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1 Introduction

While the concept of a horizontal fiscal externality arising from tax competition among
governments at the same level has been the topic of numerous papers in for more than
thirty years, the focus on “vertical” fiscal externalities received later attention. Among the
early theoretical contributions were Johnson (1988) and Flowers (1988) and continued with
Dahlby (1996, 2008), Boadway and Keen (1996), Boadway, Marchand and Vigneault (1998).
More recent contributions include Boadway, Cuff and Marchand (2003), Keen (1998), Keen
and Kotsogiannis (2002, 2003, 2004), Hoyt (2001), Dahlby and Wilson (2003), Wrede (1996,
2000), Keen and Kotsogiannis (2002), and Wilson and Janeba (2005) among others.

As the name vertical implies, these externalities arise between governments at different
levels, for example, between state and local governments or federal and state governments.
In this case the focus is on the overlap in the tax bases of two levels of government. An
example from Dahlby (1996) is the excise tax placed on cigarettes by both the federal and
state governments in the United States. When choosing its tax rate, each state presumably
only considers the tax’s impact on its own revenues and ignores the impact on the revenues
of other states and the federal government. As a result of an increase in the state’s tax
rate, other states tax revenues will increase because of cross-border shopping (a horizontal
externality) and federal tax revenues will be reduced because of the reduction in the cigarettes
purchases, part of their tax base (a vertical externality). Because of these impacts on the
revenues of other governments, the cost of funds perceived by the state differs from the social
cost of the funds. While the horizontal fiscal externality is positive, the vertical externality is
negative as increases in the state tax reduce federal revenues. Because the state government
ignores this negative externality, it will overtax cigarettes.

A number of studies have considered policies by the higher level of government to cor-
rect for the vertical externalities created by taxes imposed by the lower level of government.
Corrective policies include separating the tax bases of the two levels of government (Flowers
(1988)); increasing the number of lower-level governments (Keen (1995); Keen and Kotso-
giannis (2004)); and providing intergovernmental grants (Dahlby (1996); Boadway and Keen
(1996); Boadway, Marchand and Vigneault (1998); and Flochel and Madies (2002)).

While early studies focused on vertical externalities in a single market, research has
extended to consider the impacts of co-occupancy in a multiple market including studies by
Dahlby (1996), Keen (1998), Hoyt (2001), Dahlby, Mintz and Wilson (2000), and Dahlby
(2001), and Dahlby and Wilson (2003). While I also examine tax policies in a hierarchical
system of governments, I depart from previous studies in a several respects. First I consider

vertical externalities with multiple tax bases. Specifically, I consider a large number (a



continuum) of commodities to be included in either or both of levels of governments tax
bases. The consideration of multiple commodities enables us to address the question of
central interest to this paper — how should the tax base be allocated between the two levels
of government?

Vertical fiscal externalities act in both directions — state taxes affect local revenues and
local taxes affect state revenues. Flowers (1988), Wrede (1996), and Keen and Kotsogiannis
(2002), for example, assume that both levels of government ignore the vertical externality
imposed on the other level of government when setting tax policies. This leads to excessive
taxation at both levels of government. Here, I consider both the case in which the state
government considers the impact of its tax policies on local revenues as well as the case in
which it does not. Figure 1 illustrates the fiscal externality imposed by an increase of a local
tax on state government revenues.

In addition to having multiple tax bases, different levels of governments rely on very
different sources of revenue. As Table 1 suggestions, while there is only limited overlap or
co-occupancy in sources of revenue of state and local governments in the United States, for
example, there is likely to be a strong link between their alternative tax bases. Changes
in a major source of state revenue such as the personal income tax will undoubtedly affect
revenues from the property tax, a major local source of revenue. In contrast, there is much
more apparent co-occupancy of the federal and state tax bases primarily because the personal
income tax and, to a lesser extent, the corporate income tax are major sources of tax revenue
for both levels of government. Thus, while vertical fiscal externalities will almost certainly
arise in a co-occupied tax base, it does not follow that eliminating co-occupancy eliminates
fiscal externalities, an idea that may underlie the recommendation by some to eliminate co-
occupancy. In fact, eliminating co-occupancy may change the fiscal externality from being
negative to being positive if the commodities in the two tax bases are substitutes. This, in
turn, would suggest under-taxation rather than over-taxation in the framework developed
here.

The issue addressed here, what level of government should tax what goods or services
or inputs is referred to in the federalism literature as the “assignment” problem. In a
surprisingly small literature, the best known discussion of the appropriate assignment of the
tax base in a system of hierarchical governments may be found in Musgrave (1983) with
nice summaries in Musgrave and Musgrave (1989), Oates (1994), Keen (1998) and Dahlby
(2001). While Musgrave provided some general guidelines for assigning tax bases based on
the elasticity of alternative tax bases, he does not discuss how vertical fiscal externalities
might affect assignment. Keen (1998) does devote some discussion (and analysis) to co-

occupancy and assignment by addressing the question of whether it is better to co-occupy



an inelastic tax base or a more elastic tax base. Dahlby (2001) raises several concerns with
Musgrave’s rules for assignment including the issue of co-occupancy. While not presenting
any formal model, Dahlby (2001), by highlighting the general interdependency of tax bases,
raises questions similar to those I address here. In very different contexts both Haufler
and Lulfesmann (2015) and Kotsogiannis and Raimondos (2015) consider “optimal” co-
occupancy. However, in both cases, the co-occupancy corrects for horizontal externalities:
in the case of Haufler and Lulfesmann (2015) these are associated with capital taxation by
asymmetric countries and in the case of Kotsogiannis and Raimondos (2015) countries levy
taxes to change the terms of trade.

An extensive literature on the possible efficacy of co-occupancy has addressed issues re-
lated to horizontal fiscal externalities and cross-jurisdictional trade distortions as a result of
lower-level government tax policies. Perhaps the most extensive discussion of the tax assign-
ment issue has been related to the VAT taxation and the issue of source versus destination
taxation. Contributions to this literature include Bird (2000); Bird and Gendron (1998,
2000); Keen (2000) and Keen and Smith (2000). Recent related contributions to notion of
higher-level government taxation “correcting” for inefficiencies associated with lower-level
government policies include Haufler and Lulfesmann (2015) and Kotsogiannis and Raimon-
dos (2015).

Here I address the assignment question using a very different framework from those in
either Musgrave (1983) or Keen (1998) but similar in many ways to the framework implicit
in Dahlby (2001). Rather than considering the type of tax base that should be taxed by
different levels of government, I first consider how to divide a uniform tax base among two
levels of government and whether co-occupancy is desirable or not. While this very simple
framework means that I ignore many of the issues associated with tax assignment such as
geography, benefit taxation, and cross-border shopping discussed in, for example, Bird (2000)
and McLure (2001) it allows for focus on the question of whether the existence of vertical
fiscal externalities might, as suggested by Flowers (1988) and Dahlby (2001) among others,
lead to the conclusion that there should be no or very limited co-occupancy among tax bases.
Even when the elimination of co-occupancy may be optimal, it does not, in general, eliminate
vertical fiscal externalities. As a consequence, even in the absence of co-occupancy the tax
rates of the two levels of government will not be optimally set. If the commodities in the tax
base are gross substitutes, eliminating co-occupancy results in a positive fiscal externality,
meaning that tax rates will become “too” low. Here, because both the tax rates and tax
bases of governments are policy instruments, I need to distinguish between fiscal externalities
associated with changes in a government’s tax rate and one associated with changes in its

tax base. While the division of the tax base obviously influences the vertical externalities



associated with the tax rates, the extent and direction of the fiscal externalities associated
with tax increases and those associated with increases in tax bases can be quite different.
In fact, I find that in the case in which commodities are gross substitutes, co-occupancy,
at least to some extent, is optimal; when commodities are gross complements, it is unlikely
that co-occupancy is optimal.

The basic model, found in Section 2, is of a continuum of commodities with identical
demands along the lines, for example, of Dixit and Stiglitz (1977), Yitzhaki (1979), and
Wilson (1989). In this section I motivate the optimal policies with regard to both the tax
rate and base by considering the policy undertaken by a single, central government that
finances two public services with separate taxes. I then consider the alternative extreme
— the choices of tax rates and tax bases made by the two levels of government (state and
local) when they choose them independently. As I assume that commodities are identical
both governments will set uniform tax rates on their respective bases.! In Section 3 the
optimal tax bases (from their perspective) for the two levels of government is considered.
In this section I first consider the question of how to divide the tax base between the two
levels of government in the absence of any overlap. I then consider whether and under what
conditions, would co-occupancy be socially optimal. As well, I allow for the possibility that
the state government can set different tax rates on the base that it alone taxes and the base
that it shares (co-occupies) with the local government. Finally, in Section 4 1 extend the
model to generate a horizontal externality. In this case, along the lines of Agrawal (2012) and
Nielsen (2001), for example, I allow for cross-border shopping. In addition to generating a
horizontal externality, as I allow for differences in the costs of cross-border shopping among
commodities, I can also address the question of what commodities might be included in
the state and local tax bases rather than simply the extent of the two bases and whether

co-occupancy is optimal. Section 5 concludes.

2 Tax Choices with Independent Governments

2.1 A Simple Model

I consider an economy with a single state government and n local governments with each
locality having a single, identical resident. Each government provides a public service to its

residents with g, being the level provided by the state government and g;, 7 = 1,...,n the

!Further assumptions regarding the elasticity of the demands of the products are necessary for this result
as will be seen later. Alternatively, that there are uniform tax rates across commodities can also be considered
an assumption reflecting (most) state and local sales tax in the United States and VAT systems elsewhere
as discussed in 7.



level provided by locality 5. Both public services are produced with constant costs with the
cost of providing g, to the n localities equal to ng, and the cost of providing the local public
service in locality j equal to g;. While there are n independent localities, as each local
government has the same policy objectives, in equilibrium all localities choose the same
policies. Then given this symmetry, I denote local policies by the subscript [. To further
simplify the analysis, I also assume that the number of localities is large enough so that no
individual locality considers the impacts its policies have on state revenues.

