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separable earnings function.
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1 Introduction

Bovenberg and Jacobs (2005) extend optimal tax models with endogenous skill formation.
They find that redistributive governments should employ education subsidies to offset tax
distortions on skill formation in order to ensure efficiency in human capital investment.
Education is neither taxed nor subsidized on a net basis in the optimum. This result
holds for both linear and non-linear tax instruments if the government can verify all
educational investments.

This paper demonstrates that these efficiency results critically hinge on the presumed
specification of the earnings function. In particular, non-linear taxes on education are
zero only if the earnings function is weakly separable between ability and labor effort,
on the one hand, and education, on the other hand. Under this condition, the positive
efficiency effect on work effort of subsidizing education exactly offsets the negative equity
effect of doing so. Accordingly, education is neither subsidized nor taxed on a net basis
in the optimum. Education should optimally be subsidized (on a net basis) for efficiency
reasons if education is complementary to labor supply; by acting as an implicit subsidy on
work effort, education subsidies alleviate the distortions of a redistributive labor tax on
work. However, education should be taxed for equity reasons if education increases with
ability. If education is complementary to both work effort and ability, efficiency gains
and equity losses of education subsidies work in opposite directions. Education should be
subsidized only if education is more complementary with work effort than with ability.
In that case, the efficiency gains on account of lower tax distortions on labor supply
produced by education subsidies outweigh the distributional losses resulting from the
regressive incidence of these education subsidies. If education is weakly separable from
ability and labor in the earnings function, both effects exactly cancel so that education
is optimally neither subsidized nor taxed.

With linear policy instruments, we show that a separable earnings function should
also feature a constant elasticity in education to ensure that optimal net taxes on human
capital investments are zero.! With this specific earnings function, labor income and
educational investments for agents with different skill levels are related in a linear fashion.
As a direct consequence, education taxes and income taxes yield the same distributional
consequences and produce the same distortions on labor supply. In contrast to labor
taxes, however, education taxes distort not only labor supply but also human capital
formation. Hence, compared to labor taxes, education taxes produce more distortions
in arriving at the same distributional impact. Redistributive governments should thus
employ only labor taxes, and should set education taxes to zero.

Whether education should be taxed or subsidized on a net basis in an optimal re-
distributive program thus crucially depends on two factors, namely, first, the degree of
complementarity between education and work effort, and, second, the incidence of edu-
cation subsidies on various skill levels. Education subsidies become more efficient to fight
income-tax distortions on labor supply if education and work are highly complementary.
Empirically, education and labor effort are complements because better-educated workers
exhibit larger participation rates, retire later and work more hours (OECD, 2006).% At the
same time, however, education subsidies are regressive, in view of the well-documented

1Our model considers only one input invested in education. However, if there are multiple inputs in
the human capital production function (e.g. time, goods and/or effort), the production function needs
to be homothetic in these inputs (see Bovenberg and Jacobs, 2005).

2The correlation between labor supply and education may not be causal. A higher ability, for example,
may boost both education and labor supply. The empirical literature on education and labor supply



ability bias in education (Card, 1999). Which of the two factors is more important for the
setting of optimal taxes and education policies thus remains an open empirical question.

The public finance literature on education and taxation typically adopts earnings
functions that satisfy the weak separability and constant elasticity requirements.® Mal-
donado (2007), however, employs an earnings function in which ability and labor effort
are not necessarily separable from education. We generalize and interpret his findings
by employing more general earnings functions. Ulph (1977) and Hare and Ulph (1979)
were not able to obtain clear-cut interpretations of optimal tax and education policies for
general earnings functions. This paper, in contrast, provides intuitive characterizations
of optimal non-linear tax and education policies for general specifications of earnings
functions.

Our findings are also relevant for the ‘new public finance’ literature. For example,
Grochulski and Piskorsi (2006) and Da Costa and Mestri (2007) adopt a similar earn-
ings function as Maldonado (2007), but concentrate mainly on the desirability of capital
income and wealth taxes. In particular, Grochulski and Piskorsi (2006) do not optimize
education policy, since education is assumed to be non-verifiable, whereas Da Costa and
Mestri (2007) do not explicitly elaborate on the role of education policy to alleviate the
distortions of the labor income tax. Our paper helps to gain a deeper understanding
about the interaction between optimal tax and education policies in the presence of these
and more complex earnings functions that are adopted in this literature.

The rest of this paper is structured as follows. Section 2 formalizes the model. Subse-
quently, sections 3 and 4 explore optimal education taxes for non-linear and linear policy
instruments, respectively. Section 5 concludes.

