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Abstract 
 
We study the optimality of taxing capital income according to a Rate-of-Return Allowance 
proposed by the Mirrlees Review.  In a mean-variance framework the optimal tax on risk-free 
returns is zero with constant returns to scale in private investment, but positive with decreasing 
returns to scale, and vice versa. The optimal tax rate on excess returns to risky assets is positive 
if the stochastic tax revenue is returned to the household by variable public good provision. If it 
is returned as a stochastic lump sum, the optimal tax on excess returns is irrelevant with only 
aggregate risk, and approaches 100 % if there is also idiosyncratic risk. 
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1. Introduction

The Mirrlees Review [2011] proposed a novel set of tax policies for capital income, aimed
at taxing excess returns while exempting risk-free returns. Interest on interest-bearing ac-
counts, which are acquired out of after-tax income (T), would be exempt from tax as it ac-
cumulates (E) and when the asset is sold (E). This tax-prepaid treatment is denoted as TEE,
indicating the times at which taxes are due. Risky assets and personal business assets on the
other hand would receive TtE treatment. Only returns up to a Rate-of-Return Allowance
(RRA) would be tax-free where the RRA is a risk-free interest rate. Those above the RRA,
which include above-normal returns and returns to risk, would be taxed (t). Furthermore,
pension savings for retirement would continue to be taxed on a registered or EET basis. They
would be tax-deductible when the asset is acquired (E) and tax-exempt as returns accumu-
late (E), with accumulated asset values taxable when cashed in (T). Such a system accepts
that risk-free normal returns to assets should be tax-exempt as in a classical progressive
consumption tax system, but that excess returns to capital should be taxed, presumably on
the argument that they include windfall gains.

The RRA system is an administratively complicated way to tax excess returns to assets.
The same objective is achieved by the EET system proposed for pension savings, since accu-
mulated returns that are taxed on withdrawal include any risk-premiums and above-normal
gains that have accrued. The difference is mostly one of timing: government revenues ac-
crue later under EET than under RRA. But the bigger issue concerns the public economic
rationale for exempting risk-free returns to assets while taxing excess returns. This paper
addresses that question in an optimal income tax framework.

It is well established that under certain circumstances, an optimal nonlinear income tax
would exempt capital income. (Banks and Diamond [2010] summarize the arguments.) This
would be the case in a two-period life-cycle setting where individuals with different wage
rates and identical preferences supply labour in the first period, save in risk-free assets to
finance consumption over the two periods, and where preferences are weakly separable be-
tween goods and labour. The case for taxing capital income arises once these assumptions
are violated, for example, if utility discount rates are correlated with wage rates, if wage rates
are stochastic, or if there are borrowing constraints.

In this paper, we adopt the above assumptions that would lead to zero taxation of capital
income in a risk-free setting with no excess returns. We then consider whether the exemp-
tion of the risk-free component of capital income continues to hold when some assets earn
excess returns. An important consideration is that besides return to risk, excess returns
could include other elements such as inframarginal rents, advantages of scale or skill pre-
miums, and it is impossible to separate these components for tax purposes. It is therefore
practically impossible to tax rents, which may be desirable on efficiency grounds, without
at the same time taxing returns to risk. To confront this issue, we allow for three types of
assets: a risk-free asset, risky assets that yield a competitive return, and those that yield
an idiosyncratic and possibly above-normal return. A nonlinear income tax is imposed on
labour income, and separate linear taxes are applied to the risk-free component of all assets
and to the excess return on the risky assets.

The presence of assets with idiosyncratic risk has generally been avoided in the recent dy-

1



namic optimal tax literature, where the focus has been on idiosyncratic wage risk. Buchholz
and Konrad [2014] summarize the arguments, noting the private sector may choose not to
insure all risks for incentive reasons, in which case government insurance will introduce in-
efficiencies. Only in specific cases, e.g. when there are positive spillovers from the activities
of inventors or when an asset cannot be traded because it is productive only in the hands
of a specific individual, can there be good reasons to provide public insurance. Be that as
it may, we show that responses of portfolio allocations between the two types of risk have
an impact on the optimal tax on risk-free returns. Since the non-corporate sector forms a
significant part of the economy, with startups relying on private equity and owners of family
businesses preferring to hold their shares closely, the presence of idiosyncratic risk cannot
simply be ignored.

We derive circumstances under which the tax on the risk-free component is zero, while
that on the excess component is positive, which would correspond to the RRA system. In the
classic case where there are no above-normal returns, so all excess returns are returns to risk,
a tax on the excess returns leads to portfolio choice effects similar to Domar and Musgrave
[1944], Mossin [1968] and Stiglitz [1969]. In our setting, the ultimate effect of the tax on
excess returns, and by extension our optimal tax results, depend on two key considerations.

The first is how the government disposes of stochastic tax revenues. If all risk were id-
iosyncratic, tax revenues would be deterministic. An optimizing government would then
let the tax rate on excess returns approach 100%, providing pure insurance.1 As soon as
there is some aggregate risk though, government revenues become stochastic. This uncer-
tainty somehow needs to be returned to the population, generally removing the possibil-
ity of full insurance. We consider two possibilities. In one we assume, following Atkinson
and Stiglitz [1980] and Gordon [1985], that stochastic revenues are returned to individuals
by state-contingent equal per capita lump sums. If there is only aggregate risk, returning
stochastic tax revenues to the households undoes the insurance effect of the capital income
tax in equilibrium, and the tax rate on excess returns would be irrelevant. As soon as there is
also some idiosyncratic risk, the government would provide full insurance by taxing excess
returns at 100%.

The other possibility is that the government returns the risky tax revenues to the house-
holds via public goods. In this case, as long as the public good is not a perfect substitute for
consumption, stochastic public goods mitigate the consumption risk from holding market
assets. An increase in the tax on excess returns reduces uncertain capital income and there-
fore consumption risk, but it increases risk associated with consuming the public good. This
assumption is consistent with observed government behaviour, e.g. during the 2008 reces-
sion.2 Christiansen [1993] follows this approach in studying the effect of taxes on portfolio
choice in a representative individual model with fixed income and identifies the trade-off

1To keep the model tractable, we disregard incentive and moral hazard effects on investment. Moreover, re-
turns to capital do not depend on investment skill. Gerritsen et al. [2016] look at skill premiums in the ab-
sence of uncertainty, and conclude that returns to capital should be taxed at a positive rate when individuals
with higher labour productivity obtain higher rents. They do not consider the possibility of an RRA.

2Alesina et al. [2015] provide a list of austerity measures for a number of OECD countries, distinguishing be-
tween tax increases and spending cuts, and Skidmore and Scorsone [2011] and Chernick et al. [2011] docu-
ment the impact of the recession on local expenditures in the United States.
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between public and private consumption. Schindler [2008] also uses this assumption to
study the effect of taxes on portfolio choice in a representative individual model with fixed
income and one risky asset with linear returns. He finds that risk-free assets should not be
taxed in an efficient tax system, while excess returns should be taxed, balancing public risk
against private risk. Our model confirms the last finding in a more general setting, favouring
a positive tax on excess returns.

If we allow the government to return the uncertainty of its revenues via a combination
of a stochastic lump sum and a stochastic public good, we find that in the case without
idiosyncratic risk, the tax on excess returns is again redundant. As soon as there is some
idiosyncratic risk, the optimal tax on excess returns again approaches 100%, providing pure
insurance. The trade-off against private and public risk remains, now balancing the lump
sum and the public good to reach the optimum.

