34.2 32.7 32.8
51 0.443 35.1 33.7 34.7
52 0.455 36.1 34.8 36.5
53 0.468 37.1 36.0 38.4
54 0.484 38.2 37.2 40.3
55 0.504 39.4 38.4 42.1
56 0.528 40.6 39.7 44.0
57 0.562 42.0 41.0 45.9
58 0.614 43.7 42.4 47.7
59 0.800 47.2 44.0 49.6
Figure 1

The most surprising feature of the neutral second-best solution is that the longest-
lived type must work 3.5 years longer than the next type (just because he lives one year
longer). On the other hand, he receives a much higher benefit than his neighbor does:
80% vs 61.4%. The other types’ (retirement age, benefit) pairs seem to be acceptable,
although the greater than one-to-one reduction of retirement age and life expectancy is
excessive for types t = 52,...,59.



Before formulating our next theorem, we must define the degree of discretization.
Working with discrete types, we partition the maximal life expectancy into intervals
of equal size (e.g. year or quarter or month, etc.) and do not distinguish between
workers with life expectancies lying in the same interval. Assume that the maximal
life expectancy is given in terms of the interval length. The degree of discretization or
the relative coarseness of the model is now defined as the reciprocal of the maximal life
expectancy: ¢ = 1/T. We shall give a condition concerning the oversensitivity of the
retirement age on the longest life expectancy.

Theorem 3. Assume that v(0) = —oo. In the neutral second-best solution, the
highest retirement age is oversensitive to life expectancy, i.e. the difference between the
two highest retirement ages is greater than unity: Ry — Rp_1 > 1 if and only if the
degree of discretization is low enough: £ = 1/T < &, where the scalar &, is determined
by

S+ (1 =0 )w(b™) = (1= 0" + &)w (b — &) (9)

Remark. Translating our technical condition into economics: the relative distance

between the two longest life expectancies should be sufficiently small.

B Proof. We want to demonstrate that Rp—y < R, = Rp — 1. Using £ = 1/T and
Ry = b*T, this is equivalent to
TR, (0T - 1)

br1 <b =T T T

=b* - ¢. (10)
By (8') and (10),
e(0*) = (1 = &)p(br—1) + Ew(br—_1) < (1 = &)p(bs) + Ew(bs).
Inserting (4) into both sides of the inequality, and using 1 — b* + b, = 1 — £ yields
ul + w(b*) (1 —=0b%) <w(d* —&)(1—-b*+¢&). (11)

Finally, we shall demonstrate that there exists a feasible solution to (9), implying
(11) for 0 < & < &. Let F(§) = (1 = b* + w(b* — &) — Eu — (1 — b*)w(b*). Writing
T=1-b"and e =u—w(b*), F(§) = (1+&w(* —§) —&w(b*) —e] —Tw(b*). F(0) =0,
F(1—171) = —o00, (w(0) = —c0) F'(¢§) = w(b*) + (7 + w'(b* — &) — w(b*) + €, i.e.
F'(0) = 7w’ (b*) + & > 0. Thus there exists at least one &, for which (9) and (11) hold.g

In our numerical example, &, = 0.4, i.e. for any degree of discretization less than
1/3 (i.e. T' > 3), the longest retirement age is oversensitive to the life expectancy.

Before generalizing Theorem 3, we introduce the concept of minmaz ratio of the
minimal and mazimal life expectancies S/T. It is noteworthy that if the degree of
discretization is high, then the minmax ratio is low, but its reverse need not be true.
Furthermore, for two-type models (S = T — 1), the sum of the degree of discretization
and the minmax ratio is equal to 1.

On the basis of our numerical experiment reported above, we risk

Conjecture 1. If the assumptions of Theorem 3 hold and the minmax ratio S/T
is sufficiently close to 1, then the neutral second-best retirement age of each type is
oversensitive: Ry_1 < Ry — 1 fort=S5+1,...,T.