In addition to the public services, residents also consume private commodities. Following
Dixit and Stiglitz (1977), Yitzhaki (1979), and Wilson (1989), I consider a continuum of
these private commodities identified on the interval [0,K]. While the interval of commodities
is [0,K] only the interval [0,1] is subject to taxation by either the state or local governments.?
As my interest is in how to allocate the tax base between the two levels of government, like
Dixit and Stiglitz (1977) I assume identical demand functions over the set of commodities.
By this [ mean that when the prices of two commodities are identical, the quantity demanded

is the same for both. The utility function can be represented by

U= / Q) dk + U (q:) + U* (gs) (2.1)

The gross of tax price of commodity k, z(k), is denoted by ¢(k) with the net of tax prices for all
commodities equal to unity. The term ) = fOK q(k)dk ) is an index of all commodity prices.
Unlike Dixit and Stiglitz (1977), I assume a relatively general form of the utility function.
As the demand function for commodities are identical then when the price of commodity i

and commodity j are the same, their demands are the same. I denote the derivatives of the

demand equations by x1; = g Ek and xo = 8822 and, what will be used when characterizing
tax rates, the percentage change in demands, T;; = g;ég (1) and 7o = dgg mlk that I treat

as constant in the analysis. For my purposes, an important implication of having identical
commodities is that the optimal tax structure is extremely simple — all commodities should
be taxed equally.

As both the local and state governments assess uniform commodity taxes to finance their
public services, the gross price of each commodity depends on whether it is part of the tax
base for the local, state, or both governments. Localities tax the set of commodities on the
interval [O, l;:d while the set taxed by the state government is on the interval [ES, 1}. Let

ki, ks, and k;s denote, respectively, the length of interval taxed only be the local government,

2While we may think of the commodity space as a straight line or circle, like Dixit and Stiglitz (1977) the
distance between any two commodities has no bearing on the relationship between them, that is, the degree
to which they are substitutes or complements. This is seen in the formulation of the price index.



only by the state government, and by both levels of government. Then the gross of tax price

for the commodities can be summarized by

1+, k€0, [mm (El,Es))
q(k) = 147, ke [mam (EZ,ES) , 1}
Ltm+r, ke [koki]if, k> ks

(2.2)

where 7; and 7, denote the local and state tax rates respectively.® Figure 2 illustrates the
division of the tax base with no overlap (no co-occupancy) and with overlap (co-occupancy).

Then the indirect utility function can be expressed as®

K
V [’7‘[,7-3, k87El] = / Vv (Q(k)’ Q) dk +U? (gs (TlaTknEsaEl)) + Ul (gl (TlaTk’aE&El)) : (23)
0

2.1.1 Government Objectives

The objective function for local governments is given by

K
Wl [TlaTsa El? ES} = / V(Q(k), Q)dk + Ul (gl (Tla Ts Ela ES)) (24)
0

where the level of the local public service is implicitly defined by the state and local tax
rates and bases, g (Tl, s, ki, ES). As local governments are assumed to ignore the impact of
their policies on state revenues, state public services are not included as an argument in the

local government’s welfare functions.

3With these taxes the price index is

ks E 1 K
fooa —&-Tl)dk—i—fi (147 —i—TS)dk—i—fEl (I+7)dk+ [, dk
B :K+kl7—l+ks7—s+kls (Tl+7—s)
St (Ut m)dk+ o dk+ 7 (L4 7) dk+ [} dk
=K+ lel + ksTs

El >ES

El < ES
4where the term

SUT (a(g(k) = 1+ 7, Q) dk + [ U (x(q(k) = 1,Q)) dk F<E
i U (ala(R) = 1+ 7, Q) dk + [ U (a(g(k) = 1,Q)) dk

Jo U (a(q(k) =1+ 7,Q)) dk + [ U” (x(q(k) = 1+ 71 + 7., Q)) dk 5T
+ J. U™ (@la(k) = 1+ 7, Q) dk + [ U” (a(q(k) = 1,Q))dk

1
/0 V (q(k). Q) dk =



For the state government consider the objective,
[ [h— K [h— [ [h— [h—
W [ o Bl = [ V() Q)b+ V(07 By R) + 0l (g7 B ) (29
0

where a € [0,1]. The parameter o denotes the extent that the state government considers
the impacts of its policies on the local government revenues. If o = 1 the state government
fully considers the impacts of its policies on local revenues and the welfare of its residents;
at the other extreme (a = 0) the state ignores the impacts of its policies on local revenues

and public services. My interest will be focused on these two extreme cases.

2.1.2 Government Budget Constraints

The state budget constraint is given by ngs = n7g (kszs + kistis) = n7Xs and the local
budget constraint is given by g; = 7 (kjz; + kisx15) = 11.X; where xg, z;, and x5 denote the
demand for commodities subject to the state tax only, to the local tax only, and to both
taxes, respectively.

Critical to understanding the tax rates chosen by the two levels of government and the
optimal tax bases for them is understanding the impacts of changes in their tax rates and

bases on their revenues. These impacts, summarized below, are derived in Appendiz A.1.

dg; _ X[+ 75 (211 + (B + ki) ©21)] and

o SO (2.6)
dr, = TiXi Ttk 7 411 T (kj + kis) Tor |, 0,5 =, 1830 # J
where T; = %,z = [, s. Note that the sign and magnitude of the fiscal externalities,
gﬁ; ,i,7 =1,s;1# j depend on both the overlap in the tax based (k;s) and cross-price effects

(Z91). While the focus of the literature on fiscal externalities has been on tax rates, I am

also interested in the impacts of changes in tax bases of the two levels of government. Then

the impacts of increases in the tax base on revenues are

3%; = T;TiT; Di—;/x\n + (kis + ki) o1 |, 0,5 = 1,830 # .
(2.7)

where D = 0(1)andz = j(ls)if ki < (>)ks, j = 1,5.° As is the case with tax rates,

changes in the tax bases of the two levels of government affect tax revenues of the other level

dg; — ~
g = le’j E—Z -+ Tl (kls -+ k']) T21 cmd
dk; T

of government. The impact of the expansion of the tax base by one level of government on

the other levels tax revenue depends on whether the two tax bases overlap and the cross-price

5An increase in the state tax base means a decrease in ks so rather than % and % (2.7) is for —Z%S

dg.

and —dk



elasticities (impacts) among commodities, relative to their own price elasticities — when the
two tax bases overlap, increases in the local (state) tax base will always decrease the state

(local) tax base.

2.2 Centralized Solution

Before considering the tax policies chosen when governments are making independent policy
decisions, I first consider the choices of a single government providing both services. While
the obvious policy would be to impose a uniform rate on the entire tax base to finance both
services, to provide a contrast to the policy choices of independent governments, consider
the choices when the single government finances the two services, g; and g5, by two separate
taxes, 7; and 74 on two distinct, though possibly overlapping tax bases. The government’s

problem, then, is

M
=Wk, / V(q(k), Qdk+ U (ga(7, 7o, by B0)) + U (9171, 74, Ky B))
Ty Ts, kla ks
(2.8)
The first order conditions with respect to the state tax rate can be expressed as
MRS; — 1)+ MRS,y (Z11 + (ks + kis) &
W= AT (Tt (b)) 29)
—|—MRSl7'l [ l] <<ﬁ> ffﬂll + (k’s + kls) {E21>
and with respect to the local tax rate by
(MRS[ - 1) + MRS[T[ (fll + (kl + kls) fgl) o () (2 10)
T +MRS, T, [f(—j] ((kﬁzzs> % 11+ (ki + kis) $21> .
oV
where MRS; = Z“{i , 7 = l,s is the marginal rate of substitution between public service j
By

and private consumption.® The derivations of (2.9) and (2.10) as well as those for other
first order conditions and proofs of propositions in the remainder of the section are found
in Appendiz A.2. Rather than stating the first order conditions for the tax bases, two
characteristics of the solution should be evident: the marginal rates of substitution of the
two goods should be equal (MRS, = M RS;) and the tax rate on all commodities should be
the same. Then given only two distinct tax rates, to have equal rates on all commodities,
either both levels of government tax the entire base (k;s = 1) or there is no overlap (k;s = 0).

When commodities are either gross substitutes or complements (#2; # 0) it is not possible

61 suppress %—‘; from all expressions of first order conditions as it has no bearing on the analysis.



to tax all commodities with no overlap (ks =1 — k;), have equal tax rates (7, = 75), and
equal marginal rates of substitution, (M RS; = M RS;). Note that when the two tax bases
completely overlap, the taxes still have negative fiscal externalities, that is, increases in one

of the tax rates will reduce tax revenues from the other tax.

Proposition 1. When a central government finances the “local” public service (g;) from
revenues of the local tazx (1;) on the local tax base (X)) and finances the “state” public service
(gs) from revenues of the state tax (15) on the state tax base (X;) the optimal policy is to

apply both tazes to the entire tax base (El =1and k, = O).

With this policy, the marginal rate of substitution is equal for both services (M RS; = M RS)
and all commodities are taxed equally. Again, the result is not surprising given that the
central government internalizes the cross-tax impacts on revenues. However, it does suggest

that distinct taxes and overlapping tax bases are not necessarily a concern.

2.3 Fiscal Externalities and Tax Rates

As discussed, the co-occupancy of tax bases generates negative fiscal externalities and, as
a result, may lead to over-provision of public services when the externalities are not inter-
nalized in the policy decisions of the government. Less noted in the literature are the fiscal
externalities associated with taxation of bases that are not co-occupied. If the two tax bases
are substitutes then it is a positive externality; if complements, a negative fiscal externality.
I begin, then, by illustrating the nature of the fiscal externalities associated with taxes in the
context of this model. First I focus on the tax rates each government chooses when facing a
restricted tax base. Next I consider the possibility that governments can choose both their

tax rates and bases.