The second consideration concerns the technology of investment returns. In the case
of market assets, we assume that returns are independent of scale and the same for all in-
vestors. However, for private investments, we allow returns to be non-constant in the size
of the investment. With decreasing returns, which is standard in the literature (e.g., Mintz
[1981]), the marginal expected return is decreasing and less than the average return, so infra-
marginal rents are generated. The case where returns are increasing in portfolio size was
suggested by Piketty [2014], and has since been empirically validated by Kacperczyk et al.
[2016] and Fagereng et al. [2016]. The latter showed that the correlation cannot be explained
by risk premiums alone. One possible explanation is the existence of threshold effects: min-
imum wealth required by private banks, minimum investments required by venture capital
funds, and so on. In this case, the expected rate of return is increasing in portfolio size,
so higher-income investors with larger investments will obtain a higher return. Whether
returns to private investment are increasing or decreasing influences the optimal tax on
risk-free returns.

In our setting with heterogeneous individuals and a nonlinear labour income tax, the op-
timality of an RRA-equivalent tax system depends on these two considerations. We show
that the sign of the optimal tax on risk-free returns depends on whether investment is shifted
towards private or market assets in case of a reform to that tax. In the mean-variance frame-
work, if private investments exhibit constant returns to scale, then the composition of the
risky portfolio is unaffected by policy reforms, and the optimal tax on risk-free returns on all
assets should be zero. Taken together with the above cases where the optimal tax on excess
returns is positive, this represents the RRA system. However, if expected returns on private
investments are increasing, the tax on risk-free returns should be negative, and vice versa
if returns are decreasing. These results hold regardless of how the risky tax revenues are
returned to the taxpayers.

We begin in section 2 by outlining a general model with both risky and risk-free assets,
in which the risky assets can take two forms. As mentioned, one is the purchase of a mar-
ket portfolio where competitive capital markets ensure that all remaining risk is aggregate.
The other is a personal investment, such as a private business or private equity investments
where risks are assumed to be idiosyncratic. We allow for increasing or decreasing marginal
rates of return on the private assets. Individuals differ in wage rates and face a nonlinear
tax on their labour income. We present a solution method suitable for our problem that
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involves deriving the optimal tax system using a perturbation method analogous to that of
Saez [2001]. Section 3 then solves the individual optimization problem, and finds relevant
Slutsky properties. We derive optimal linear tax rates on risk-free and excess returns to cap-
ital, optimal nonlinear tax rates on labour income and public good decision rules in section
4. Section 5 concludes.

2. The Model

In this section we outline the basic features of the model. We begin by describing the char-
acteristics of individuals, including their preferences and the three decisions they make:
labour supply, saving and portfolio choice. We then turn to the government and the labour
and capital income tax policies it chooses to finance a public good from a stochastic budget
constraint. Finally, we outline the perturbation methodology we use to analyze government
policies.

2.1. Individuals

There is a continuum of individuals endowed with skills w ∈
�

w , w
�

, which are distributed
by the function G w (w ), with corresponding density function g w (w ) =G w

w (w ), where G w
w (w )≡

dG w (w )/dw , a convention we adopt throughout the paper. Skills determine the effective
labour generated by a given effort.

Outcomes are stochastic. Individuals differ ex ante only in their skill levels, and those with
the same skill level w make the same decisions. We denote equilibrium values of variables
shared by individuals of skill w by the superscript ·w . Ex post there will be differences among
individuals with the same skill level.

Individuals live for two periods. In the first period, they supply labour `, yielding gross
labour income (effective labour supply) z ≡ w `, which is declared to the tax authorities.
Labour income is taxed according to the non-linear tax function t ` (z ), so first-period dis-
posable income is z − t ` (z ). Individuals consume c 1 of their disposable income and save
a , so:

c 1 = z − t ` (z )−a .

Savings a are invested in three kinds of assets: bonds b , market funds f and private in-
vestment opportunities p such that:

a = b + f +p .

Bonds are risk-free and yield a normal return r b , so bond income in period two is r b b .
Market funds yield a stochastic market rate of return r̃ m , impacted by aggregate shocks,
where stochastic variables are denoted by a tilde. Total returns from market funds are then
r̃ m f . The rate r̃ m is drawn from a distribution function G m (r m ) with corresponding den-
sity function g m (r m )≡G m

r m (r m ). The domain for these functions is denotedR . Investment
in private investment opportunities p yields a return F̃

�

p
�

≡ α
�

p
�

+ ε̃ ·p , where ε̃ is an id-
iosyncratic shock that is independent and identically distributed, thus uncorrelated to the
market returns, and drawn from a distribution function G p (ε), with corresponding density
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function g p (ε)≡G p
ε (ε). The domain for these distribution functions is denotedE . Although

we assume that the functionα is strictly increasing (αp > 0), we allow the expected marginal
rate of return αp to be either constant, strictly increasing or strictly decreasing everywhere
(αp p Ò 0). Ifαp p < 0, so returns to scale are decreasing, inframarginal rents will be obtained.
If αp p > 0, e.g. due to threshold effects, the marginal rate of return will increase with the
scale of the investment. The assumption that market risks are aggregate while private in-
vestment opportunities are subject to idiosyncratic risk captures the assumption that cap-
ital markets fully insure idiosyncratic risk on market portfolios but private investments are
not fully insured.

When choosing labour supply, savings and portfolio composition, the individual knows
his skill w and the distribution functions G m and G p of the capital income shocks, but not
the realization of the shocks r̃ m and ε̃.

Total capital income realized in the second period is denoted as:

ỹ ≡ r b ·
�

a − f −p
�

+ r̃ m f + F̃
�

p
�

.

For tax purposes it is split in two separately declared components: a risk-free part y n at
interest rate r b , and the remaining excess part y e such that ỹ ≡ y n + ỹ e , with:

y n ≡ r b a , and ỹ e ≡ r̃ m f + F̃
�

p
�

− r b ·
�

f +p
�

.

Recall that we define excess returns to refer to all capital income that deviates from the risk-
free return, including risk premiums, economies of scale and stochastic shocks. This corre-
sponds with the definition used in the Mirrlees Report [2011] in their proposed RRA system
for risky assets. Individuals pay taxes t n y n on the risk-free part of their capital income, and
t e ỹ e on excess returns. As discussed below, the government may return part of the risk
of its tax revenues to the households in the second period using an equal per capita lump
sum K̃ . Second-period consumption thus equals assets saved plus second period after-tax
capital income and the lump sum:

c̃ 2 ≡ a +
�

1− t n
�

y n +
�

1− t e
�

ỹ e + K̃ .

The government chooses its income tax function and capital income tax rates in the first
period. It obtains labour income tax revenues in the first period and capital income tax rev-
enues in the second, and must satisfy an intertemporal budget constraint described below.
If there is aggregate risk in the capital markets, tax revenues will be stochastic. The gov-
ernment returns this risk to the individuals in the second period, using the stochastic lump
sum K̃ , stochastic provision of a pure public good P̃ , or a combination of both. The real-
ization of these instruments is not known when individuals make their decisions and the
government chooses its tax structure.

Given effective labour supply z , first-period consumption c 1, realization of second-period
consumption c 2 and the realized level of public goods P , an individual with skill w obtains
utility:

U
�

u
�

c 1, c 2
�

,
z

w
, P
�

.
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This utility function displays weak separability between intertemporal allocation and labour
effort (so preferences over c 1 and c 2 are independent of `). As well, we assume the pub-
lic good is weakly separable from all individual choice variables, so does not affect them.
For ease of notation, we did not write the corresponding subutility function. Absolute con-
sumption risk aversion is decreasing, as is standard and in line with empirical evidence (see
e.g. Friend and Blume, 1975).