R_emark. Note that R;_1 < R; — 1 cannot hold for all ts with S < T — Ry, since
0 < R; < t. Nevertheless, it holds for the longest-lived 7 out of 10 types in Table 1.
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5. Comparison with the redistributive solution

In this Section, we shall demonstrate that the neutral second-best solution is frequently
socially inefficient: it is often dominated by a redistributive second-best solution, ana-
lyzed in Es6 and Simonovits (2002). In the latter, the benefit b, does not determine the
retirement age R;, redistribution among different types is allowed. As a result, we must
define the lifetime balance of type t: z; = TRy — by(t — R;). Type-specific budget con-
straints z; = 0 (t = S,...,T) are replaced by an aggregate balance: 7 = ZZ;S zefi = 0.
[Note that the average life expectancy is m = Zfz gtf: and the traditional benefit is
b(R) = TR/(m— R), implying z; = b(R;)(m—t) # 0 (Simonovits, 2003, Theorem 3).] In
contrast to the neutral case, here the government must maximize a social welfare func-
tion. The definitions of first- and second-best solutions are otherwise similar to those
for the neutral case. Note that the redistributive first-best benefits are also uniform and
equal to b*. In more detail, the government designs an optimal pension system, {b;, R;},
which maximizes an additive concave social welfare function, V' = )", ¢(v;) f, where
1 is an increasing and concave function, transforming individual utilities into social
ones. Note also that adding up the transformed utilities of individuals with different
life expectancies means that we consider the total lifetime utilities of a cohort.

To simplify the exposition, here we confine our attention to the wutilitarian welfare
function, V = Zf: s Ut ft, and v, is defined in the redistributive formula (1) rather than
in the neutral formula (4). It is easy to see that there exists a second-best solution with
uniform first-best retirement ages R, = mb* /(7 + b*) and benefits by = b*, where m is
the average life expectancy of the cohort (Esé and Simonovits, 2002, Theorems 0 and
1). We shall use this pooling solution as a benchmark, see the two horizontal lines RB
and RRA representing bis and R;s in Figure 1 above, respectively. (We assume that
the life expectancies are uniformly distributed: f; = 1/(T — S+ 1).)

It is evident that in the neutral second-best solution, the longest-lived must work
much longer than in the redistributive one. (This difference is maximal in the utilitarian
case and the reverse is true for the shortest-lived.) Since the benefits are the same in
both systems, the longest-lived’s lifetime utility is much higher in the redistributive
system than in the neutral one.

In the rest of the Section, we are looking for conditions ensuring the Pareto-dom-
inance of the redistributive design over the neutral one: v; < 0y, t =S5,....T.

We shall start with the simplest case, namely when there exists only two types:
S =T — 1. We repeat that the time units need not be years, they may be decades or
months or other units. Also, in the two-type model, there is no need to assume that S
and T are integers, for example, it is possible that S = 4.9 and T' = 5.9 decades.

We shall use notation fr_1 =p, 0 < p < 1. We shall prove

Theorem 4. In the two-type case: S =T — 1, the utilitarian redistributive second-
best dominates the neutral second-best if and only if the degree of discretization is low
enough: & < &,, where B

b*) — p(b) 1
£, = min [M, _] (12)
w(b*) — ¢(b)" 2

and b (b, < b < b*) is determined by

w(b) = pb*u+ (1 — pb*)w(b*). (13)
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Remark. There exists a unique b which satisfies (13), because 0 < pb* < 1. It
is easy to prove that the higher the share p of the shorter-lived in the population, the
less is the per capita burden of redistribution, i.e. the closer &, is to 1/2, i.e. the more
probable is that Theorem 4 holds.

Proof. Benefit by_; is determined by (8') for t = T — 1.

First we demonstrate that o7_; < 9p_1 if and only if bp_; > b. By (8'), or_1 =
Tlub* + w®*)(1 — v*)] — w(br_1) and 97_1 = ub*m + w*)(T — 1 — b*m). After
rearrangement, and using T'— m = p, vp_1 < vp_1 reduces to

w(bp_1) > pb*u + (1 — pb*)w(b*). (13"

By (13), (13') holds if and only if by_; > b.