2 The model

This section briefly summarizes the main features of the model, which extends Bovenberg
and Jacobs (2005) with a more general earnings function. n € [n, 7] is individual ability,
f(n) is the density of ability, and F'(n) is the cumulative distribution of ability. e, denotes
investment in education, [, represents labor effort, ¢, is consumption and z, stands for
gross labor earnings.

Households exhibit identical utility functions and derive utility from consumption ¢,
and suffer disutility from work effort ,,:

w(Cn,ln), Ue >0, ue <0, u <0, uy<D0, (1)

where subscripts refer to an argument of differentiation (except where it signifies ability
n). This specification generalizes the separable utility function in Bovenberg and Jacobs
(2005).

(e.g. Card, 1999), however, shows that the returns to education continue to be substantial if one corrects
for ability bias while labor supply does respond to exogenous variations in wages (e.g. Blundell and
MaCurdy, 1999). Education thus does raise labor supply.

3See, for example, Nielsen and Sorensen (1997), Brett and Weymark (2003), Wigger (2004), Jacobs
(2005, 2007), Jacobs and Bovenberg (2005), Richter (2006), Blumkin and Sadka (2007), Bohacek and
Kapicka (2007), and others. Separability of human capital and labor in labor earnings is also adopted
in classical papers on life-cycle models with education; see, for example, Heckman (1976), Kotlikoff and
Summers (1979), and Eaton and Rosen (1980); or in modern articles on growth with endogenous human
capital, see for example, Jones et al. (1993, 1997), Milesi-Feretti and Rubini (1998), Judd (1999), and
Hendricks (1999).



In addition, we specify a general earnings function. In particular, gross earnings z,
are a function @ (.) of ability n, education e,, and labor effort [,:

zn = ®(n,l,,e,), ®,>0, & >0 &;<0, &.>0, P.<0, P,,>0 &, >0.

2)
Ability, education and labor effort increase earnings. Marginal returns to education di-
minish with the level of education, which ensures an interior solution for human capital
investment. More hours worked raise earnings at a non-increasing rate, i.e. hours worked
may not entail constant returns in earnings as in Mirrlees (1971). Ability is complemen-
tary to both education and work effort: more able workers feature a (weakly) higher
marginal return to both work and education effort. These latter restrictions ensure single
crossing of the utility functions under non-linear policies.* No prior restrictions are im-
posed on the cross derivative ®.;. Factor prices are given. We thus abstract from general
equilibrium effects on returns to work effort and education.

3 Optimal non-linear policies

This section analyzes non-linear policy instruments. The government can verify both
gross labor incomes and educational expenditures at the individual level. Accordingly,
the government can levy a non-linear income tax 7'(z,) on gross incomes z, = ®(n,l,, e,).
The marginal income tax rate is 7'(z,) = dT(z,)/dz,. Furthermore, the government
employs a non-linear subsidy on resources e, invested in education. The subsidy is
denoted as S(e,), where S'(e,) = dS(e,)/de, represents the marginal subsidy rate on e,,.

Education requires only resources and the unit cost of education is normalized to one
for notational convenience. It does not matter whether education requires only resources
or also forgone labor time as long as both time and resources invested in education
are verifiable, and can therefore be subsidized (see Bovenberg and Jacobs, 2005). The
household budget constraint can thus be written as

Cn=®(n,lp,en) =T (P(n,ln,en)) — en+ S(en). (3)

Utility maximization yields the first-order conditions for the optimal choices of edu-
cational investment and labor supply

(1-=T'(.) Pe(n,lp,e,) =1—5"(), (4)
—Up(Cpy ln) e ol e
uc(cn’ ln) - (1 T ())(I)l( 7lm n) (5)

Expression (4) reveals that the net marginal returns to education (the left-hand side)
should be equal to net marginal costs (the right-hand side); taxes reduce net returns while
subsidies reduce costs. Equation (5) indicates that the marginal rate of substitution in
utility between leisure and consumption should equal the net real wage, which is reduced
by a larger marginal tax rate on earnings.

Incentive compatibility requires that each individual n prefers the bundle ¢,, z,, e,
over the bundles intended for all other individuals m:

U(Cnaznaenvn) Z U(Cm,Zm,em,n/), vm 6 [ﬂ7ﬁ]7vn 6 [ﬂ,ﬁL (6)

4Single crossing and monotonicity (in the skill level) of gross earnings, consumption and education
are required for second-order incentive compatibility of the non-linear tax and subsidy schedules.



where U(cy,, zn, €n,n) = u(cn, (N, 2n, €,)) = u(cn,ly). The function [, = J(n, z,,e,) is
derived by inverting the gross earnings function z, = ®(n,l,,e,), so that its derivatives
aregivenbyﬁn:—%<0, ﬂZ:%l>O, andﬁe:—%j<0.