Individuals make all their decisions in the first period and are passive recipients of capital
and lump-sum income, and public goods in the second period. In particular, they choose
their labour supply, first consumption, total savings and portfolio composition to maximize
expected utility, subject to their lifetime budget constraints. Second period consumption is
determined as a residual.

2.2. The Government

Each individual reports three variables to the government: labour income z w , risk-free cap-
ital income y n ,w ≡ r b a w and excess capital income y e ,w ≡ y w − r b a w .3 These variables
allow the government to impose a tax on income z w , which we assume to take the nonlin-
ear form t ` (z w ), and taxes on risk-free capital income y n ,w and excess capital income y e ,w ,
which we assume for simplicity are at the linear rates t n and t e . One reason to use linear
tax rates on capital income is that they might be levied through financial institutions, easing
compliance. If this is the case, the observability requirements are less stringent than those
in our model: the variables no longer need to be observed on an individual basis. This does
not pose a problem for the implementation of our results, since the optimal tax equilib-
rium derived depends only on sufficient statistics. These are weighted population averages
which can be inferred from surveys or administrative data. These statistics include labour
supply responses to tax reforms, savings responses, and also income densities and proba-
bility distributions of the returns to capital.

We assume the government cannot observe the allocation of savings among the different
types of assets. The reason is that the difference is not always clear. Financial institutions
might repackage bundles of assets, for fiscal or other reasons; it is not obvious which types
of bonds can really be regarded as risk-free investments; and it is difficult to distinguish
between aggregate and idiosyncratic components of risk.

The government sets these tax instruments, together with the levels of the lump sum
K (r m ) and spending on the public good P (r m ), corresponding to each potential realiza-
tion of the market rate of return r̃ m , to maximize an additive social welfare function:

max
{t `(·),t n ,t e ,P (·),K (·)}

ˆ w

w
E
�

Ṽ w
�

t ` (·) , t n , t e , P
�

r̃ m
�

, K
�

r̃ m
���

dG w (w ) , (1)

subject to the intertemporal budget constraint in second-period values:

K
�

r̃ m
�

+P
�

r̃ m
�

=
ˆ w

w

�

�

1+ r b
�

t `
�

z w
�

+ t e
ˆ
E

y e ,w
�

r̃ m ,ε
�

g i (ε)dε+ t n y n ,w
�

dG w (w ) , (2)

3Equivalently, the government could require reporting of savings a w and capital income y w , allowing infer-
ence of risk-free and excess returns.
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where E
�

Ṽ w
�

t ` (·) , t n , t e , P (r̃ m ) , K (r̃ m )
��

is the expected maximized level of utility of an
individual with skill w , given the government policies, and y e ,w (r̃ m ,ε) is the realized excess
capital income for given capital income shocks.4 The government has access to the bond
market between the periods. Over time its budget is balanced. The law of large numbers
ensures that, with sufficiently large populations at each skill level, the government budget
constraint is not affected by the idiosyncratic shocks. Aggregate shocks do however cause
government revenue to be stochastic.

The lump sum and the provision of public goods vary with the aggregate shock. We treat
the levels to be provided for each potential realization of the market shock—that is, K (r̃ m )
and P (r̃ m )—as policy instruments in the government’s optimization problem.

2.3. Tax Reforms

To solve our model using a mechanism design approach would be difficult, given the ex-
post heterogeneity of the individuals, given the restrictions to the tax functions, and given
the way the uncertainty of government revenues needs to be returned to the individuals. We
analyze optimal policies using a perturbation method analogous to Saez [2001], but adopted
to our context with linear capital income taxes, a stochastic lump sum and a stochastic pub-
lic good. Given the complexity of our model, we work with separate perturbations on each
of the different policy instruments, rather than following the usual approach of simultane-
ously perturbing various instruments in a budget-neutral way (e.g. Piketty and Saez, 2013).
We model local reforms of non-linear policy instruments more rigorously than is usually
done, making sure that all effects are taken into account. The latter is important, given the
additional terms that are brought about by uncertainty. Our starting point is that when the
tax and expenditure policies have been set optimally, a marginal reform to any of them has
no impact on expected social welfare.

Begin by decomposing the labour income tax function at a given value of z into an inter-
cept term plus an integral term over the marginal tax rates:

t ` (z ) = t ` (0)+
ˆ z

0
t `z (ζ)dζ.

Note that even though we defined social welfare as an integral over the skill distribution, we
introduce the tax reforms at a given level of labour income. This contrasts with the original
approach of Mirrlees [1971], who studies the optimal bundle to be assigned to each skill
type.

The effect on t `(z ) of any labour income tax reform can be decomposed into a linear
combination of reforms to the tax intercept and to any of the marginal tax rates at different
income levels. In what follows we focus on two reforms: a reform of the tax intercept, and a
reform of the marginal tax rate at one particular level of the tax base. We derive optimality
conditions for the effects of such reforms. The conditions for the marginal tax rate at one
particular level of z can be generalized to any other level.

4We avoid differences between ex-ante and ex-post objectives by using a utilitarian social welfare function.
Our results remain valid when individual expected utilities are transformed by a concave, increasing trans-

formation Ψ, so with ex-ante government objective
´ w

w Ψ
�

E
�

Ṽ w
�

t ` (·) , t n , t e , P (r̃ m ) , K (r̃ m )
	��

dG w (w ).
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Define the following rectangular function, for some level Z of the labour income tax base
and for any arbitrarily small parameter δ:

h :R3→R : (z , Z ,δ) 7→

¨

Z − δ2 < z < Z + δ2 : 1,

elsewhere: 0.
(3)

This function is shown in Figure 1. It will help us introduce a reform of the marginal tax rate
at level Z .

Figure 1: The rectangular function h (z , Z ,δ) .
h (z , Z ,δ)

1

Z − δ2 Z + δ2Z z

Denote by H (z , Z ,δ)≡
´ z

0 h (ζ, Z ,δ)dζ the primitive of the function h (z , Z ,δ) defined in
(3). It has the following property:

∀z ∈R : H (z , Z ,δ) =











z ≤ Z − δ2 : 0,

Z − δ2 < z < Z + δ2 : z −Z + δ2 ,

z ≥ Z + δ2 : δ.

(4)

Note that ∂H (z , Z ,δ)/∂ z = h (z , Z ,δ). The function H (z , Z ,δ) is shown in Figure 2.

Figure 2: The function H (z , Z ,δ).

Z − δ2 Z + δ2Z z

H (z , Z ,δ)

δ

Now, introduce reform parameterρ for the tax intercept and reform parameterσz for the
marginal tax rate at some level Z of the labour income tax base. Applying these leads to the
reformed tax function:

τ`
�

z |ρ,σz , Z ,δ
�

≡ t ` (z )+ρ+σz H (z , Z ,δ) , (5)

8



with corresponding marginal tax rate:

τ`z
�

z |ρ,σz , Z ,δ
�

≡ t `z (z )+σ
z h (z , Z ,δ) .

The original and reformed tax functions are shown in Figure 3.

Figure 3: The functions t ` (z ) and τ`
�

z |ρ,σz , Z ,δ
�

.

Z − δ2 Z + δ2Z z

ρ

ρ

ρ+σZ ·δ

ρ+σZ ·δ

τl
�

z |ρ,σZ
�

t l (z )

A reform of theσz -parameter will have a local effect on marginal tax rates, and an income
effect at higher levels of the tax base. A reform of the ρ-parameter will have income effects
only, for all individuals in the population. If the tax function t ` (·) is optimally set, the op-
timal values of the reform parameters ρ and σz should be zero. This is studied in the next
sections.