Second, we shall show that by_; > b is equivalent to & < &,. Since (b) is a
weighted average of u and w(b), and u < w(b), thus ¢(b) < w(b). The RHS of ¢(b*) =
(1—8)@(br_1)+E&w(bp_1) is a decreasing function of £, i.e. bp_; is a decreasing function
of €. ]

We have not yet found analytical results for the general, multitype case, where
S<T—1,5 and T are integers again. We only risk

Conjecture 2. If the degree of discretization is low enough: £ < &, (cf. Theorem
4) and the minmax ratio is sufficiently close to 1: S/T > 1 —&,, then the utilitarian
redistributive second-best Pareto-dominates the neutral second-best.

The idea of a would-be proof is the following: try to show that the two-type neutral
(S,T) solution (denoted by breve) separates the fine neutral and the fine redistributive
ones: vy < Uy < 0y, for t = S,..., T, where v, is the linear interpolation of vg and vp:

t—S _ T—1t
T_g'TTr_g"

v

Vg =

Returning to simulations, for p = 1/2, &, in Theorem 4 is quite small, much smaller
than the trivial bound 1/2 in (12). The last column of Table 1 contains the lifetime util-
ities of the utilitarian redistributive solution. Note, that apart from the shortest-lived
type, the lifetime utilities in the redistributive system are higher than their counter-
parts in the neutral solution: see also Figure 2. In other words: the redistributive
solution almost Pareto-dominates the neutral solution. By shifting contributions from
the shorter-lived into benefits of the longer-lived (amounting to 4 years total earnings
in the extreme), in our second-best world, much higher activity is achieved than under
the type-specific constraints. For example, in the redistributive second-best, everybody
works 43.2 years. Only the longest-lived work much longer in the neutral solution: 47.2
years; while the shortest-lived only work 33.3 years.

Figure 2

A further simulation (not detailed here) shows that increasing the minmax ratio
(the minimal life expectancy S rises from 49 to 52 years, while fixing the maximal life
expectancy at T = 59 years) leads to Pareto-improvement over the neutral solution.
(Note that although 059 < 059 for S = 49 and v5( is the same for S = 49 or 50 but 05 is
sensitive to the choice of S. Therefore S = 50 would not guarantee Pareto-dominance.)
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Note that for strictly concave social welfare functions, the conditions of the Pareto-
improvements are even milder. In our example, for the social welfare function with
P(v) = —1/v, the optimal redistributive solution just Pareto-dominates the neutral
one: V49 = 31.7.

Note that in our simulation of Conjecture 2, &, = 0.038, and for T" = 59 years,
it yields S = 57 years. In fact, as we have seen above, even the value S = 52 years
guarantees the improvement.

6. Conclusion

In this paper we have made a step to apply mechanism design to pension benefit rules,
in the case, where individuals have private information regarding their own life ex-
pectancies and redistribution among different types is excluded. We have characterized
the optimal benefit function as the solution of a nonlinear difference function. Both
the problem and the simulation are much simpler than in the redistributive model of
Es6 and Simonovits. A very disquieting feature of the neutral second-best solution is,
however, that the “optimal” benefit as well as the retirement age schedule rises very
steeply for individuals with sufficiently long life expectancies. Moreover, the neutral
second-best solution is often Pareto-dominated by the redistributive counterpart. Neu-
tral second-best is feasible but disadvantageous.

Until now we have fixed the disutility of labor. Varying disutility of labor was
discussed by Diamond (2003) and Sheshinski (2004) but for prescribed rather than
chosen retirement ages and the type formation was endogenous. Another approach was
chosen by Simonovits (2003), where types differred by disutility of labor as well as life
expectancy but only linear benefit-retirement age functions were considered. All these
approaches have neglected a third dimension, namely wage heterogeneity. Much work
needs to be done to have a richer theory than we have now.
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