These global incentive-compatibility constraints can be replaced by the (first-order)
incentive-compatibility constraint (see, e.g., Mirrlees, 1971)

®n<n7 l”’l? 67’1)

du,,
_ ul(cn, ln)ﬁTL(n’ ln, en) = —'LL[(Cn, ln) @l(n’ ln7 en) .

-mn _ 7
o (7)

The government maximizes the following social welfare function, which is concave in
individual utilities:

/ W (e b))dF(n), W >0, W' <0, (8)

subject to the economy’s resource constraint®

/n (P(n,l,,e,) — e, —cy)dF(n) = E, (9)

where E represents the exogenous government revenue requirement.
The Hamiltonian H for maximization of social welfare is given by®

(bn(na lna en)
- Fnll, bns En)
{zfﬁfﬁn} H (un) f(n) + Opui(cn, ly) B L)

+ A ((I)(n>ln7€n) —€p —Cp — E) f(n)a
where 6,, denotes the costate variable for the incentive-compatibility constraint (7). A
stands for the shadow value of the resource constraint (9).7

The optimal net tax on education — when the income tax is optimally set — follows
from the first-order condition for e,, and is given by (see Appendix)

T -5 Ul /A w, 0ln (D, /P, Uebp /A
(T'=8) _whhDend(@/o) _wbar,
1-7)1-95) nf(n) we Olne, nf(n)
where w,, = % and w, = ‘I’ge denote the shares in gross earnings of, respectively, ability
and education. p,. = g:i represents Hicks’ (1963, 1970) partial elasticity of complemen-

tarity between ability and education. The partial elasticity of complementarity measures
the extent to which ability and education are gross complements in generating earnings
(Bertoletti, 2005). Similarly, p, = gf;: stands for Hicks’ partial elasticity of comple-
mentarity between labor and education.® 6, /X denotes the marginal value — expressed in

monetary units — of redistributing one unit of income from individuals with ability larger

5If all individuals respect their budget constraints, and the economy’s resource constraint is met, the
government budget constraint is automatically satisfied by Walras’ law.

6We assume that the first-order approach is valid and that no bunching occurs due to either binding
non-negativity constraints or the violation of monotonicity conditions.

"The transversality conditions are given by lim,,_x 6, = 0, lim,,_,, 6, =0.

8For classical contributions on the elasticity of complementarity and how it relates to the elasticity
of substitution, see Hicks (1963, 1970) and Samuelson (1947, 1973). More recent contributions include
Broer (2004), Bertoletti (2005), and Blackorby et al. (2007).



than n to individuals with ability smaller than n. The more valuable this redistribution
is, the higher will be the net tax (or subsidy) on education (ceteris paribus).”

If education and labor effort are separable in the earnings function (i.e., ®;. = 0, so
that p. = 0), education should be taxed on a net basis for redistributive reasons as long
as education and ability are complementary so that high ability agents exhibit a higher
productivity in learning than low ability agents do (i.e., ®,. > 0, so that p,. > 0). If @,
is larger, then investments in education result in more substantial rents from ability, and
optimal net taxes on education are larger in order to combat inequality (ceteris paribus).

If education is completely separable from ability (i.e., ®,. = 0, so that p,. = 0),
education should be subsidized on a net basis as long as education and labor effort are
complementary (i.e., &, > 0 and p, > 0). A subsidy on education then acts as an
implicit tax on leisure because a higher level of learning makes leisure less attractive.
Hence, an education subsidy offsets the distortionary impact of a redistributive labor
tax on leisure demand. If higher levels of education would result in lower labor effort
(i.e., . < 0 and p. < 0), in contrast, education should be optimally taxed, so as to
impose an implicit tax on leisure. Empirical evidence suggests that education and labor
effort are complementary (so that ®,. > 0 and p,. > 0) because better skilled workers
typically feature higher participation rates, work more, and retire later than low-skilled
agents do. Hence, education should be subsidized if education and ability are separable in
human-capital formation (i.e., ®,. = 0). In the general case in which p,. and p,; take on
arbitrary values, net education subsidies can be either positive or negative. Positive net
subsidies on education are optimal if the efficiency gains of education subsidies brought
about by boosting labor supply dominate the regressive distributional impact of education
subsidies, and vice versa.

For education policies not to be employed in an optimal redistributive program, the

incentive compatibility constraint (see equation (7)) reveals that Ml”’e”)) should not

él(nvlnyen
depend on education so that In(@n/®) — (). This condition implies that the earnings

function should have the following W%akly separable form

O (n,ly, e,) = o(¥(n,l,), en). (12)

With this earnings function, the partial elasticities of complementarity are p,. = pr =
Dy @ : . . . s .