For the linear capital income taxes we work directly with the parameters t n and t e . The
vector of tax reform parameters is summarized as −→σ ≡

�

ρ,σz , t e , t n
�

.

2.4. Reforms to the Public Good and the Lump Sum

When setting its tax policies and knowing that its intertemporal budget constraint (2) has
to be satisfied for any realization of the shock to the market returns r̃ m , the government
implicitly sets the level of the public good and the lump sum as functions of the shocks:

P :R→R : r m 7→ P
�

r m
�

,

K :R→R : r m 7→ K
�

r m
�

.
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It sets its policies before the realization of the shocks, choosing levels of P (r m ) and K (r m )
for each potential realization of the market shock r̃ m .

Analogous to the reform of the labour income tax function, we consider reforms of these
functions on an interval of width δ around some arbitrarily chosen realization R m of the
market shock. Denoting the sizes of the reforms respectively as πm and κm , the reformed
public expenditure and lump sum functions can be written as follows:

P
�

r m |πm , R m ,δ
�

≡ P
�

r m
�

+πm ·h
�

r m , R m ,δ
�

, (6)

K
�

r m |πm , R m ,δ
�

≡ K
�

r m
�

+κm ·h
�

r m , R m ,δ
�

. (7)

When the public good function P and the lump sum function L are optimal, the optimal
sizes πm and κm of the reforms are zero at all values of R m .

Our approach differs from that of Christiansen [1993] and of Schindler [2008], who in a
model with a representative agent directly substitute the government budget constraint for
the public goods parameter in the individual’s utility function. An advantage of our ap-
proach, besides tractability in our more general setting, is that it leads to a stochastic budget
multiplier, yielding optimal tax equations that are more straightforward to interpret. We
discuss this in more detail in section 4. The fact that we implement reforms for different
realizations of the market return r m does not imply that we redistribute resources between
the different states of the world. The government budget constraint needs to be satisfied
for each state of the world separately.

3. Individual Optimization Problem

Consider the individual two-period optimization problem in a situation where the policy
reform parameters, ρ, σz , πm and κm , are not necessarily zero. An individual of type w
chooses effective labour supply z , first-period consumption c 1, total savings a and invest-
ment in assets with excess returns f and p to maximize expected utility. The Lagrangian for
this maximization problem is (omitting the reform parameters for the public good and the
lump sum):

L w
�

c 1, z , a , f , p ,µ|−→σ
�

≡ E
h

U
�

u
�

c 1, c 2
�

a , f , p |−→σ , r̃ m , ε̃
��

,
z

w
,P

�

r̃ m
�

�i

−µ ·
�

c 1− z +τ`
�

z |ρ,σz , Z ,δ
�

+a
�

, (8)

with second-period consumption given by:

c 2
�

a , f , p |−→σ , r̃ m , ε̃
�

= a +
�

1− t n
�

r b a +
�

1− t e
� �

r̃ m f + F̃
�

p
�

− r b ·
�

f +p
��

+K
�

r̃ m
�

. (9)

Second-period consumption is treated as a residual rather than a choice variable, since its
realization is not known at the time of the optimization.

We indicate partial derivatives of any function using subscripts. To facilitate notation, we
denote Ũ1 ≡

�

∂ Ũ /∂ u
�

· (∂ u/∂ c1) and Ũ2 ≡
�

∂ Ũ /∂ u
�

· (∂ u/∂ c2) . The first-order conditions
on earnings z and savings a are standard and are as follows:

E
�

Ũ`
�

E
�

Ũ1

� =−
�

1−τ`z
�

w ,
E
�

Ũ1

�

E
�

Ũ2

� = 1+
�

1− t n
�

r b . (10)
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The first-order conditions on portfolio choices f and p can be written:
�

1− t e
�

E
�

Ũ2 ·
�

r̃ m − r b
��

= 0,
�

1− t e
�

E
�

Ũ2 ·
�

F̃p − r b
��

= 0. (11)

Rearrange conditions (11) to find the marginal risk premiums required by the individuals:

�

1− t e
�

E
�

r̃ m − r b
�

=−
�

1− t e
� cov

�

Ũ2, r̃ m
�

E
�

Ũ2

� , (12)

�

1− t e
�

E
�

F̃p − r b
�

=−
�

1− t e
� cov

�

Ũ2, ε̃
�

E
�

Ũ2

� . (13)

We assume throughout that second-order conditions are met.
The solution to this problem gives uncompensated demand functions for a type−w in-

dividual, which depend on the reform parameters for the taxes and the lump sum, but by
assumption not on the public good: c 1,w

�−→σ ,κm
�

, z w
�−→σ ,κm

�

, a w
�−→σ ,κm

�

, f w
�−→σ ,κm

�

and

p w
�−→σ ,κm

�

. Corresponding to these demand functions are the following uncompensated
tax base functions:

y n ,w
�−→σ ,κm

�

= r b a w
�−→σ ,κm

�

, (14)

ỹ e ,w
�−→σ ,κm

�

= r̃ m f w
�−→σ ,κm

�

+ F̃
�

p w
�−→σ ,κm

��

− r b f w
�−→σ ,κm

�

− r b p w
�−→σ ,κm

�

. (15)

The indirect expected utility function E
�

Ṽ w
�−→σ ,πm ,κm

��

is the maximum function for
this problem for given policy reform parameters. Apply the envelope theorem to Lagrangian
(8) and use the definition of the reformed tax function (5), definitions (6)-(7) of reformed
public expenditures and lump sums, and the individual second-period budget constraint
(9) to find partial derivatives of the indirect expected utility function with respect to the
policy parameters:

E
�

Ṽρ
�

=−E
�

Ũ1

�

; E
�

Ṽσz

�

=−E
�

Ũ1

�

H (z , Z ,δ) ; (16)

E
�

Ṽt n

�

=−E
�

Ũ2

�

y n ; E
�

Ṽt e

�

=−E
�

Ũ2 ỹ e
�

; (17)

E
�

Ṽπm

�

= E
�

ŨP h
�

r̃ m , R m ,δ
��

; E
�

Ṽκm

�

= E
�

Ũ2h
�

r̃ m , R m ,δ
��

. (18)

The effect of a tax reform on excess returns can be decomposed as follows:

E
�

Ṽt e

�

=−E
�

Ũ2

�

�

E
�

ỹ e
�

+
cov

�

Ũ2, ỹ e
�

E
�

Ũ2

�

�

. (19)

There is not only an adverse effect from the expected change in the tax liability on excess
returns. The total effect is attenuated by the fact the uncertainty of private consumption is
decreased by a tax increase.

The remainder of this section develops some of the building blocks that are used in the
optimal-tax analysis. Subsection 3.1 derives the Slutsky properties, taking into account the
local nature of the policy reforms and the fact that different reforms occur in different pe-
riods, subsection 3.2 derives effects of policy reforms conditional on labour earnings, and
subsection 3.3 introduces the mean-variance framework.
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3.1. Slutsky Properties

To find Slutsky properties consider the first-period cost minimization problem for a given
level of expected utility E

�

Ũ w
�

= V . The Lagrangian for the dual optimization problem is
as follows, where the asterisk superscript is used to indicate compensated values (omitting
some reform parameters for ease of notation):

L w ∗ �c 1, a , f , z , p ,µ∗|−→σ ,πm ,κm , V
�

≡ c 1− z + t ` (z )+ρ+σz H (z , Z ,δ)+a

−µ∗E
h

U
�

u
�

c 1, c 2
�

a , f , p |−→σ ,κm , r̃ m , ε̃
��

,
z

w
,P

�

r̃ m |πm
�

�i

+µ∗V . (20)

The solutions are Hicksian demand functions, which depend on tax parameters −→σ , the
public good parameter πm , the lump sum parameter κm and the required expected level
of utility V . The minimum function defines the expenditure function X w

�−→σ ,πm ,κm , V
�

.
A desirable property of these Hicksian demand functions would be that they do not re-

spond to a inframarginal changes in any of the tax functions since these give rise to pure
income effects. Indeed, if there is such a change, and the individual is compensated in that
same period, the size of the compensation will exactly be equal to the size of the reform.
The original situation is restored and individuals will not change their behaviour. If the
compensation happens in a different period though, individuals would alter their savings
in order to restore their original consumption pattern. So, while it is natural to compensate
for labour tax reforms in the first period, for capital tax reforms it is more natural to do so
in the second period.