2.3.1 Local Tax Policy

Each locality maximizes its residents’ welfare by choosing its tax rate given the tax rates and
bases of the other localities and the state government. Its choice of tax rate also depends on
the extent of its tax base. Formally the local government’s problem is to choose 7; to solve
(2.4). Then in Nash equilibrium, the first order condition for the local tax rate (7;) can be
expressed as
Wl = =1+ MRS, [1+ 7 (Z11 + (ki + kis)T21)] = 0 or
(2.11)
MRS, = L =+

[1+Tl*(/x\11+(kl+k’ls)§3\21)} Dy,

10



where 7/ is the equilibrium local tax rate. The marginal external cost (M EC,,) associate
with the tax of a single locality is
Lis ~

1 ks
MEC;, = ~r.MRS.X, (( 2 Ji p > — 11 + (ks + ki) le) (2.12)
s ls Tg

The M EC,, is simply the welfare value associated with an increase or decrease in level of

the state public good. From (2.12) it is apparent that M EC,, is negative (positive) if

kls > Lis _&\21
— > (<)—= 2.13
((ks + kls) (kls + kl) fs ( ) T11 ( )

If Z5; < 0, that is, the goods in the tax base are complements, M EC,, will be negative;

if goods in the tax base are substitutes (Za; > 0) then the sign of M EC,, depends on the
extent of the overlap in the two tax bases and the ratio of the cross-price and own-price

impacts on demand, ;ﬁl

2.3.2 State Tax Policy

In the Nash equilibrium the first order condition for the state tax rate (75) can be expressed

as

s
Ts

—14+ MRS [1+ 7 (11 + (ki + kis) To1]
=0or

rartrsry (2] () %50+ (b + ki) 214

% X ks Tig ~ ~
1—aMRS;r; Hx—i] ((W) %l$11+(ks+kls)z21>:|

Dg

MRS, =

where 7 is the equilibrium state tax rate and Dy = [1 4 7 (Z11 + (ks + kis) To1)]. As seen
in (2.14) if a > 0 the state considers the effects of its tax rate on local revenues. The impact
of the state tax on the local tax base is analogous to that of the local government. However,
as the state government may internalize some of the impact of its tax rate on local revenues,
the extent, though not the sign, of the external cost associated with an increase in the state

tax depends on the value of a with

kS S A
MECTS = (1 — Oé) MRS X ((m> il —Z1 + (k’ + kls) [EQl) . (2.15)

These results are summarized below:

Proposition 2.
a) If a1 MEC; > (<) 0 if — ( e )) Tin > (<) I, Jyi =180 # s

11



b) If the state mazimizes social welfare (o« = 1) MECs = 0

c)Ifao=0then MRS; > 1 and MRS; > 1 and MRS, > (<) MRS, if 7% (211 + (ks + kis) T91) <
()77 (B + (K + Kas) T21) -

d) Ifa#0 :

i) MRS, > (<) MRS, z’f{

T [(fn + (ki + kis) T21) — @ [%] (kls))i—lffu + (ks + Kus) f21>] }
> (<)7’;K ((If?n -+ (/{73 + kls) @21) .

ii) MRSy > 1 and if (s ) Zdn + (s + k) @1 < 0 then MRS, > 1.

Part ¢) of the proposition simply states that when @ = 0 whichever base has the greatest
(absolute value) percentage loss in its tax base from a marginal increase in its tax rate will
have the greater MRS. As seen in part d), when o # 0 the relationship between the MRS and
the changes in tax bases is more complicated as the state considers how changes in its tax
rate affect the local base. If there is a positive (negative) fiscal externality, then it is possible
for MRS; < (>) MRS, even if 77 (211 + (ki + kis) To1) < (>) 75 (211 + (ks + ki) 21). While
the M RS; > 1 for any tax base for the local government, whether M RS is greater or
less than one depends on two impacts — the magnitude of the decrease in the state tax
base due to the tax increase (217 + (ks + kis) Z21) X and the impact on the local tax base
Xist11 + (ks + ks) XiZ91. If the increase in the state tax reduce the local tax base then it
must be the case that MRS, > 1.

2.4 Fiscal Externalities and the Choice of Tax Base

In the United States, the choice of tax base, that is what local governments can tax, is
generally at the discretion of state, not local, governments. While this may be the case, it
is still useful to examine what tax base local governments would choose if given the option.
Here I begin by considering the problem facing local and state governments when they can

choose both their tax rate and base.

2.4.1 Local Tax Base

Each locality maximizes its residents’ welfare by choosing both its tax rate and tax base
given the tax rates and bases of the other localities and the state government. As discussed,
the optimal tax rate is given by (2.11). In the Nash equilibrium the local welfare-maximizing
tax base (E?) satisfies the first order condition,

(1 - E;‘) W~ (1 - E;“) 7 (MRS, — 1) . + 77 MRS, Xiia1] = 0, (2.16)

where z = Is,l if k; > (<) k,. As MRS, —1 > 0 at the optimal tax rate, as is evident from
(2.16) if &5; > 0 it must be the case that (2.16) is only satisfied when &, = 1 — the local

12



government chooses to tax the entire base. As shown in the Appendix, if To; < 0 it is still

optimal to tax the entire base.

2.4.2 State Tax Base

The optimal tax base for the state is characterized by the first order condition,

EWe =k, (2.17)

+OéMRSlTl* (D§711 + lefgl)

(MRS, — 1) 2, + MRS, X, im ] 0

where z = Is(s) and D = 1(0)if k; > (<) k,. Using the first order condition for the state

tax rate (2.14) we can express (2.17) as

W =ErT, [(MRSS —1) (? - 1) — MRS,r*i1, + aMRS;T D (kik> 9;—1;9:«11} —0

(2.18)

If the state ignores any impacts expansion of its tax base has on local revenues (o = 0) then,
as is the case with local governments, the state will choose to tax the entire base <E: = O).
Less obvious is the case when o« = 1 and the state fully considers the impact on local
revenues when choosing of both its tax rate and tax base. The state faces a trade off when
expanding its tax base — it lowers the marginal cost of funds associated with any state tax
rate but also reduces local revenues. Intuitively, the gain in social welfare of an increase in a
tax base, absent other distorting taxes, is equal to—M RSTZ1;. That the impact in (2.18) is
(MRS —1)D <;— - 1) — M RS,7} %1, reflects the fact that when the two tax bases partially
overlap, the addition to the tax base of another commodity (z;s) is less than the average
tax base per commodity in the existing base (Zs). However, in the Nash equilibrium, the
local government will tax the entire base, making ks = 0. In this case then, it is clearly
optimal for the state government to tax the entire base as Wg, = —TS*QVyM RS,z > 0.

Some implications of (2.16) and (2.17) are summarized in the proposition below.

Proposition 3. Assume the local and state governments independently choose their tax
bases.

a) In equilibrium both levels of government tax the entire taz.

b) When the state government mazimizes social welfare (o = 1) in equilibrium MRS >
MRS;; when oo < 1 the relationship between M RSg and M RS is not obvious.

That the MRS, > MRS, when the state government maximizes social welfare (a = 1) is
a result of the fact that the state government considers the impact its taxing decision have

on local revenues while local governments do not consider the effects of their taxes on state
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revenues. The relationship between M RS;and M RS; can be obtained by subtracting the
first order condition for the local tax rate, (2.11), from that of the state (2.14) to obtain

1 + (1 - Ck) Tl* (in + @21)
1 + 7'; (.fi’ll + 5?3'21)

MRS, = MRS, (2.19)

3 Optimal Tax Base Division and Co-occupancy

As shown in the preceding section, both levels of government will tax the entire tax base
if given the option. Changes in the local governments’ tax bases as well as their tax rates
will generate fiscal externalities. Here I address the question of what is the social-welfare
maximizing division of the tax base between the two levels of government. I first address the
question of how the tax base should be divided if there is no co-occupancy. After deriving
the optimal division of the tax base, the question of whether the state and local governments
should share tax bases, that is, whether there should be any co-occupancy, is then addressed.

If the state government fully considers the impacts of its tax policy on local revenues
(v = 1), if it were also have the authority to determine the extent of both its and the local
governments tax bases, the choices would be welfare-maximizing. However, if a < 1, the
state government does not fully consider the impacts of its tax policy on local revenues.
Then, in this case, if the state government were to determine the tax bases for both levels
of government it would not choose the welfare-maximizing division. As I wish to investi-
gate the welfare-maximizing division of the tax base in the case of @ < 1 rather than the
state government determining the tax base division, a third-party (federal government or
“planner”) chooses the tax bases to maximize social welfare.

In addition to having a third party choose the optimal division of the tax base, the timing
of the division of the tax base, relative to the setting of the state and local tax rates, also
needs to be determined. My focus will be on a Nash equilibrium in which the state and local
governments choose their tax rates at the same time as the planner chooses the division of
the tax base. In Section 3.3 I discuss a two-stage game in which the federal government
chooses the division of the tax base in the first stage of the game and the state and local

governments simultaneously set their tax rates in the second stage.