By b, and education policies do not relax the incentive compatibility constraint because
the benefits of education subsidies in terms of fewer labor supply distortions exactly offset
the distributional losses on account of the regressive incidence of education subsidies.
Bovenberg and Jacobs (2005) assume a weakly separable earnings function z, = nl,¢(e,).
With this earnings function, p,. = p. = 1, so that the efficiency gains from education
subsidies on labor supply exactly offset the equity losses due to regressive education
subsidies.!?

9The optimal non-linear income tax at optimal non-linear education subsidies and the expression for
the marginal value of redistribution 6,/ are derived in the appendix. They are virtually the same as in
the optimal tax literature. We refer the reader to Mirrlees (1971), Seade (1977), Atkinson and Stiglitz
(1976), and Bovenberg and Jacobs (2005) for the interpretation.

10The result of a zero net tax on human capital is in the same spirit as the optimal zero commodity
result by Atkinson and Stiglitz (1976). From a purely technical point of view, both results require some
form of weak separability: either in the earnings function (between education and the other arguments)
or in the utility function (between labor and consumption goods). However, our finding stresses the
trade-off between the direct gain of net education taxes in reducing inequality across skills and the loss
of these taxes in exacerbating tax distortions on labor. The intuition behind Atkinson and Stiglitz (1976),



Maldonado (2007) analyzes a special case of our general earnings function in which

education and ability are weakly separable from labor effort: z, = ¢(n,e,)l,. With this

particular earnings function, we have p,. = i"f and p,. = 1. Consequently, education is

taxed (subsidized) on a net basis if i”;‘b > (<)1.

4 Optimal linear policies

This section derives optimal linear policies. Informational requirements are thus less
stringent. In particular, the government needs to be able to verify only aggregate labor
income and aggregate investment in education. The household problem is the same
as in the previous section except that the lump-sum transfer g enters the household
budget constraint and the linear tax ¢ and the linear subsidy s replace their non-linear
counterparts in the first-order conditions.

The government budget constraint is given by

t/ ®(n,ly, e,)dF(n) = s/ endF(n)+g+ E. (13)
The government maximizes a concave sum of individuals indirect utility functions,
which are denoted by v(g,t,s,n). Roy’s lemma yields 2 50 = T glt’ = —1n,P(.), and

gif = NMnen, where 7, stands for private marginal utility of income of skill n. We define

the social marginal value of income of skill n (including the income effects on the tax

base) as
U (v (.))nn Oe, ol,,
b, = —— +td 14
) T\aTE) 9y T ) 5y ag (14)
where A represents again the shadow value of public resources, ;=3 stands for the marginal

tax wedge on human capital investment (cf. Bovenberg and J acobs 2005), and, similarly,
t®, (.) is the marginal tax wedge on labor effort.
The Lagrangian for maximizing social welfare amounts to

max £ = /n U (v(g,t,s,n))dF(n) + )\/n (t®(n,ly, en) — se, —g — E)dF(n). (15)

{g7t75} n

Using the definition of b,, and Roy’s lemma, we can write the first-order condition for
maximizing social welfare with respect to g as

BE/ bodF(n) = 1. (16)
The marginal social benefits of a higher lump-sum transfer (the left-hand side) should
equal the marginal social cost of a higher lump-sum transfer (right-hand side).
In order to facilitate the discussion on the optimal tax and subsidy rates, we introduce
the distributional characteristic £ of labor income, which is given by the normalized
covariance between gross earnings z, and the social welfare weights b,,:

[T buzndF (n) — f zpdF(n f bpdF (n) ff(i—bn)zndF(n)

= J7 2adF(n) [ b,dF (n) T [TadFn) )

in contrast, relies primarily on the impact of commodity taxes on the labor-tax distortion rather than
the direct effect on inequality across various skill levels.



Similarly, the distributional characteristic of education ( is given by

f: bpendF (n) — fn endF(n f b,dF (n) f:(l — by)e,dF(n) 8

‘= 7 endF(n) [ bydF (n) [Te dF(n) 18)

The second equality of both expressions is valid only at the optimized lump-sum transfer

so that (16) holds. A larger ¢ (¢) implies that the government wishes to use taxes on

earnings (education) for redistributional reasons, due to the negative correlation between

welfare weights and incomes (education). £ () is zero if z, (e,) is the same for all agents

so that inequality is absent or if the government does not care about inequality and thus
attaches the same social welfare weight b,, to all skills.