We thus introduce two sets of compensated demand functions. The first, with compen-
sation in the first period, is denoted with a single superscript asterisk: c 1,w ∗

�−→σ ,πm ,κm , V
�

,

`w ∗
�−→σ ,πm ,κm , V

�

, a w ∗
�−→σ ,πm ,κm , V

�

, f w ∗
�−→σ ,πm ,κm , V

�

and p w ∗
�−→σ ,πm ,κm , V

�

, with

corresponding tax bases z w ∗
�−→σ ,πm ,κm , V

�

, y n ,w ∗
�−→σ ,πm ,κm , V

�

and y e ,w ∗
�−→σ ,πm ,κm , V

�

.
The second set of compensated demand functions, with compensation in the second pe-
riod, is denoted with a double superscript asterisk ·∗∗.

To derive the Slutsky equations, note that in the individual’s optimum compensated de-
mands should be equal to the uncompensated demands. In the case of first-period com-
pensation this means:

∀b = c 1, a , f , p ,`, z : b
�−→σ ,κm

�

= b ∗
�−→σ ,πm ,κm , E

�

Ṽ
�−→σ ,πm ,κm

���

.

Combining the partial derivatives of this identity with respect to ρ and σz , using (14) and
(15) and the envelope properties (16), yields Slutsky equations:

∀b = c 1, a , f , p ,`, z , y n , ỹ e : b w
σz = b ∗σz ·h (z , Z ,δ)+ bρ ·H (z , Z ,δ) . (21)

The added term h (z , Z ,δ) reflects the fact that inframarginal reforms and reforms above the
current level of the tax base do not have compensated effects. Eq. (21)would still be correct
without this term: we add it to facilitate notation later on.

The situation is more complex for reforms to the capital income tax rates or the stochas-
tic lump sum. As mentioned, since these policy changes occur in the second period, it is
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natural to define compensated effects as if they were compensated in the second period.
The most direct way to model this would be to introduce a reform parameter ρ2 for the
second-period tax intercept. This would lead to traditional Slutsky equations, for example:

∀b = c 1, a , f ,`, p , z , y n , ỹ e : bt n = b ∗∗t n + bρ2 · y n .

However, doing this makes it difficult to compare with effects of reforms in the first period,
complicating our efforts to characterize the optimal tax equilibrium. It is useful to find Slut-
sky equations in terms of first-period income effects, even if compensation is defined to
occur in the second period. In appendix A we derive the relevant Slutsky equations:

y n
t n = y n∗∗

t n +
�

y n
ρ + r b

� E
�

Ũ2

�

E
�

Ũ1

� y n ; y n
t e = y n∗∗

t e +
�

y n
ρ + r b

� E
�

Ũ2 ỹ e
�

E
�

Ũ1

� ; (22)

ỹ e
t n = ỹ e ∗∗

t n + ỹ e
ρ

E
�

Ũ2

�

E
�

Ũ1

� y n ; ỹ e
t e = ỹ e ∗∗

t e + ỹ e
ρ

E
�

Ũ2 ỹ e
�

E
�

Ũ1

� ; (23)

zt n = z ∗∗t n + zρ
E
�

Ũ2

�

E
�

Ũ1

� y n ; zt e = z ∗∗t e + zρ
E
�

Ũ2 ỹ e
�

E
�

Ũ1

� ; (24)

y n
κm = y n∗∗

κm −
�

y n
ρ + r b

� E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ1

� ; (25)

ỹ e
κm = ỹ e ∗∗

κm −
E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ1

� ỹ e
ρ ; (26)

zκm = z ∗∗κm −
E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ1

� zρ . (27)

In Appendix B we show that a reform to the tax rate on excess returns has no compensated
effects.

Lemma 1. The compensated effects on labour income, savings and portfolio composition of
a reform in the tax rate on excess capital income are zero:5

z ∗∗t e = a ∗∗t e = f ∗∗t e = p ∗∗t e = 0.

To derive Slutsky symmetry relations for the compensated demands, first apply the enve-
lope theorem to the Lagrangian (20) to find partial derivatives of the expenditure function:

Xσz =H (z , Z ,δ) ; X t n =
E
�

Ũ2

�

E
�

Ũ1

� · y n ; X t e =
E
�

Ũ2 · ỹ e
�

E
�

Ũ1

� ; Xκm =−
E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ1

� .

5These results extend those of Schindler [2008], who finds that reforms to the tax on excess returns have no
compensated effects in a model with fixed labour incomes.
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Taking second-order derivatives then yields the Slutsky symmetries (applying lemma 1 in
the second equation):

Xσz t n = X t nσz ⇔h (z , Z ,δ) · z ∗∗t n =
E
�

Ũ2

�

E
�

Ũ1

� · y n∗
σz , (28)

Xσz t e = X t eσz ⇔
∂

∂ σz

�

E
�

Ũ2 ỹ e ∗
�

E
�

Ũ1

�

�

= 0, (29)

Xσzκm = Xκmσz ⇔h (z , Z ,δ) · z ∗∗κm =−
∂

∂ σz

�

E
�

Ũ ∗
2 h (r̃ m , R m ,δ)

�

E
�

Ũ ∗
1

�

�

. (30)

These results are similar to the traditional Slutsky equations, adapted though to the local
nature of our labour tax reforms and our reforms to the stochastic lump sums.

3.2. Conditional Effects of Marginal Policy Reforms

When working out the optimal tax equations we will encounter a number of terms that turn
out to be responses to policy reforms conditional on labour income. To find properties of
these conditional responses it is useful to think of the individual problem as a two-stage
optimization problem in which labour supply and therefore earnings are chosen first, and
then earnings are allocated to consumption, savings and portfolio composition.

We study the problem starting from the second stage. Taking labour supply and first-
period disposable income as given, individuals optimize utility conditional on these quan-
tities by choosing first-period consumption, savings and portfolio composition. In the first
stage they optimize their overall utility by choosing their labour supply, anticipating the
outcome of second-period choices.

Consider a reform to the marginal labour income tax function. Because the reform does
not affect relevant prices in the second-stage optimization problem, and because prefer-
ences are weakly separable between consumption and leisure, its only impact on second-
stage choices is through changes in labour income:

∀b = c 1, a , f , p , y n , ỹ e : b ∗σz = b c
z

�−→σ ,κm , V |z
�−→σ ,κm , V

��

· z ∗σz , (31)

where superscript ·c denotes variables conditional on labour income.
From this we obtain the following properties for reforms to the tax rate on risk-free returns

and the stochastic lump sum:

∀b = c 1, a , f ,p , y n , ỹ e :∀ν= t n ,κm :

b c ∗∗
ν = b ∗∗ν − b c

z · z
∗∗
ν = b ∗∗ν −

b ∗σz

z ∗σz

· z ∗∗ν . (32)

In appendix C we show that property (31) also leads to the following lemma, which will
be useful in what follows.
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Lemma 2. With weak separability of preferences between consumption and labour supply,
the tax bases have the following properties:

E
�

Ũ2

�

E
�

Ũ1

� ·
dy n

dw
−

z ∗∗t n

z ∗σz

·
dz w

dw
= 0, (33)

d

dw

�

E
�

Ũ2 ỹ e
�

E
�

Ũ1

�

�

= 0, (34)

d

dw

�

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ1

�

�

+
z ∗∗κm

z ∗σz

dz

dw
= 0. (35)

To interpret these equations, it suffices to see that the left-hand sides are always responses
to a change in ability w conditional on labour income. These effects are zero because of the
separability of preferences between consumption and labour supply.