3.1 The Optimal Division of the Tax Base

The optimal division of the tax base in the absence of co-occupancy solves

Max — 1 ) _ l _
- W [, 75, ki :/ V (k) dk + U* (g5 (11,7, k1)) + U (g1 (12, 75, k1)) (3.1)
l 0
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where, given no co-occupancy, k; = k; and ks = 1 — k;. Then the optimal division of the tax

base, k;, that satisfies the first order condition for (3.1) can be expressed as

*

Ui

(=14 MRS, (1 + 7fkyin)) 1 MRS,7r ki ] _

+
(@) ) ] 52)

*

Ts

(—1 + MRSS (1 + T:k’si’gl)) Tg 4 MRSlTl*kllilfﬁgl
(¢) (d)

where, again, 7'and 7. are the equilibrium tax rates. Derivation of (3.2) and other equations
as well as proofs of propositions in this section are found in Appendix A.3. The expansion
of the local tax base and contraction of the state tax base directly increases local revenue
by 7z; and indirectly by affecting the price of x (El), now taxed at a rate of 7; rather than
Ts. As well, the tax has a direct impact through its impact on the price of z (El) These
impacts of found in term (a) of (3.2). Term (b) is the impact of adding z (k;) to the local
tax base on state tax revenues. Then the optimal division of the tax base must be such that
the impact on utility of the expansion of the local tax base is exactly offset by the impact
of the equal reduction of the state tax base, terms (¢) and (d) of (3.2). Rearranging terms
in (3.2) yields

(MRS, — 1)1z, — (MRSs; — 1) mixs+ (7 — 75) (MRS} kjxy + MRS 1} ksxs) Zo1 = 0.
(a) (b)

(3.3)

Examination of equation (3.3) provides for additional characterization of the optimal division
of the tax base. From (3.3) we can see that if commodities are substitutes (Z2; > 0) the sign
of term (b) is the sign of 7, — 75. Then if, for example, 7; > 7, it must be the case that term
(a) is negative, requiring MRS, < MRS,. If 7,(.5) > (<)7,(.5) then Wy |z _5 > (<)0 and
the optimal division of the tax base must be k, > (<).5. With 2, > 0 and k, > (<).5 (3.3)

can only be satisfied when the optimal tax rates are 77 > (<)7

*
s *

When commodities are complements or a # 0, the relationship between the relative tax
rates and the relative MRS is indeterminate — with 7; > 7, it is possible to have M RS; <
MRS; or MRS, > MRS, and satisfy (3.3). This being the case, it is possible for (3.3)
to be satisfied with no obvious relationship between the equilibrium tax rates (77,7%), the

associate MRS, and the relative tax rates when the base is evenly split.

Proposition 4. In the absence of co-occupancy, the optimal division (E;) of the tax base

can be characterized by the following:
a) If o = 0 and i) 7, (.5) > (<)74 (.5) then k; > (<).5; ii) &9y > 0 and 7, (.5) > (<)7s (.5)
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then T (El) > (<) (El) and MRS, (EZ) < (>)MRS, (El) b) Ifa=1 and i) o > 0
and 7, (.5) > 7, (.5) then &, > .5 and ; ii) &2 < 0 and 7,(.5) < 7,(.5) then k, < .5; iii)
Zo1 > 0 then 1 (E;) < Ts (E;) ;and iv) To; < 0 then 7, (E;) > T (E:) :

Tk

¢) AtE, MRS (El> £ MRS,7, (k)
d) Atk,: i) if ioy = 0, a (marginal) change in either the local or state tax rate has no impact
on social welfare; 1) if To1 > (<)0 and a = 0, an increase (decrease) in the local or state
tazx rate will increase social welfare; i) if To1 > (<) 0, and a = 1 an increase (decrease) in
the local tax rate will increase social welfare while an increase in the state tax rate will have

no impact on social welfare.

Proof of the proposition is found in Appendiz A.3.2. Part c) of the proposition, M RS, (E;) #+

Tk

MRS,T, <k5> , is important when considering whether co-occupancy is optimal. Part d)
provides relationships between the division of the tax base and the fiscal externality from
increases in the tax rates. As suggested by the proposition, the division of the tax base will
not eliminate the fiscal externalities associated with the two tax rates when commodities
have non-zero cross-price elasticities. This can easily be seen by differentiating the social

welfare function with respect to the tax rate of a single locality,

1 —\ —
W, = —MRS,r, (1 . k;‘) % a1 (3.4)

n
In the case of gross substitutes, it may change the fiscal externality from being negative
with co-occupancy to being positive with no co-occupancy. This, in turn, means that taxes
also change from being “too” high to being “too” low, that is, below the welfare maximizing

rates.

3.2 Optimal Co-Occupancy of Tax Bases

That the tax rates and marginal rates of substitutions for the public services are not equal for
the two levels of government and tax rate increases or decreases can enhance social welfare
suggests at least the possibility that co-occupancy may be desirable. Below I consider the
possibility of co-occupancy and under what conditions it may be socially optimal.

The problem facing the planner is

Maximize

1
E E w (ElaEsaTsyTl) = / V(Q(k)dk +U* (gs (EhEsaTsaTl)) + Ul (gl (EhEsyTsaTl))
Iy vs 0

(3.5)
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Then the first order conditions with the respect to the tax bases when k;; > 0 can be

expressed as

-1 + MRS[ (1 -+ Tl*(kls + kl)ﬂfgl)

(1 — El) W% = (1 — El) VyTl*SElS 73618 =0 and
! + MRS, (11 + (ks + ki) 221 )
(3.6)
_ _ 1 + MRS, (1+T;(kls+ks)§—s@21>
kSWES = ks‘/yTs*xls s = 0. (37)

+ MRS (&1 + (i + Fug) ey )

To evaluate the impact of an increase in the local tax base on social welfare when there is

no co-occupancy (k; = k), we can subtract Wln‘ =0 (2.11) from (3.6) and evaluate with
T

k;s = 0 to obtain

W, =, [(MRSlT; — MRS,7) (—i11) + {MRSZT;‘/@, (ﬂ - 1) + MRSSTS*kSE} 3321} .
ls Tis

(3.8)

Analogously, subtracting the first order condition for the state tax rate (2.14) from (2.17)

and evaluating at k;; = 0 gives

(MRSsts — MRST)) (—211)
s ) s o - on )]

- W = T, X5
ks ki1s=0

] e

From (3.8) - (3.9), results about the optimal co-occupancy of the tax base can be obtained.

These results are summarized in the proposition below.

Proposition 5. Let 7, 77, and E; represent the values of the tax rates and the division of

S

the tax base in the absence of co-occupancy that satisfy (2.11), (2.14), and (3.3). Then:

a) Necessary conditions for the optimal division of the tax base to be such that some share of
it is tax by both levels of government (co-occupied) is that either (3.8) or (3.9) are positive.

b) If 291 > 0 either W_ ‘ >0 or —W._ ‘ > 0 and it is optimal to co-occupy some
k kis=0 ks kis=0
share of the tax base.

¢) If 91 < 0 then a sufficient condition for it not to be optimal to co-occupy the tax base is

(s — 70ws) + ks T, (32 — 1) @1 <0 and (T3 — 7'my) + k7 mjw (22 — 1) £91 < 0.

d) Letting l?l and l~(8 denote the optimal division of the tax base. Then if if it optimal
to have co-occupancy either: i) One or both governments will tax the entire base (IN(Z =
land K, = 0 (kis = 1), K, =land K, > 0 (kis <1, ky >0, ks =0), or K, < land K, = 0
(kis <1, ky =0, ks > 0). orii) each government tazes only part of the base (0 < K, < K, <

1). In this case, at the optimal division of the tax base,
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MRS[ + MRSSTSJA?H = MRSS + MRS[lefll. (310)

Proof of part ¢) is found in Appendiz A.3.3 with remainder of the Proposition discussed
below. That it is optimal to have co-occupancy when the commodities are substitutes
(Z91 > 0) (Part b) follows immediately from (3.8) and (3.9) and part ¢) of Proposition 4
— either the first term of (3.8) or (3.9) must be positive. As the second term of both
expressions, primarily composed of the impact on the segment of the other level’s tax base
that is not co-occupied, must be positive then one or both of (3.8) and (3.9) must be positive.
Part d), specifically the condition to be satisfied when each government only taxes part of
the base, follows from (3.6) and (3.7) — for an interior solution to satisfy both conditions
(3.10) must be satisfied. Note that if MRS, = MRS, and 7, = 75 (3.10) is satisfied. More
generally, (3.10) suggests that the “indirect” effects of a marginal expansions of the two
governments base, the change in tax revenue from the existing bases for both governments
cancel each other out and the direct effects of expansion, the increase in the benefits from
the public services for the expanding base (M RS;, M RS;) and the decrease in benefits for
the other base (M RS;;, M RS,7s) are the only relevant factors.

To provide some further intuition, consider evaluating (3.6) at the optimal division of the
tax base in the case of the state and local tax rates being equal and, by (3.3), M RS, = M RS;.
Then M RSs7s — MRS;m; = 0 and (3.8) and (3.9) become

W?z T lMRSlTl*kl (ﬂ — 1) + MRSST;/’{?SE} To1 and (3.11)

T ls Tis

—w | = [MRSST;;% (i - 1) + MRSy7; (klﬂ - akﬂ)] Ea1. (3.12)
s gz Is T Tis

As discussed, the state and local tax rates will not be equal at the optimal division the
base if #3; # 0. The difference in the two tax rates accounts for the first terms in (3.8)
and (3.9) in which there are additional welfare gains to expanding the base for which the
“direct” impact (M RST) is greatest. Intuitively, (3.11) is the welfare impact of increases
(decreases) in tax revenue in the segments of both the state and local tax base that are not
co-occupied if 91 > (<) 0. This increase (decrease) in tax revenue is relative to that obtained
by expanding the local tax base while reducing the state tax base by an equal amount. An

analogous argument can be made for expansion of the state tax base and (3.12).

3.3 Optimal Division and Co-Occupancy with Leadership

In Sections 3.1 and 3.2 the determination of the optimal tax bases is determined in the

context of Nash equilibrium in a simultaneous game. In this section, I briefly discuss how
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the results in these sections might change if rather than having simultaneous determination
of both the tax bases and tax rates, they are determined in a two-stage game and show that
the results are qualitatively unchanged.

In the first stage of the game tax bases are chosen by the federal government and in the
second stage tax rates are determined in a Nash game among the state and local governments.
The tax rates determined in the second stage are characterized by (2.11)and (2.14) and are
functions of the state and local tax bases with k;s = 0 in the absence of co-occupancy. Then
in the first stage, the optimal division again solves (3.1) but this case the state and local tax
rates are functions of the division of the tax base, 7 (El) and 7, (El). Then the first order

condition is now given by

Tl* (—1 + MRS[ (1 + Tl*k’li’m)) Ty + MRSST:Tl*ksIsjﬂ (1 + 721) =

3.13
Ty (=1 4+ MRSs (14 70ksior)) xs + MRS;T T kiwZoy (14 (1 — ) 7). ( )
1 dT]'
5 dky’

to the impact on state revenues, the only impact that any change in the local tax rate has

where 7; = j =1, s. As the local tax rate is chosen to maximize (2.4) without regard
on welfare is through its impact on state revenues. Analogously, the impact of changes
in the state tax rate depend on any impacts depend on the impact on local revenues and
whether the state welfare function includes local public services as an argument (a # 0). If
a = 1 then there is no impact of changes in the state tax on welfare. Further, if |7;] <
1, 7 =, s, that is, the change in the tax base leads to less than a 100 percent change in
the tax rates, then the impacts of expansion of the local tax base on state tax revenues
(MRSt} 7 ksxsT21 (1 + 7)) and the impact of contraction of the state tax base on local
revenues (M RS 71/ kjx;Z21 (1 4+ (1 — «) 7)) are qualitatively the same (same sign) as in the
Nash equilibrium.