If the government sets the optimal education subsidy s alongside the optimal labor-

income tax t, we obtain the following expression for the net optimal net tax on education

(see appendix)
t—s) _ De T ( &
(1—5)(1—t>_§<e—ese—u—s—ete—ls> (5 w—es—u)’ 1)

The compensated elasticities are defined as ., = —we%"%, e = —wl%%, Eos =
n n

weagg e_s, £l = wnl=s Ty save on notation, we have pre-multiplied the standard

0s In
elasticities with the earnings shares of labor and education (i.e. w; = q’”" ,and w, = Pen),

A bar denotes an income-weighted average of a compensated elastl(:lty (1 e.
_ _ -1
= (fn" 5mzndF(n)) (fn" zndF(n)> for v =1l e, i =1t,s). Similarly,

We = ( [7 wezndF (n)) ( [ zpdF (n)) 1 is the income-weighted average earnings share of
education.

¢ is the analogue of the marginal value of redistribution #,, in the expression for the
non-linear income tax (11). Furthermore, (/¢ is closely related to the Hicks partial elas-
ticity of complementarity between education and skill p,.. In particular, (/¢ measures
the distributional advantage of education taxes over income taxes. Similarly, fT;Tt cor-
responds to the p;. term in the expression for the optimal non-linear income tax. This
term measures the benefits of education subsidies to lower the tax wedge on labor supply.

We can derive the elasticities in terms of the compensated wage elasticity of labor
supply and the properties of the earnings function and find that e = (pee + per)/A > 0,

+pu~|—pel> JA >0, €5 = pe/A >0, and .5 = (L +p”> /A > 0 (see the

D, P — _ ¢
quz > 0, and pe. = gg

function with respect to labor and education, respectively. The second-order condition

of individual optimization implies that the denominator of all elasticities is positive: i.e.,

A= pee (5—‘1” + pu> —p4 >0 e= gzi" 7> stands for the compensated wage elasticity of

Eet = ewl

appendix). py = — > () measure the concavity of the earnings

labor supply, where w,, = (1 — t)®;(n, l,,, e,) represents the net marginal wage rate.
Substitution of the elasticities in the expression for the optimal education tax yields

(t—S) . pee+pel KO- g_i (%T)
(1—s)<1—t)_5( A > 6(5 w—e(/%w)» (20)

L 4o -V
-1 — [ = pec) __
where Kk~ = X ( A)

—2
(%) > 0 is also positive. Note that x ~ 1, if the

covariances of the elasticities with income are small and individual elasticities correspond
closely to their aggregate counterparts, since A = pe. <$ + p”) — 3.

7



If education and labor are not complementary (p. = 0), the cross-elasticity of labor
supply with respect to the education subsidy is zero (g = 0). Education should then be
taxed for redistributive reasons if an ability bias in education implies that high ability
agents learn more (i.e. ¢ > 0), so that net taxes on education yield distributional benefits,
cf.

(t=s) (e

(I=s)1—=0], 0 Ees
The government should employ taxes on education more aggressively if education re-
sponds less elastically to the tax on education (so that &.s is smaller)— ceteris paribus .
This mirrors the findings for the optimal non-linear policies.

Furthermore, if an ability bias in education is absent or the government is not inter-
ested in redistribution, the distributional characteristic ( is zero. In that case, education
should be subsidized for efficiency reasons if education and labor effort are complementary
(i.e. per > 0, so that g, > 0):

> 0. (21)

(t—s)
(1-s)(1-1)

The government wants to subsidize education in order to boost labor supply, thereby
alleviating the tax distortion ¢ > 0 associated with redistribution towards those with
lower earnings (£ > 0). Hence, also in this case the results are analogous to the case of
non-linear policies: the government employs education subsidies to alleviate labor-tax
distortions if ability and education are not positively correlated.

If education generates ability rents and is also complementary to labor effort, educa-
tion taxes yield both efficiency losses and distributional gains. Whether education should
be taxed on a net basis at the optimum depends on the attractiveness of education taxes
relative to income taxes as a redistributive instrument (as measured by (/), versus

the effectiveness of education policies to fight labor market distortions as measured by
1

wé (%) (”“TW) . At high levels of ( /£, net taxes on education are attractive to combat

inequality. If the elasticity of complementarity between learning and working p.; is large,

however, education should be taxed relatively lightly (subsidized heavily). Intuitively, in
the presence of a large elasticity of complementarity p.;, learning indirectly boosts labor
supply, thereby alleviating labor tax distortions on labor supply.