In Appendix B we derive the following properties for the compensated effects of the tax
rate on risk-free returns, conditional on labour income.

Lemma 3. The compensated effects on portfolio composition of a reform in the tax rate on
risk-free capital income, conditional on labour income, work only through changes in the
amount of savings:

f c ∗∗
t n |da=0 = p c ∗∗

t n |da=0 = 0.

From lemma 1 it also follows that the compensated effects of a reform to the tax on excess
returns, conditional on labour income, are zero.

3.3. The Mean-Variance Framework

As the above results show, reforms to the tax on excess returns have no compensated effects,
while reforms to the tax on risk-free returns have compensated effects on the size of the
portfolio, and through that channel only on the composition of the portfolio. It is thus useful
to revisit the portfolio optimization problem, for given labour income z and for given size
of the portfolio a .

A case of special interest is the mean-variance or modern-portfolio-theory approach, in-
troduced by Markowitz [1952]. Suppose the returns of both risky assets are jointly normally
distributed, so any linear combination of them has a univariate normal distribution. The
second-period budget constraint (9) then implies that second-period consumption is nor-
mally distributed. This allows studying the individual portfolio optimization problem in the
mean-variance framework. Whenever we work in this framework, we will explicitly mention
it.

Taking labour income z and the size of the portfolio a as given, using the separability
properties of individual preferences, the portfolio optimization problem consists of choos-
ing the amounts invested in assets f and p to maximize the following objective:

max
p , f

E
�

u
�

c 1, c̃ 2
�

|c 1
�

.
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Define the following stochastic quantity:

ñ ≡
c̃ 2−E

�

c̃ 2
�

sd [c̃ 2]
,

where sd[c̃ 2] denotes the standard deviation of second-period consumption.
Assuming second-period consumption c̃ 2 is normally distributed, ñ follows the stan-

dardized normal distribution, with probability density function ϕ (ñ ). The objective func-
tion can then be written:6

E
�

u
�

c 1, c̃ 2
�

|c 1
�

=
ˆ +∞
−∞

u
�

c 1, E
�

c̃ 2
�

+n · sd
�

c̃ 2
��

ϕ (n )dn .

The following properties follow from second-period budget constraint (9):

E
�

c̃ 2
p

�

=
�

1− t e
�

·E
�

F̃p

�

p
�

− r b
�

, E
�

c̃ 2
f

�

=
�

1− t e
�

·E
�

r̃ m − r b
�

,

and since for each of the risky assets ν= p , f :

∂ sd
�

c̃ 2
�

∂ ν
=

1

2 · sd [c̃ 2]
·
∂ var

�

c̃ 2
�

∂ ν
=

cov
�

c̃ 2, c̃ 2
ν

�

sd [c̃ 2]
,

we find:

∂ sd
�

c̃ 2
�

∂ p
=
�

1− t e
�

·
var (ε̃)p

sd
�

r̃ m f + ε̃p
� ,

∂ sd
�

c̃ 2
�

∂ f
=
�

1− t e
�

·
var (r̃ m ) f

sd
�

r̃ m f + ε̃p
� .

The first-order condition with respect to the amount invested in the market asset f then
is:

E
�

r̃ m − r b
�

· sd
�

r̃ m f + ε̃p
�

var (r̃ m ) · f
= −

´ +∞
−∞ ũ2 ·n ·ϕ (n )dn´ +∞
−∞ ũ2 ·ϕ (n )dn

, (36)

where we used the assumption that the shocks to the private asset are i.i.d., and thus un-
correlated with the shocks to the market asset. The first-order condition for the amount
invested in the private asset p :

E
�

F̃p

�

p
�

− r b
�

· sd
�

r̃ m f + ε̃p
�

var (ε̃)p
= −

´ +∞
−∞ ũ2 ·n ·ϕ (n )dn´ +∞
−∞ ũ2 ·ϕ (n )dn

. (37)

If both first-order conditions are fulfilled, we find that p/
�

f ·
�

αp

�

p
�

− r b
��

is a constant.
Combine first-order conditions (36) and (37) to see this:

p

f
=
�

αp

�

p
�

− r b
�

·
var (r̃ m )

var (ε̃) ·E [r̃ m − r b ]
. (38)

With linear returns to scale, αp p = 0, such that p/ f is constant. This leads to the following
lemma.

6In fact we only use the assumption that the distribution is fully determined by its first two moments. We are
thus interested in the impact of the tax reform on these moments.
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Lemma 4. In the mean-variance framework, the quantity p/
�

f ·
�

αp − r b
��

is unaffected by
skill, taxes or the size of the portfolio. If there are constant returns to scale, the relative pro-
portions p/ f invested in the risky assets are constant.

Denote the compensated semi-elasticity of the investment γ= f , p with respect to some
tax reform parameter ν as ξ

γ
ν ≡−∂ logγ/∂ ν.

Lemma 5. In the mean-variance framework, the semi-elasticities of investment in the market
asset are related to the corresponding semi-elasticities of investment in the private asset as
follows:

∀ν=σz , t n , t e ,ρ : ξ f
ν = ξ

p
ν ·
�

1−
αp p p

αp − r b

�

.

This result extends to the corresponding compensated semi-elasticities, and to semi-elasticities
conditional on labour income.

Proof. When there is a tax reform, individuals update their portfolio composition in such a
way that (38) remains valid. Take logarithms on both sides and derivatives with respect to
ν.

4. Government Optimization

The first-order conditions for the government optimization problem (1)–(2) require that any
marginal reform of the tax functions, of the provision of the public good or of the stochastic
lump sum leaves the value of the objective function unchanged. We argued that any reform
of the labour income tax can be decomposed into a linear combination of reforms of the
tax intercept and local reforms of the marginal tax rates over arbitrarily small intervals. To
find optimal tax equations, it thus suffices to find optimal values of the reform parameters
ρ and σz for all labour incomes Z and of the capital income tax parameters t n and t e .
Similarly, to find the optimal provision of the public good and the lump sum, it suffices to
find the optimal values of the reform parameters πm and κm for any possible value R m of
the market shock.