Then, as in the Nash equilibrium, consider an expansion of the local tax base and no
contraction of the state tax base in the absence of co-occupancy (k;s = 0). Differentiating

(3.1) with respect to k; gives

sz

Ky

§ (MRS;T; — MRS,TY) (—211)

L [ + [MRSZTZ*IQ <a:l (L 4 (1—a) —T) . 1) + MRS, m*kyz, (L + Tl*%,)] . ] '
(3.14)

Analogously, subtracting the first order condition for the state tax rate (2.14) from (2.17)

and evaluating at k;; = 0 gives
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. (MRSsty — MRST") (—211)
Wl T [ + [ MRS, 7 kg, (5 + 7)) + MRS 24 (ky = ok, + (1 - ) 717 )] . ] '
3
MRStk (xl (m +(1—a)

Then if, as seems reasonable, the terms
Y MRS, ks (

T1s + Tl Tl

MRSt} ks, (% + Tl*ﬁ> +
MRSt} xl (ky — aks + (1 — ) 7175)
it will be optimal to have co-occupancy. As with the case when the tax base and tax rates

(3.14) and in (3.15) are positive then with Z9; > 0

are simultaneously determined, when 25, < 0 co-occupancy may not be optimal.

3.4 Optimal Co-Occupancy with Differential State Taxation

Thus far the analysis has been restricted to considering uniform tax rates across both tax
bases. I now consider the possibility that the state government can set different rates on the
shared tax base (k;s) and the base that it alone taxes (k;). For the state government to have
an incentive to set (substantially) different tax rates on the two segments of its base, it must
be the case that o # 0 — it considers the impact of its tax policies on local revenues. For
simplicity, let &« = 1.7 Then as o = 1, the choice of the tax bases can be considered that of

the state government. Then the objective of the state government is

fOl V(q<k)dk +U® (gs (EhE S5 s 1 Tss Tl))
+Ul (gl (kb ks>7—s ; Tl))

M aximize

T T W(kl,k T 8 M) =

Sy 's v sy

(3.16)

5737

where 7! is the state rate on the co-occupied segment and 72 is the state rate on the segment

it alone taxes. Then the first order conditions for both tax rates are given by

_ —1+ MRS, [1 4 78 (Z11 + ksZ21)]

s Is x; T = 0, (317)
+MRS7' ks S$21 + MRS[T[(]Q + kls)_

and
B —1+ MRS, [1+ 7% (211 + kisda1)]

WTLS — N T A == 0 (318)
’ MRS ks =391 + MRST, (xn + (ki + k?zs)w—llswm)

In considering the optimal tax base, I assume that there is overlap in the two bases (ks > 0).

"That the optimal tax rates are identical across the shared and unshared segments of the tax bases when
« = 0 is an artifact of the assumption of constant elasticities. In the absence of this assumption, different
optimal tax rates might be expected but not of the magnitude of differences that occur when o = 1.
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Then an increase in k; means a reduction in the base only taxed by the state (k,) and a
decrease in k, means a reduction in the base only taxed by the localities (k;). Then the

optimal tax bases are determined by

(1-F)W_ =(1-F)

ki

(MRS, — 1)1+ (MRS, — 1) 7] 2y — (MRS, — 1) 78w+ 0
[MRS;7 (ki + kis) T + MRS, (Tl ks + mksxs) | &1 (10 + 715 — 72) o

(3.19)
and
—_ —_ MRS, —1 MRS, — 1) 7| ;s — (MRS, — 1
W = (1-F) (MRS = 1) 7+ ( ) 7] s — (MRS, )ATer o
ks [MRS[T[ (kl -+ kls) T+ MRS, (Tslsklsxls + Tssksxs)} IZITSZS
(3.20)

Consider a possible solution with M RS, = MRS, = MRS and 7, + Tﬁs = 77. In this case,
both (3.17) and (3.18) are satisfied only if k; = 0, (k; = 0) — the state taxes the entire base.
As well, (3.19) will be satisfied with equality regardless of the division of the tax base. Then
when MRS, = MRS, = MRS and 7, + 7 = 75, (3.20) becomes

s

—ESWES = (1 — ES) [ (MRS —1) [(Tl + Tsls) Tis — Tl.iEl] + MRS (Tl + Tsls) o TH } (3.21)

Then with (77 + Tsls) x5, — 1ir; > (<) 0 when 7 > (<) 0, for -W,. >0 (and the state taxes
the entire base), it must be the case that when commodities are substitutes (complements)
(Z91 > (<) 0) the state tax on the co-occupied segment of the tax base is positive (negative).

Thus two solutions appear possible: 1) the local government does not tax the entire
base (El < 1) and MRS, = MRS, and Tsls + 7 = 75; and 2) both the state and local
governments tax the entire base (El = 1) with M RS; > M RS,. However, to satisfy the first
order conditions for both the state (3.18) and the local tax rates (2.11) in the second solution
it must be the case that M RS, > M RS;. Thus a contradiction and only the first solution is
feasible.

When MRS, = MRS, and 7! + 7, = 7§ we can subtract the first order condition for the

local tax rate (2.11) from (3.20) to obtain

Tls (Zi’u + k'lslﬁ21> + T;k’sﬂegl = 0 (322)

S

Equation (3.22) states that the state government chooses its tax rates and the tax base that
the local government can tax (k;s) so that the local tax rate generates no fiscal externality.

These results are summarized in the following proposition:

Proposition 6. If a = 1 and the state can set different tazx rates on the shared based (k)

and the base it alone taxes (ks), its optimal tax rates and the division of the tax base are
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such that:

a) The state will tax the entire base (%S = 0) and localities will only tax some share of the
base (El < 1);

b) MRS, = MRS ;

c) The combined state and local tax on the co-occupied share of the tax base equals the state
tax rate on the share of the base it alone tazes 5 + 1, = 75;

d) The local tax rate generates no fiscal externality, that is, T (211 + kis@o1) + T5ksdor = 0;
and

e) The state tax rate on the co-occupied segment is greater (less) than zero (71 > (<) 0) if

cross-price elasticities are greater (less) than zero (Z91 > (<) 0) .

While Hoyt (2001) considers the overlapping tax bases and the possibility of negative tax
rates (subsidies), it was in the context of exogenously-determined tax bases. In that case,
whether the state government applies a positive (negative) tax rate on a shared tax base was
determined by whether M RS; > (<) M RS;. In this case, the state government is choosing
the extent of the overlap in tax base the state applies a positive (negative) tax rate on the

shared based when commodities are substitutes (complements).

4 Optimal Assignment with Horizontal Externalities

While the framework for my analysis has been couched in terms of multiple localities, local
tax policies have only impacted state tax revenues and not those of other localities. That is,
it is a framework with vertical externalities but with an absence of horizontal externalities.

A number of studies have examined the implications of the existence of both horizontal
and vertical externalities. Keen and Kotsogiannis (2002), for example, considers a standard
model of capital taxation competition (Wilson (1986); Zodrow and Mieszkowkski (1986))
with two levels of government (state and federal) with a focus on whether decentrally-
determined tax rates are inefficiently high or low. As discussed in more detail later, I
incorporate fiscal externalities into the model developed in Section 2.1 following a different
approach with the externality generated by cross-border shopping. I also introduce some
heterogeneity into the nature of the commodities in the tax base, allowing the extent of
the horizontal fiscal externality to vary among commodities. My objectives in this section
are two-fold. As before, I consider the optimal division of the tax base and whether co-
occupancy is optimal. Second, with this heterogeneity among commodities, the issue which
commodities should be assigned to which tax base, local or state, can be addressed as well.

This is, in essence, the issue of assignment discussed, for example, by Musgrave (1983).
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4.1 A Simple Model of Cross-Border Shopping

A natural way to incorporate horizontal externalities into the framework developed in Sec-
tion 2.1 is to allow for cross-border shopping. I follow the approach of Nielsen (2001) and
Agrawal (2012) to generate this cross-border shopping though I focus on the case of symmet-
ric jurisdictions (localities). To generate vertical fiscal externalities, unlike Nielsen (2001)
and Agrawal (2012), I need to assume elastic demands for the commodities. As well, the
cross-border shopping costs are assumed to differ among commodities. To incorporate this
into the model, let the J localities be distributed in a circle with an interval of one unit
between each locality as illustrated in Figure 3. Then a length of 1/2 on each side of the
locality center (CBD) is defined as the locality. The population is distributed uniformly with
density of unity.

As in Nielsen (2001) and Agrawal (2012) purchases of commodities occur at the location
of residence or, if purchased in another locality, at the border between the locality of residence
and that of purchase. As mentioned, I allow for the cost to vary with the commodity — for
some commodities both total and marginal costs of the cross-border shopping are higher.
Obvious examples might be perishable groceries in which purchases of inventories is not
possible in contrast to dry goods in which inventories are possible. Then let ¢;m be the
travel cost for an individual living a distance m from the border. Then the commodity with
the lowest with absolute and marginal travel cost is £k = 0 and the commodity with the
highest travel cost is k = K. Then the total cost of commodity & purchased in locality j-1

by an individual in locality j living m from the border with locality j is
qlk,mj —1) =14+ 71 + 75 + cpm. (4.1)

with an analogous condition for the price of commodity k purchased in locality j+1 for a

resident of locality j residing m from the border with locality j+1 ¢(k,m; t1). Then the

boundaries for purchases of commodity & made in locality j are given by
m’?:—l—i——Tj_Tj_l and m’?:1+—7j“_7j (4.2)
- 2 Ck J 2 Cp ’ ’

with the number of shoppers for commodity £ in locality 5 given by

Tjt1 + Tji-1 — 27,
Ck,

N (k) =1+ (4.3)

While the shopping costs are assumed to vary among commodities, in the symmetric equi-
librium with 7,44 = 7; = 7,1 = 77" V j the number of shoppers for each commodity % in each
locality 7 will be 1. I also assume that for commodities in the same tax base the quantity

demanded is the same and is referred to by z;, x,, and x;s for the local, state, and shared
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bases as before.