— 1

The condition % 2 w% (2t) (e=tfet)  determines whether education should be taxed
or subsidized on a net basis. If % = wé(%) ("“TW) , we obtain a zero net tax
on human capital investments under optimal linear policies. For the class of weakly

separable earnings functions (pe = pen), we can derive a sufficient condition for which
this requirement is met. First, a constant elasticity of education in the earnings function

ensures that w, = ﬁ, where the elasticity pe. is constant across agents. Moreover,
it implies that (/¢ = 1 because education and learning are linearly related. Finally, it
yields pg = 1, since w, = q’i}f” is constant (i.e., % = % (pre — 1) = 0). Therefore,

the earnings function should be of the following weakly separable form:

‘4_0 = —gm@ < 0. (22)

d(n,ly, en) = ¥(n, l,)ed. (23)

Bovenberg and Jacobs (2005) assumed that the earnings function was z, = nl,e?.
This specification exactly meets the requirements for a zero net tax on education. The
intuition for their result is that labor earnings and education are related in a linear



fashion across different ability levels if the earnings function is weakly separable and
features a constant elasticity in education (cf. the first-order condition for education
(4)). Compared to labor income taxes, education taxes therefore imply both the same

distortions on labor supply (i.e. &; = %) and the same effects on the income distribution
(i.e. ¢ =&). In contrast to labor taxes, however, taxes on education distort the education
decision. Consequently, the government does not employ net taxes on education and only
adopts a positive labor tax. The labor tax yields the same distributional benefits and
imposes the same tax-distortions on labor as the education tax, but avoids distortions in

skill formation.!!

5 Conclusions

This paper has generalized Bovenberg and Jacobs’ (2005) models of optimal linear and
non-linear taxes and education subsidies in models of labor supply and human capital for-
mation. Using general earnings functions, we show that education decisions are generally
not efficient. Efficiency in human capital formation is obtained only under restrictive con-
ditions. In particular, with non-linear policy instruments, the earnings function should
be weakly separable in ability and labor, on the one hand, and in education, on the other
hand. With linear policy instruments, a weakly separable earnings function should in
addition feature a constant elasticity in education to arrive at a zero net tax on human
capital. The analysis of linear and non-linear tax and education policies reveals that
(net) subsidies on education are optimal only if sufficiently large efficiency gains of lower
labor supply distortions due to complementarities between learning and working offset
the regressive incidence of education subsidies.

Bovenberg and Jacobs (2005) argued that their efficiency results are due to the Dia-
mond and Mirrlees (1971) production efficiency theorem applied to individual production
functions for human capital. This interpretation can be amended if more general earnings
functions are employed. Indeed, the applicability of the production efficiency theorem to
human capital production crucially depends on the presence of a non-distorting profit tax
to skim off the quasi-rents from ability in human capital returns. These rents arise due
to diminishing returns in human capital formation. A perfect profit tax is available with
the earnings functions used by Bovenberg and Jacobs (2005). By combining a labor in-
come tax with an education subsidy, the government can perfectly extract the rents from
ability in human capital production, without directly interfering with the consumption
choices of households. However, this optimal education-tax policy package fails to consti-
tute a perfect profit tax on education rents from ability in the presence of more general
earnings functions. In fact, in the absence of weak separability, the government cannot
tax away the inframarginal ability rents in human capital production at zero efficiency
costs because consumption and investment choices are not separable. Consequently, the
production efficiency theorem breaks down, and education may be taxed or subsidized
for redistributive reasons, depending on the degree of complementarity of education and
labor effort and the incidence of education subsidies.

1 Again, one could relate these findings to Corlett and Hague (1953) on the optimality of differentiated
linear commodity taxes. Just as in the discussion of non-linear policies, the analogy is merely technical,;
homotheticity is required in the earnings function to make linear net education taxes zero, just like
homothetic (and separable) utility would be required to find zero linear commodity taxes. However,
the economic mechanism for our result and that of Corlett and Hague (1953) is different; see previous
footnote.
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Appendix

Optimal non-linear policies

We solve for the optimal allocation by applying the maximum principle and setting up a
Hamiltonian H, with [,, and e,, as control variables, u,, as state variable, and 6,, as costate
variable for the incentive-compatibility constraint (7):

max H = V(u,)f(n)+ Oyu(cn, ln)Z2(n, ly,en) + A (P(n,ly,e,) — e, —c — E) f(n),

{lnyenyun}

(24)
where Z(n, l,, e,) = % and A represents the shadow value of the resource con-
straint. The transversality conditions are given by

lim @, =0, lim@, =0. (25)
The first-order condition for e, is given by
OH de, de,
— =P —1— — 0 =ue — O,u= = 0. 26
o ( o ) ) + 2 G|+ O (26)

For the indirect impacts on consumption, we find d%" _= 0 by differentiating the house-
]