To each realization of the market shock r m corresponds a budget multiplier λr m
. To fa-

cilitate notation, we introduce a stochastic budget multiplier λ̃≡λr̃ m
. Write the Lagrangian

for the government optimization problem as:

Λ
�

ρ,σz , t n , t e ,πm ,κm , λ̃|Z , R m ,δ
�

=
ˆ w

w
E
�

Ṽ w
�

ρ,σz , t n , t e ,πm ,κm
��

dG w (w )

−E
�

λ̃ ·
�

P
�

r̃ m
�

+K
�

r̃ m
�

+
�

πm +κm
�

·h
�

r̃ m , R m ,δ
�	�

+
�

1+ r b
�

E
�

λ̃
�

ˆ w

w

�

t `
�

z w
�

+ρ+σz H
�

z w , Z ,δ
��

dG w (w )

+ t n E
�

λ̃
�

ˆ w

w
y n ,w dG w (w )+ t e

ˆ w

w
E
�

λ̃y e ,w
�

r̃ m , ε̃
��

dG w (w ) . (39)
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Let the term G z (z w ) denote the cumulative distribution function for labour incomes in
the tax optimum, and let the term g z (z w ) be the corresponding density function. To keep
things tractable, we assume that z w is monotonous in w , such that G w (w ) = G z (z w ) and
g w (w ) = g z (z w )dz w /dw .7 The first-order conditions are derived in appendix D. Rearrang-
ing them yields:

σz : ∀w ∈
�

w , w
�

: W w =−
1

g z (z w )

ˆ w

w

�

1+ r b −β ŵ
�

dG w (ŵ ) , (40)

t e :

ˆ w

w

cov
�

λ̃, ỹ e
�

E
�

λ̃
� dG w (w ) =

ˆ w

w

cov
�

Ũ2, ỹ e
�

E
�

Ũ w
2

� dG w (w ) , (41)

t n : t n
ˆ w

w
y n c ∗∗

t n dG w (w ) =−t e
ˆ w

w

E
�

λ̃ ỹ e c ∗∗
t n

�

E
�

λ̃
� dG w (w ) , (42)

ρ :

ˆ w

w
βw dG w (w ) = 1+ r b , (43)

πm : λr m
=
ˆ w

w
EE

�

U r m

P

�

dG w (w ) , (44)

κm :
λr m

E
�

λ̃
� =
ˆ w

w

�

EE
�

Ũ r m

2

�

E
�

Ũ2

� + t n y n c ∗∗
κm + t e E

�

λ̃ ỹ e c ∗∗
κm

�

E
�

λ̃
�

�

dG w (w ) , (45)

with definitions, at any skill level w ∈
�

w , w
�

:

βw ≡
E
�

Ũ1

�

E
�

λ̃
� −

�

1+ r b
�

t `z · zρ − t n y n
ρ − t e

E
�

λ̃ ỹ e
ρ

�

E
�

λ̃
� , (46)

W w ≡
�

1+ r b
�

t `z · z
∗
σz + t n y n∗

σz + t e E
�

λ̃ ỹ e ∗
σz

�

E
�

λ̃
� ,

where a superscript r m refers to the value of a variable in a particular realization of the
market return. The term βw is the marginal social utility of income for an individual of skill
w , following Diamond [1975]. The termW w contains the effects on the government budget,
in terms of social welfare, of a change to the marginal tax rate on labour income.

The different marginal policy reforms may have effects on any of the tax bases. This ex-
plains the additional terms in the first-order conditions. Some of these additional effects

7The monotonicity assumption is not strictly needed here, neither for the individual second-order conditions
to be fulfilled, nor for our derivations to be correct. In the standard Mirrlees model, since the individual
first-order conditions are equivalent to the Spence-Mirrlees conditions, monotonicity dz w /dw > 0 would
indeed be required. In the present model though, where the individual has more degrees of choice, it suffices
that the bordered Hessian of his constrained optimization problem is negative semi-definite, which can be
the case even when z w is not monotonically increasing. Furthermore, the reader can verify in the appendix
that we only change variables when we determine averages over the entire population. This is in contrast
e.g. to the more heuristic derivations of Saez [2001]. To avoid the notational complexities that would occur
though when individuals of different abilities pool at the same level of labour income, we stick to the more
traditional monotonicity assumption.
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have been cancelled out by substituting the optimal-tax equation for labour income, with
the remaining terms being conditional on labour income. This is shown in more detail in
appendix D. The first-order conditions also are also impacted by the uncertainty of gov-
ernment revenues, as is evident e.g. from the balancing between private consumption risk
and public revenue risk in equation (41) (discussed further in subsection 4.3), and from the
presence of terms of the form E

�

λ̃ ỹ e
ν

�

/E
�

λ̃
�

. The stochastic budget multiplier λ̃ cannot be
divided away in those terms, because it is correlated with excess capital incomes. We dis-
cuss this in more detail in the next subsection.

4.1. Marginal Social Risk Premiums

To interpret the government first-order conditions, it is useful to notice first that for any
perturbation to a policy reform parameter ν, the term indicating the social welfare effects
of the resulting change in tax revenues from excess returns can be decomposed into an ex-
pectation term and a risk term, as is shown in the following lemma.

Lemma 6. The social-welfare effect of a reform to a policy instrument ν can be split into an
effect on expected tax revenues, and an effect on the uncertainty of government revenues:

∀ν=σz , t n , t e ,ρ,κm : t e E
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.

When evaluating the effect on tax revenues from excess returns, of an increased reliance
on a policy instrument, one should evaluate not only the expected change. Because this
change is uncertain, an optimizing government also demands a risk premium. The marginal
social risk premium associated to the instrument ν is captured in the covariance term. It is
similar to the private marginal risk premium terms in individual first-order conditions (12)-
(13).

We will encounter similar marginal social risk premium terms throughout this section.
The following lemma will be useful.

Lemma 7. The effect of any policy reform on government revenue from excess returns, net of
the social welfare effect of its uncertainty, is determined by the relative shift towards or away
from private investment:
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This result extends to compensated effects and to effects conditional on labour income.
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Proof. Use definition (15) and the fact that the private shocks are i.i.d. to find:
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· f .

Substitute this and integrate over the population:
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Substitute condition (41) and use first-order conditions (12)-(13) to find the result.

In the mean-variance framework, applying lemma 5, it follows that the risk-compensated
effect is zero when returns to private investment are linear.

Lemma 8. When the mean-variance framework applies and returns to private investment
are linear, the budget effect of a policy reform on tax revenue from excess returns is exactly
nullified by the social-welfare effect its uncertainty:

αp p = 0⇐⇒ t e E
�

λ̃ ỹ e
ν

�

E
�

λ̃
� = 0.

This result extends to compensated effects and to effects conditional on labour income.

We will see in subsection 4.3 that condition (41) implies that the uncertainty of govern-
ment revenues is to be balanced against private consumption risk. If a reform to policy
instrument ν does not affect the risk properties of the individual portfolios, thus the pro-
portions invested in each asset remain constant, then in our model the budget effect of a
policy reform on tax revenue from excess returns is exactly nullified by the social-welfare
effect of its uncertainty. On the contrary, a shift towards investment in the market asset,
increasing aggregate risk, negatively affects the revenue effect taken into account by the
government. The semi-elasticities of investment in each asset are weighted more heavily
for individuals whose excess returns stem to a greater extent from that particular asset. The
direction of the change, towards private investment or market investment, depends on the
investment technology, on preferences, and on the policy instrument in question.

4.2. Optimal Linear Tax on Risk-Free Capital Income

Condition (42) is a multi-person Ramsey-style proportional-reduction condition. Using
lemma 7 we can rewrite it:
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. (47)
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The sign of the optimal tax on risk-free returns depends on how the relative shares of aggre-
gate risk and idiosyncratic risk respond to a reform to the tax on risk-free returns, with the
responses weighted more heavily for individuals whose excess returns rely more heavily on
the respective assets.

To learn more about this equation, let us assume that the mean-variance framework ap-
plies. We then see in the following lemma that the sign of the optimal tax on risk-free returns
depends on whether those with more wealth have higher or lower semi-elasticities with re-
spect to the tax rate on risk-free returns. Given that those with more wealth have more
avoidance opportunities, we will assume that they have larger elasticities: dξ

p c ∗∗
t n /dp > 0.

The following lemma then shows how the sign of the first-order condition is affected by the
investment technology.