The expression for the local government budget is complicated. It depends on the tax
rates in the two adjacent localities and, unlike, the framework developed in Sections 2 and 3
not simply the lengths of the tax intervals (number of commodities taxed) as the commodities
differ in responses to taxes in other localities. An expression for it can be found in Appendiz
A.4. As our interest is in analyzing equilibrium policies, I consider the impact of a local
tax increase when all localities set the same tax rates and, therefore, mf = —% and m;? = %
for all localities 7 and commodities k. Then differentiating the local budget constraint with

respect to 7; and letting j = [ gives

dgi

dr = Xl |:1 + 7 (in + (/{?l + kls) le + ]/\\fn>i| . (44)
l

where X is the local tax base and NTlTle < 0 is the change in the tax base due to cross-
border shopping.® Then in the symmetric Nash equilibrium among localities, the optimal
local tax satisfies the condition

1
|:1 + Tl* (fill + (/{715 + kl) igl + ]/\}Tl>i| '

MRS, = (4.5)

Then (4.5) is identical to (2.11) with the exception of the term Tle]/\\fﬂ where, as mentioned,
this term represents the loss in tax revenue to the locality due to shoppers leaving the locality

to shop in other localities.

4.2 Optimal Division and Co-Occupancy of the Tax Base with
Cross-Border Shopping

To evaluate the trade offs between the horizontal and vertical externalities associated with
the local taxes, consider the impacts of a uniform increase in the equilibrium local tax rate
across localities and commodities within the local and shared tax based. Then differentiating

social welfare with respect to 7; and applying (4.5) gives

8The impact of an increase in the local tax rate on total purchases and, therefore, tax revenue depends
on the mix of commodities in the tax local tax base. If, for example, the local tax base was continuous from

[0, 4] then N, =L [ Je ethazlin) gy 4 ke 7““7‘121*”*“)(1/«}

s Ck
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~MRSTXiN, | MRS Ts(klfzil)mxn ¢ (ko) By ) ]
aw (a) (b)

+MRST ( e By + (k + kls)le) o
(c)

Term (a) of (4.6) reflects the increase in social welfare from “too low” of local tax rates due
to the horizontal externality while term (b) reflects the vertical externality, the impact on
state tax revenues and the level of the state public service, analogous to (2.12). Term (c)
reflects the impact of any response in the state tax rate on local tax revenues and the local
public service. Under the reasonable assumption that the direct effect of the increase in
the local tax rate on local public services (term (a)) outweighs the indirect effects through
resulting changes in the state tax (term (¢)) then if commodities are substitutes (Z9; > 0) in
the absence of any overlap in tax bases (ks = 0) term (b) is positive and increases in the local
tax rate unambiguously increase welfare. If there is co-occupancy (k;s > 0) or commodities
are complements (Z2; < 0) then the sign of (4.6) is ambiguous. Then if Z3; > 0 it must be
the case that the social-welfare maximizing local tax rate ‘fi—Tle = 0 only occurs when k;; > 0
and will never be obtained with Z5; < 0.

The extent of how much cross-border shopping <Nn) increases when a locality’s tax rate
increases depends on the mix of commodities in its tax base. Then as the equilibrium local
and state tax rates depend on the mix of commodities base and not simply the extent of
the local tax base so does social welfare. As shown in Appendiz A.4 if there is no overlap
in the tax base (ks = 0) then dd% > 0 — the substitution of a more elastic (with respect
to cross-border shopping) commodlty with one with a less elastic demand will increase the
equilibrium local tax rate. Then if commodities are substitutes (Zo; > 0) by (4.6) in the
absence of co-occupancy local governments should tax those commodities with the lowest
cross-border shopping costs.

The case when commodities are complements is somewhat more complicated. Unlike
the case with substitutes, as discussed earlier, with complements the horizontal and vertical
externalities are of opposite signs and the assignment of the local tax base is not obvious.

The optimal division of the tax base continues to be described by (3.2) and (3.3) with

9j

9Term (a) appears because while (4.4) is ZT when a single locality j increases its tax rate in

equilibrium, when all localities uniformly increase tax rates, Z—iﬁ’ = X1+ 7 (211 + (ki + Kis) Z21)]

Then by the envelope theorem, (MRSl {1 + 7 (:%11 + (ky + kis) @21 + ]\Afn)} — 1) X;=0 meaning that
(MRS; [1+7; (@11 + (k1 + k) &21)] — 1) X; = —M RSy X, N,
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modifications to allow for the heterogeneity in the local tax base arising from cross-border
shopping. Adding a commodity to the local tax base and removing it from the state tax
base means that differences in local tax rates will induce cross-border shopping. However,
as in equilibrium all local governments will have the same tax rates, there will be no impact
on the tax base due to cross-border shopping.

However, when evaluating the optimal division of the tax base at the optimally-chosen
tax rates for the local governments (4.5) and the state (2.14) government with cross-border
shopping, the characterization of the optimal division of the tax base is no longer analogous.

With cross-border shopping, the optimal division can be characterized by

(MRSym2w; — MRS,%x,) (—im) + MRS, (—]\Afn>

W,
§ 1t (MRS, — (1 — ) MRSk)

=0 (47)

Fe=1-F

The substantive difference between (4.7) and the analogous condition in the absence of
cross-border shopping (A.26) is the term M RSlTl*Q:cl (—Nn>- While it is difficult to directly
compare the division of the tax base with and without cross-border shopping, (4.7) has
the term M RS;7? x; <—Nn> that is not present in the first order condition obtain in the
absence of cross-border shopping, (3.3). That this term is positive suggests that cross-border
shopping, by reducing the tax rates set by local governments increases the gains to expanding
the local tax base at the expense of the state tax base.

To evaluate the conditions under which co-occupancy is welfare-improving, evaluate the
welfare impact of an increase in the local base (3.6) at with E; and at the tax rate that

satisfies (4.5) gives

= TP [(MRSIT,* — MRS, (—i1) + MRSy} (—Kfﬂ) + MRS, 77 ki
(4.8)

The impact of an increase in the state tax base is unchanged and characterized by (3.9).

ki kis=0

Then, as in the case without co-occupancy, it must be the case that with z9; > 0, co-
occupancy is optimal. In this case, there is a more significant impact on welfare from an
increase in the local tax base because of the detrimental impact of cross-border shopping on
local tax rates and welfare, making it more likely that an expansion of the local tax base is

optimal even if T, < 0.

Proposition 7. With the existence of cross-border shopping across localities as characterized
by (4.1) - (4.8), the welfare-mazimizing assignment of the tax base satisfies:

a) If 91 > 0 local governments tax those commodities with the lowest cross border shopping
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costs (c);

b) The optimal division of the tax bases satisfies (4.7) in the absence of co-occupancy;

c) If (4.8) or (3.9) are positive then it is optimal to have co-occupancy; if o1 > 0 then either
(4.8) or (3.9) is positive and it is optimal to have co-occupancy.

5 Concluding Comments

The conventional wisdom suggests that separate tax bases for different levels of government is
preferred to reduce the extent of vertical externalities and the over-provision of public services
associated with the vertical externality. However, most previous studies have not considered
the impacts of tax rates across revenues sources, that is, across tax bases. Specifically,
how changes in tax rates in one base may influence revenues from other tax bases that are
not shared. To the extent that these tax bases are on commodities that are substitutes, a
positive, not negative, fiscal externality is generated.

With a strict division of the tax base in which there is no co-occupancy I show that when
there are non-zero cross-price elasticities, it is not possible to have both equal tax rates
by both governments and equal marginal rates of substitution for their public services, the
(second) best solution.

While the focus of the literature on vertical fiscal externalities has been on the external-
ities generated by choices of the tax rate, here I also consider the externalities generated by
choices of tax base, specifically considering the case of endogenous choices of tax bases. Not
surprisingly, if given the choice, both levels of government will tax the entire base.

That equality in rates and valuation of public services is in general not possible in the
absence of co-occupancy means the optimality of co-occupancy cannot be ruled out a prior.
Here 1 show that under some conditions, specifically differences in the optimal tax rates
in the absence of co-occupancy and underlying cross-price elasticities, co-occupancy might
be optimal. I also show that if the higher-level government (state) can differentially tax
(or subsidize) the shared tax base and the base it alone taxes and can tax the entire base,
(second-best) optimality is achieved.

Finally, I extend the model to allow for horizontal fiscal externalities arising from cross-
border shopping and find similar results about when co-occupancy is desirable as well as

results regarding which commodities should be included in the two tax bases.
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Table 1: Percent of Total Own-Source by Tax Base, State, Local, and Federal, 2012!