)

hold budget constraint and substituting the individuals’ first-order condition for e,,. Sub-
= 0, the first-order condition for learning 1 — 5" = (1 — 7")®,, the

stitution of 3%”

first-order condition for labor supply —u; = (1 — T")®ju. and =, = % gives
(T/ - S,) . Qnuc/)\ nCDZ (I)neq)l — q)leq)n (27)
1-7)1-9) nf(n) @ (®1)° ’

which yields (11).
The first-order condition for [, is given by

oM _ (cbl de,

de,

ue) f(n)+ 0,2 (Ull + e d_ln

o, dl,,

u,e

> + GnulEl = O, (28)
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next we substitute

ZIL: - =1 =T1")%(n,l.,e,) (found by taking the total derivative of

utility w(c,,,) and substituting the first-order condition for labor supply to eliminate

w), and =, = % to arrive at
T’ O u /N (@9 — DOy®, D, [u Uje
- /( ll2ll —i——(i——l)). (29)
1-T f(n) (I)l (I)l U Ue
Rearranging gives
T Uebn A 11
= Wn nl +—— |, 30
1-T"  nf(n) (pz wla*) (30)
where p,; = i:’;z is Hicks’ partial elasticity of complementarity between ability and work
—1
effort in earnings. &* = ”Zf” — “lul” — (bgll” > () is a measure for the compensated

wage elasticity of labor supply, which depends on the the curvature of both the utility
function and the earnings function. As before, we also find here that marginal taxes
increase if ability rents increase with labor effort (p,, is higher). If the earnings function
is linear in ability and labor (w, = w; = pp = 1), the expression found by Mirrlees (1971)
results.!?

The first-order condition for wu,, is

oH (m,(w N de,|  db,

0,2, | = Zn
z,e> fo+ e g, e dn

= 31
We defined #,, negatively; hence, there is no minus sign on the right-hand side. Substi-

: dc,
tution of .
On,

= uic and some rearranging yield a first-order differential equation in

l,e

do
= 577,977, = P, 2
- + K (32)

where §,, = —%7% and k, = <\If’ (un) — ui) f(n). This equation can be solved analyti-
cally to find

0y, VA \I/’(um)> (/” D, () ue(.) )

— = — ex - ds m)dm. 33

o G ) e (LS e )
See Mirrlees (1971), Seade (1977), Atkinson and Stiglitz (1976), and Bovenberg and
Jacobs (2005) for the interpretation.

g

Optimal linear policies

The Lagrangian for maximizing social welfare is designated by

n

max L = /n U (v(g,t,s,n))dF(n) + )\/ (t®(n,ln, en) — se, — g — E)dF(n). (34)

{g,t,S} n

12We note here that the elasticities of gross income with respect to the marginal tax rates are higher
than in the case where human capital formation is exogenous. Optimal marginal income taxes are
consequently lower. In order to show this, one needs to write the optimal tax formula in terms of the
density of gross earnings. See Bovenberg and Jacobs (2005).
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The first-order conditions for maximization of social welfare (34) with respect to ¢
and s are

= [ v em o0+ (w052 + S35 e 0. e9)

% _ /nn {(qﬂ (1) T — A) € + A (t(I)l( )‘Zf” + 8:2 8;8")] dF(n) =0,  (36)

where we used the first-order condition for learning and Roy’s lemma.
The first-order condition for ¢t can be simplified upon substitution of the Slutsky
equations %= = % _ @ () %L; and % = %" - o () %L; (asterisks denote compensated

ot E
demands) and the definition of b, from (14)

/n {(1 ~b) () + 5 ! t@l(.)zn%lit + <§1__52;" aaef‘ 1;] dF(n)=0.  (37)

Next, use the first-order condition for learning to establish w.(1—t)®(n,l,,e,) = (1—3s)e,,
where w, = q’f;", and simplify

[ |a-ne0- gé«,@ Ot e O] =0, @)

en = wlﬁ? >0, and £ = —weHt ot L' > 0. Next divide by f ®(n,l,,e,)dF(n) to
get

t (t—s) __
§— e A—s50—1 et = 0, (39)

where a bar denotes a weighted average elasticity with income as weights, i.e.,
> )
ot = <f ExtzndF(n )) <f: zndF(n)> for z =1, e.

Similarly, we can snnphfy the first-order condltlon for s upon substitution of the

Slutsky equations 2= = n + ¢, 9n al” and %o = Sn 4 ¢, On 66” and the definition of b, from

(14)

/nn{@n—nen a0, %le_ns+(1(_15;)(51)6_”5)%2:1;8%1?(7@):0. (40)

Next, use w(1 —t)®(n,l,,e,) = (1 — s)e,, and simplify

/:[(bn—neﬁ

t (t—s) B
— Sglsq) () + mé‘es@(.)} dF(n) = O, (41)
ol

s = W™ ln >0, and g5 = w22 1=5 > (. Next divide by f O(n,l,, e,)dF(n) to get

s en
Sy endF(n) ¢ (t —s)
—C Qﬁ + 5 s+ 5Ees = 0. 42
[ zdF(n) 11— -y )
Again, use the first-order condition for learning to find
v € t— Ees
(-t Mod) Fe (13)

l—tw, (1—s)(1—-1t)we
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where ., = (fngzndF(n)> (fj zndF(n)>_1 z=1,eand
We = (fjwezndF(n)) (fnﬁ zndF(n)> _1.