’ Tax Base H Local H State H Federal ‘
Property 30.9 0.8
General Sales 5.5 15.6
Excise/Selective Sales 3.1 11.9 3.4
Individual Income 3.1 26.7 44.0
Corporate Income 0.8 3.9 9.1
Motor Vehicle/Other 2.8 7.4 6.4
Social Insurance/Retirement || 7.4 29.6 37.1

1. From Government Finances Statistics (http://www.census.gov/qgovs/financegen /index.html)
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Figure 1: A Vertical Externality in a Single Market
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Figure 3: Locations of Local Governments with Cross-Border Shopping
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A Appendix (Online)

A.1 Tax Rates and Bases
A.1.1 Definitions of Tax Bases

The state budget constraint is given by

fa(g(k) =147, Q)dk = kyxy, ky < ks
gs = - S —_ —
S w(a(k) = 1+ 7 + 7, Q)dk + Jr w(a(k) = 1+ 7, Q)dk = kywys + koae, ki >,

(A.1)

and local budget constraint is given by

g = = fOEl :B(q(k:z: I+, Q)dk‘ = ki, El < ES
foks l’(Q(k’) =1+ 1, Q)dk + fEk;l x(Q(k) =1+ T+ Ts, Q)dk = kls$ls + klxh EZ > ES

(A.2)

A.1.2 The Impact of Taxes on Government Budget Constraints

Impacts of Taxes on the Price Index (Q) Differentiating the price index with respect
to the tax rates gives
dQ k, k <k dQ ke, ki<k

— = 7 and = -2 A3
dm ki + ks, by > ks drs ks + ks, ky > kg (4-3)

and differentiating it with respect to the tax bases gives

dq dq
—_ = Tla e
dk; dk;

= 7—7Ts,and — ) = —Ts. (A.4)

Fo=1—T, dks

Impacts of Tax Rate Increases Then differentiating the local government budget (A.2)
with respect to 7; for k; > k, gives

Jo w(q(k) =14+7,Q dk:+fkkl k)=1+7+71,Q)dk +
dg _ T [f s 8ac(q(k 1+n Q) dq(k dk + f s 8w(q )anJrn Q) dek}
dTl - 0 q 0
ki 0z(q(k) 1+T +75,Q k 0z(q(k)=14+1+7s) dQ
T [ Esl q 8q(k:)l B dk + f ! 8Q Lire) g9 dk‘] (A.5)

l
k:v +k‘5x5 “+k‘2x )
= ki) + kisvs + 1 e ot Iy Var

k7 a2 T Fukrsx =2 + klkzswzs xl
= kx; + kv, + 1 [3711 + (ki + Kis) T2
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P xf o z! x$ xl x$ ~
if it is assumed that == =7 and =2 = 221 — 221 — 7,
S

Tis ] Ts Tis Ts

The impact of the local tax increase on state tax base is

d El aw(q(k):1(+7)—l+TS7Q) dk + fEl 8£C(q =1+4+71+7s, Q) dQ dk_|_
ags Ts ks Oq(k BQ
dm "—fl Oz ( q(k 1+7'5,Q Zlgdk

(klsxls_ + klklsxls_ + klsxls 21 + klk xs Zs L+ klsk Ts xzsl)
= 7. X < (kﬁ%ls)fin + (k‘z + kis) T1 >

with analogous derivations for dgf‘

The impacts of state tax increases on the state and local budgets can be derived analo-

gously to those for the local tax increases and are summarized in (2.6).

Impact of Tax Base Increases Case 1: No overlap (ES < El)

For the impact on the local tax revenue, differentiate (A.2)with respect to k;:

U

d|m [F (k) dk B (k) 11,0
%:{TJ:TI[OZ de+I(kl7q:1+Tl)] (A?)

=T [l‘l + le:l:vél} =TT [ + lelfgl]

U

For the impact on state tax revenue differentiate (A.1),

1
dge _ d[Ts k. x(k)dk] B 1 @x 8@ B s
= =T dk = TiTsksT5,

= NTsks 72 = TlTSk :1:3:1:21

Case 2: Overlap (Es > El)

For the impact on the local tax revenue, differentiate (A.2) with respect to k;,

[ks k)dk-i—[ L a(k)dk " x
y L g (s 0]

d_El =T [51715 + 7 (kliﬁgl + k‘zsxgl)] =T [ZEls + 7 (k‘m ~+ kisis 21)]

= 7 (215 + 7 (ki + Kisis) Bo1] = 1 [% (ki + ki) 5E21]
(A.9)

For the impact on state tax revenue differentiate (A.1),
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e (Jgt =i i 29k | —a (ki, g=1+ Ts) ta(k, g=1+7+7)

— = T 7
ah s ki 0z(k) 0Q L Jz(k) 0Q
dgs l +<Es 9Q akdk+f1 9Q akd>
—_— = ls
dk; =7 [ e ot (ke + k) |~ [ S ke 4 e
R TiTs [%/x\n + (ksws + kistis) Toy | = TiTsTs [;_25711 + (ks + kis) 21

(A.10)
The impacts of an increase in the state tax base are analogous to those of an increase in the

local tax base.

Finally, consider the impact of an (equal) increase in the local tax base and decrease in the

state tax base when there is no overlap

g R =i | (B g =1+7) + (fy" B2k + f3 25 2 a) |
dkl Es=1—F1 dky Fam1-Fy =T [l’l + kll'lﬂ (Tl — TS):| = Tix;] [1 —+ kll'gl (Tl — Ts)]
(A.11)
and
1 _ 7. _ 1 9z(k) 0 1 oxz(k) 0Q
dg, A (1, 509)] =7 |~a (Fa g =14 m) + (Ji, 5 52ak + i, %58 22 d) |
dky |5, =1-%, ki Fe=1—F1 = —Ts [xs + ks (Ts — 7)) = —Tsxs [1 + ksZor (Ts — 7)]
(A.12)
A.2 Derivations from Sections 2.2 - 2.4
A.2.1 Derivations from Section 2.2
Differentiating (2.8) with respect to 7, yields
LoV (k) dg(k) oV (k) dQ dg
L= dk dk + U, +U, -2 =0. A13
W= | Bty ar, ), T0Q dn, gld " dr, (A-13)
where le_av Then from Roy’s identity we have % = —V,x(k). Then kl aa‘g)dk: =
-V, fl gz(:) dk = =V, (ksxs + kiszi5) where Vj, _a_v From (A.3) 2= ﬂ = ks + k5. Then letting

MRS, = U‘” and MRS, = "S and applying (2. 6) to substitute for d‘” and § dgé yields (2.9).

A.2.2 Derivations for Section 2.3
State and Local Tax Rates

Differentiating (2.4) with respect to 7, gives
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"oV (k) dg(k d d
Wl :/0 W(k))%l)dm/o aég)dg dk+ V3 =0. (A.14)
Again, from Roy’s identity we have ( —V,x(k). Then fkl 8‘/ dk = =V, (kix; + kisxis) -
From (A.3) & dQ = k; + kis. Then letting M RS; = —"yl and using applylng (2.6) to substitute
for 32 and jﬁz ylelds (2.11).Note that the first order condition for the state tax policy (2.14)
is identical to that for the central government (2.9) when o = 1 and, in general, only differs
from it by the term M RS;7 (Xs211 + X291) being multiplied by «.

Proof of Proposition 2

Below parts c¢) and d) are derived; parts a) and b) follow directly from (2.12) and (2.15).
For part ¢, from (2.11) and (2.14) with o = 0 that if

1 1

MRS, = - - > (< - -
[1 + ’7'5* ($11 + (kﬁs + kls) le)} ( )[1 + Tl* (ZE11 + (k’l + kls) 1’21)]

— MRS, (A.15)

then cross-multiplying yields the expression in Part c.i). That MRS, > 1 and MRS; > 1
follows from that fact that (Z1; + (ks + kis) Z21) < 1 and (211 + (k; + kis) £21) < 1 making
the denominators for the expressions in (A.15 both less than one. For part d), using (2.11)
n (2.14) gives

x| Xi kis s 2
1 T, [ ] |:(kls+kl) T11 + (k‘l + kfls) 1‘21] 1
MRS = — — =M Al
S = . DiD. > (<), = MRS (A16)

where Dy = 1+ 77 (211 + (ks + kis) Z21) and Dy = 1+ 7 (211 + (ks + kis) Z21) . Then we
obtain the expression in d.i) by multiplying (A.16) by D,D,. Part d.ii) can be seen from
inspection of the expression for MRS, in (A.16). The first term, = > 1; however, the

» Dy
aTtt X ki 119x11+(k‘ +k 5)1‘21
second term — [XS] {(MS%Z)D;DS — } > (<)0 .
A.2.3 Derivations for Section 2.4
Local Tax Base
Differentiating (2.4) with respect to its tax base, k; gives
_ _ JdfFvyde  auta
(1—Fk)W. =(1-Fk) s () + S 2, (A.17)
ky dk?l 391 d/{?l
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))dk

From the envelope theorem, W = V,may if ky < kg and if k; > k, df()d—El =

Vymizs . In both cases ;ll? = 7;. Then substituting for dgl in (A.17) using (2.7) yields (2.16).

Considering the case when k;s > 0 multiply (k;s + k;)

Wl =T [(MRS[ — 1) (/{718 + kl) Tis + MRS[T[(]C[S + kl)(klssclzsl + kl$l21>] . <A18)

l

Then subtracting (A.14) from (A.18 ) gives

WL =7 (MRS, = 1) [(kis + ki) w15 — (kiswis + kiw)] — MRS (ki + kiaty)] . (A19)

l

Then using z;, — x; ~ 12}, gives
11

WIE ~ Tl2 [MRSlklsflS + kll‘l] (—fll) >0 (A20)

l

State Tax Base

Analogous to the first order condition for the local tax base we have

_laftvik L sd
We =k, o VK) | OU dg | 0Udg,| (A.21)
Fs dk 9g1 dk,  0gs dk,

— — "1 —
Focusing on the case when k; > k, we have w = —z (q (k‘g) =1+7+ Tl) = —24

Then substituting for dgs and dgl using (2.7) in (A.21) yields

EW? = ko7 [((MRS, — 1) 15 + MRS,7s (kw3 + kisrgy) + aMRSim (a7 + (kg + kisa )] = 0.
(A.22)
where 7,215 & x5 — ;. Then multiplying (A.22) by (k, + ki) and then subtracting the first

order condition (2.14) from it after simplifying gives
Wf =Ts [Ts [MRSsklsxls + ksxs] (_i'll) + aMRSlTl‘TlSkS‘%H] (A23)

s

Then as can be seen from (A.23) when ks =0 w2 >0.
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A.3 Derivations for Section 3 (Optimal Division and Co-Occupancy)
A.3.1 Derivations for Section 3.1 (Optimal Division)

Differentiating (3.5) with respect to k; with k; = 1 — k, gives

d [}V (q(k))dk dgs d
Wy, = Jo (3< ) + MRS, % + MRS, & =0 (A.24)
dk; Fi=1-F. Uk =1—ks Uk =1—ks
Then using dﬁ)‘/;l(—%(k))dk —— =V, (nz; — 15xs) and (2.7) to substitute for Z%j El:li%sand
Z—% El:li%sand simplifying gives (3.3).

A.3.2 Proof of Proposition 4

Part a)
i) If @ = 0 then with k; = k, = .5 from (2.11) and (2.14) we obtain

1 1
S = > (< S =
[1 —I— T (1‘11 + .51’21)] ( )[1 + Ts (1'11 + .51’21)]

MRS, = = MRS if > (<)7s (A.25)

Then with #5; > 0 it is apparent from (3.3) that W; > 0. Then with the assumption

1|El:,
1

[1+Fj(n11+-5n21)]

that - >0, j =1,s it follows that if 7, (.5) > (<)7 (.5) that k} > (<).5. It will
be useful when considering the possibility of co-occupancy to use the first order conditions

for the taxes to express (3.2) as

(MRSymix; — MRS m2x5) (—211) + TiTs (MRS kszs — (1 — ) MRS kyxy) 391 =0
(A.26)

If 297 < 0 using (2.11) and (2.14) to substitute for M RS, and M RS, in the second term of

(A.26) gives

I ‘Es:ka -

ky

(MRS[TZQLUZ — MRSSTS$S> (-in) + T (Tl — Ts) (3311 + .5!1321) 2%21 > (<> 0

Foml—F; DD,
(A.27)

as 7 (.5) > (<) (D) .

i) If &} > (<).5 from inspection of (3.3) it is apparent that with zp; > 0 that it cannot
be satisfied with 7 <E7> > Ty (E;) and MRS, (E;) > MRS, (E;) or T (E;) < Ty (E:)
and MRS, (E;) < MRS, (E;) . Then either it is the case that 7 (E;) > Ty (E;) and
MRS, <E;“) < MRS, (E;*) or 7 (E;*) <7 (Ej) and MRS, (E;*) > MRS, (E;“) . Suppose
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that & > .5 then if 7 (El) < (E;") then MRS, (El) < MRS, (El) . However, if

Ti (E;) > T, (E;) with sufficiently large &k} > .5 then M RS, <E:> < MRS, (E;)
Part b)
i) and ii) Using (2.11) and (2.14) to substitute for MRS, and MRS in (A.26) with o = 1

gives

’T'2 A A
T 22 (1 . _ gMRST _
<DL£UZ s <DS.CES ) Ds Z’21>> ( 1’11) +TZTSMRSI.5$21

Wilhan = (2, 2 P10) + MRS;mry.5 (2 (—dy) + 1) 4
DT Dsls (=211) + ITiTs- D—S(—$11)+ Zo1

(A.28)

where the sign of the second term of (A.28) is the sign of Z3; and the sign of the first term
is the sign of 7 (.5) — 75 (.5) .

iii) and iv) That 7 <E7> < Ts (E;) if x91 > 0 and 7 <E7> > Ty (E;) if 291 < 0 follows from
inspection of (A.28) as the first term must have the opposite sign of the second term to have
Wz, =0.

ks=1—F;

A.3.3 Proof of Proposition 5

Part b) follows from inspection of (3.8) - (3.9).
Part ¢)
ii) Subtracting (A.26) from (3.8)

MRSy (w1 — 1) (—in) + MRSr? (rfa — 73a,) (i)
+Tl*T:MRSsks (xls - l's) 112"21 + (1 - Oé) MRSlTl*ijgl

_ A.29
ol e (A.29)

The first and fourth terms are clearly negative, the third term is positive and the second

term is ambiguous. Then using x5 = x5 (1 — 721;) yields

MRSt (1 ms — mixs) (—21n) + 7 ks (215 — T5) Ta1]

) ) (A.30)
~ MRS, (17 — 77 + 7m0 (1 + komi'd01))

with an analogous approximation for —W_ | .
s kl:kl

A.3.4 Derivations for Section 3.3 (Leadership in Determination of the Tax
Base)

Tax Reactions with No Co-occupancy

Totally differentiating (2.11) with respect to k; yields
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PwWhdr,  0*Whdr, O*W!

87-12 dk; on 0T, dk, om0k, ( )
and differentiating (2.14) yields
O*Wsedry, O*W* d o*Ws
AL S =0 (A.32)
87'3 dk; 07,07 dk; ot,0k;
Solving (A.31) and (A.32) for d” and dTS gives
dr _ 2w 2w 2wl 92ws
Tl _ o1 0k, OTZ 0107s 0150k and <A33)
dk, |Al
d _82VVj 821/1271 gZVgs 82I/VJ
Ts oT1,0k; 87'l TsO0T; 010k
aTs _ A.34
7 A A3
2wt 22wl
where 8;22/ > 0, 8;"5 > 0, and |A] = ‘ 62;55 223:; > 0 by the second order conditions.
o107 12
Then - [ . }
oW OMRS; le?lxmks "
— MRS = MRS ks, A.35
9,07 l 39; MRS, 1€1T21 ( )
w [k lek’l] [1 —+ Ts (Zin + k ;%21)]
Pws | 41— a) MRS, [klm 1 QMRS nkanthen) (A.36)
on 07, _ MRS e.kiZoy [1 + Ts (1'11 + ksii?l)] + ’ |
(1 — a) MRS[ [k}li’gl + €] (i’ll + klinﬂ)] ]
92! = MRSTiZa1 + ]\8455’ Mll%Sl [mx + mikixor (1 — 7)) d (A.37)
— 1, an )
0m0k; = MRS, [717721 +¢ [k_z + o1 (1 — Ts)] 1+ 7 (211 + kiZ21)]
—MRS T5$21 -+ 8M55 ﬁ‘gé [—Tsl's + Tsk3$21 (Tl — 7'3)]
aQWS N + (1 — Oz) MRS[ |:Tlaj‘21 + a]\g;jSl M}%Sl [Tlxl + lel.ilﬁgl (Tl - 7'5)]] (A 38)
Ot.0k, MRS [—7'55021 + € [—,% + o1 (11 — Ts)] 1+ 75 (211 + k?sim)]] '

+ (1 = a) MRSmdor [1 + e [L+ Zarky (1 — 7)] [1+ 70 (811 + KaZon )]
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Tax Reaction Functions with Overlap (at k;; = 0).

Expressions (A.31) - (A.36) are identical for the case without and with co-occupancy. Then

in contrast to the case without co-occupancy

PWt = 7 [MRSmif'zl + (”gjfsl (215 + Tk ] [L+ 70 (211 + klii?l)ﬂ

— , and  (A.39)
87_lakl = TZMRSZ [7‘@'21 + € [l'ls + Tlii'gl] [1 +7 (fll + kl.’ﬁgl)“
[MRSSTSTli'Ql + m\g—iSSMII%SS [Ts («Tls — ZL’S) + TsleZs.%‘Qlﬂ
82W_s + (1 —a) MRS, [7'192’21 + ngfsl wrrs; [+ ko (11— Ts)]] (A40)
070k _ MRS; [—Tsfm + € [—k% + Zo1 (10— 75) | [L+ 75 (811 + k‘sizl)]]

+ (1 — Oé) MRSlTlfgl [1 + €] [1 + JA/’Qlkl (Tl — Ts)] [1 + Tl (@11 + k?li’gl)]]

A.3.5 Derivations for Section 3.4 (Differential State Taxation)

The derivation of the first order conditions for the state tax rates, (3.17) and (3.18) follows
the approach in deriving the state and local tax rates in when they are uniform. Total

differentiating welfare with respect to 77 gives

W — (MRS, — 1) ko + MRS,78 (koxs, + K23, + _0, (A41)
° —|—MRSTSZSI€S]€IS£IZ'1281 + MRS[leS<kll'l21 + klsl'lzsl)

which can be expressed as

MRS, — 1) kexs + MRS, m3ksxs (2 ko
W= Voo & MBS 7ot (i o) = (4.42)
: +MRSTEkkisr15891 + M RS Tk (kiziZor + kisisdor)

Then dividing by ksxs and letting (kjzZ91 + kistis@21) = (ki + kis) Toay gives (3.17). The
first order condition for the state tax on the shared base, (3.18), is derived similarly.
Deriving the impacts of expansions of the local tax base and the state tax base, (3.19)

and (3.20) also follows the approach in deriving them with uniform tax rates.

A.4 Derivations for Section 4 (Tax Assignment with Horizontal

Externalities)
A.4.1 Optimal Assignment

Evaluating (4.6) at ks = 0 gives
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aw - _
? = VyXl [ —MRSlTleNTl + MRSSTskS%im + MRSlTlTsks%sfgl ] . <A43>
l

If |75| < 1 and if Z9; > 0 clearly (A.43) is positive. Differentiating (4.5) with respect to a

A

uniform change in 7; with respect to N, gives

82 Wl dTl* * d‘l'l* Tl* MRSl
g T /\4 — L -
8Tl2 dN-rl + 1 RSl 0 = der a;v‘z/l
T
l

?wt dw_ __ dw dr .
> (. as oz < 0. Then iN,, = .0.

A.4.2 Optimal Division of the Tax Base

Differentiating social welfare with respect to k; where ky = 1 — k; gives

*

(—1+ MRS, (14 7ikidan))xy MRS, kyayia ] B

T +
b
. (—1 + MRSS (1 + ’7'8*]{'53521)) Tg " MRS[TZ*ICZ.TI.C%H
Ts
(c) (d)

in equilibrium as in the case of no cross-border shopping. In this case, however, we have

(=1 4+ MRS, (1 + 77 kiZo1)) 1= — <Tl <£11 + ]/\\fﬂ)> x; using the first order condition for the

local taxes (4.5). Then making this substitution and substituting for (=1 + M RS, (1 + 7 ksZ21)) x5
using (2.14) gives (4.7).
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