The optimal net tax on education follows by solving the first-order condition for ¢ (39)

and the first-order condition for s (43) for % and 1= . The optimal expression for
(t—s

m is given in the text. The optimal linear income tax is

t We Eet Ees
LI fo L) (44)
1—1 €es €lt — et Els We Eet 5

Compensated elasticities

To derive compensated elasticities, we keep utility fixed. Hence, in totally differentiated
form, utility can be written as

~ M5
Cp = —ly, (45)
Ve
where v, = —% > 0 and 7, = =™ > 0 are the shares of labor and labor in utility,

respectively. A tilde denotes a log-linear deviation, e.g. ¢, = de¢,/c,.The first-order
condition for labor supply (see equation (5)) can also be totally differentiated to find

(,Ull - Hcl) ln + (Hcc - ,Ulc) 611 = _g - allln + CVleéna (46)
— ccCn — ln — Ug, In — In — Dyl
Where,ucc:—%>0,Mll:—wul—l>0,/,bcl:%zo,ﬂlczulu—lzo,a”:—%lzo,

e = q’{‘}%le” > 0, and the linearized tax and subsidy rates are defined as t = dt/(1 — t)
and § =ds/(1—s).
Using the linearized utility function to substitute out ¢ gives

ln =& (—E - Oéllin + Oéleén) s (47)

1 Ol wn

where €' = py — pra + (fee — fic) % > 0 from the second-order conditions. ¢ = g=%
can be interpreted as the compensated wage elasticity of labor supply, where w, =
(1—t)®P;(n,l,,e,). In the special case that u (.) is homothetic, ¢ is related to the elasticity
of substitution between leisure and consumption (up to a share parameter).

Linearizing the first-order condition for education (see equation (4)) yields

1 — Qeel + il = —3, (48)

where ., = —% >0 and ag = (b;)—ll" 2 0.
e €

The last two equations can be solved for Zn and €, so as to find

7 £ (aee + ale) g EUe

= — 4
Ly q T+ q > (49)
. lte(antaa);  (I+ean)
€, = Q t+ 0 S, (50)

where Q = a, (1 4 eay) — eagaqe > 0 from the second-order conditions for utility maxi-
mization.

We can rewrite the last expressions, by defining p.. = —% qgf’ >
0, as measures for the concavity of the earnings function with respect to learningland

> 0, and Pu = —
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labor effort, and using the elasticity of complementarity between learning and working

_ B,® . . Decen _ Dl _ Pren
Pel = @Zgllto obtain Uee = _%;l_ WePeey Ol = &)en = WiPel, Ole = ¢+ln = WePel, and
oy = —f}+l" = wypu, where w; = =g and w, = %.

Similarly, 2 can be rewritten to find
1 2
Q=wwee | pee | — +pu ) —p5 ) >0. (51)
EWp

Hence, the second-order condition can be written as pe. (% + pll> > p?. Consequently,

the feedback between learning and working in the earnings function, as measured by
pel, should be sufficiently small so as to guarantee that second-order conditions are met.
Indeed, when there is no feedback (p,; = 0) second-order conditions are always satisfied.
Substitution of the « terms and A in the expressions for I, and é, gives

wil, = — %+%l i+ ——t 5, (52)
Pee (E—wl + pll) — P2 Pee (E—wl + Pll) — P2

1 1
e T Pu P iy o T AU : (53)

WeCp =
1 1
Pee (@ + pll) — P2 Pee (E—wl + pll) — P2
The elasticities of labor supply and human capital investment with respect to the
policy parameters ¢t and s can, therefore, be written as

ol,1—t ce + Pe
it = _ME I = ,10 Pel 5’ (54)
n Pee (a + pll) - IOel
Oe, 1 —1t %+Pzz+ﬂel
Eet = —We 86t = . ll ’ (55)
e w4@+m0—@
ol, 1 — e
Els = Wla— I i = el ) (56)
5 " Pee (ﬁ + pll) - pgl
1
de, 1 —s o T Pu (57)

e =W hy Ten 1 2
n Pee <_ + /)ll> — Py

Ew;

Note that all the elasticities increase with the elasticity of complementarity p,;.
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