Lemma 9. When the mean-variance framework applies, and individuals with higher wealth
have higher semi-elasticities of investment with respect to the tax on risk-free returns, a tax
increase on risk-free returns shifts investment towards private assets when returns to scale are
increasing, and vice versa:

αp p Ò 0⇐⇒

´ w
w

�

αp − r b
�

pξ
p c ∗∗
t n dG w (w )´ w

w

�

αp − r b
�

p dG w (w )
Ò

´ w
w E

�

r̃ m − r b
�

f ξ
f c ∗∗
t n dG w (w )´ w

w E [r̃ m − r b ] f dG w (w )
.

Proof. Use lemmas 4 and 5 to find:
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It then follows:
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where we used the assumption dξ
p c ∗∗
t n /dp > 0 in the last step.

It then follows from condition (47) and corollary 8 that in the mean-variance framework
with linear returns to private investment, the optimal tax on risk-free returns to capital is
zero. When returns to private investment are non-linear, the sign of the optimal tax on risk-
free returns depends on the sign of t e , which we will see in the next subsection should never
be negative, and on whether returns to private investment are increasing or decreasing.
These findings are summarized in the following proposition.

Proposition 1. The optimal tax on risk-free capital returns is zero when the mean-variance
framework applies and marginal rates of return to private investment are constant:

αp p = 0=⇒ t n = 0.

The risk-free returns should be subsidized when returns are increasing, and taxed when re-
turns are decreasing:

αp p ≷ 0⇐⇒ t n ≶ 0.
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This proposition applies regardless of whether the risk is returned to individuals by the
public good or a lump sum.

Note finally that without private assets, p = 0, the optimal tax rate is t n = 0. This ex-
tends the conclusion of Schindler [2008] who derived this result for the case of a represen-
tative household model. Without aggregate risk, f = 0, the optimal tax rate is also t n = 0.
When the Mean-Variance framework does not apply and there are both aggregate and id-
iosyncratic risks, the sign of the optimal tax on risk-free returns is unclear without further
information; it is determined by equation (47). These results are summarized in table 1.

Table 1: Optimal tax on risk-free returns

Risk type
Mean-Variance framework applies?

yes no

Aggregate only t n = 0

Mixed αp p Ò 0⇐⇒ t n Ñ 0 unclear (eq. 47)

Idiosyncratic only t n = 0

4.3. Optimal Linear Tax on Excess Capital Income

The government itself cannot bear any of the unpooled risks in the economy: the uncer-
tainty of its revenues somehow needs to be borne by individuals. Condition (41) on the
choice of t e shows how the government balances the risk of private consumption against
the uncertainty of public revenues. When there is an increase in the tax rate t e on excess
returns, this reduces the riskiness of private consumption, but there is an increase in the
riskiness of public revenues. How this is done depends on how the uncertainty is returned
to the individuals. We focus on two channels by which this occurs. After the realization of
the market rate of return, the government balances the budget using either an uncertain
provision of a public good as in Christiansen [1993], or using a stochastic lump sum as in
Gordon [1985].

The fact that our model has only two periods affects our results. Neither the government,
nor the individuals are able to smooth the impact of the aggregate shocks towards the future.
Our results are relevant since it is often impossible to fully pool the risks over time, e.g. due
to liquidity constraints or due to the permanent nature of the aggregate shocks.

We analyze the consequences for the optimal tax on excess capital income of both possi-
bilities in turn, and then we study the optimal choice between the two instruments.

4.3.1. Returning Risk through Uncertain Provision of a Public Good

Suppose that the government can only return the risk of its revenues using uncertain pro-
vision of the public good. The lump sums are thus zero, K = 0, and we disregard condition
(45). If individual preferences are concave in the public good, uncertainty in its provision
will have a welfare cost. In choosing the tax rate on excess capital income, the government
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balances the risk in second-period consumption, the right-hand side of (41), against the
riskiness of its revenues, the left-hand side. When the government increases the tax on ex-
cess capital income, it reduces the variance of second-period disposable income, but it in-
creases the variance of tax revenues.8 We can use this result to show that t e should be strictly
between zero and unity.

Consider first the case where t e = 0. If there is a high realization of the market rate of
return, excess returns y e ,w will be high, and thus second-period consumption c 2,w will
be high. The marginal utility of second-period consumption U w

2 will be low. Conversely,
when there is a low realization of the market rate of return, the marginal utility of second-
period consumption will be high. The covariance on the right-hand side of (41) will thus
be negative. The left-hand side though will be zero, since government revenues will not be
stochastic without a tax on excess returns. Therefore we can rule out t e = 0.

Similarly, we can exclude the case t e < 0, because in this case the covariance on the left-
hand side will be positive: a high realization of the market rate of return will lead to low
government revenues and to a higher value of λ. Similar reasoning shows that the only
remaining possibility, a positive tax on excess returns t e > 0, yields the correct signs for
both covariances.

We can confirm that condition (41) will be fulfilled for a value of t e strictly below 100%.
Suppose thus that t e approaches unity from below. The covariance on the right-hand side
of (41) will go to zero, as all excess returns are taxed away, and in the present context the
risk is not returned by the government as a lump sum. The covariance on the left-hand side
though will increase in absolute value: the government budget responds more to market
shocks when taxes on excess returns are high. As long as individuals are averse towards
risk in the provision of the public good, the optimum will be strictly smaller then 100%. We
summarize these findings in the following proposition.

Proposition 2. If all risk is returned using uncertain provision of a public good, then the
optimal tax rate on excess capital returns is strictly positive, and strictly smaller than 100%:

0< t e < 1.

Not all risk in individual excess returns increases the variance of public good provision.
Returns from private investment are risky but idiosyncratic, so the variance of individual
returns evens out over the population. Returns from investments in market funds on the
other hand are subject to aggregate risk, thus impacting the variance of government rev-
enues. The relative importance of either risk type has an impact on the covariance on the
left-hand side of equation (41). To see this, we study the limit cases with only idiosyncratic
or only aggregate risk.

First suppose that there are no private investment opportunities available, such that∀w :
p w = 0. Condition (41) can then be rewritten as in the following proposition.

8Mintz [1981] shows how with decreasing returns to scale, a tax increase on excess returns has a negative im-
pact on second-period consumption, and with decreasing absolute risk aversion this has a negative impact
on the amount invested in risky assets. We assume that this effect is insufficiently strong to outweigh both
Domar-Musgrave effects and the mechanical effect of the tax reform. The tax increase thus increases the
variance of tax revenues.
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Proposition 3. When there is no private investment opportunity so there is only aggregate
risk, the optimality condition for taxes on excess returns becomes:

∀w ∈
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Proof. In the case that p = 0, condition (41) reduces to E
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= 0 using lemma 7.
Substitute into this result (44) to find:
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dG w (w ) = 0.

Rewrite this equation as a covariance and combine with the relevant terms in the individual
portfolio conditions (12).9

This shows that with only aggregate risk, the government offers a kind of insurance. When
an adverse shock occurs, individual consumption will go down, but this is attenuated by
the tax on excess returns. The provision of the public good will decrease instead. Optimal
government policies are such that decreases in second-period consumption are balanced
against decreases in the provision of the public good, yielding a situation superior to the
case where all risk falls on second-period consumption.

The insurance condition in Proposition 3 is equity sensitive. If individuals with a higher
marginal utility of public good provision are also the ones who are more risk averse with
respect to public good provision, then an inequality-averse government will want to levy a
lower tax on excess returns, reducing the uncertainty of its revenues. This argument only
applies when utility is not additive in the public good. If it were, the marginal utility of public
good provision would be equal for all individuals, and equity considerations would become
irrelevant.

Instead suppose that the left hand side of (41) goes to zero. This could occur e.g. because
the variance of the return to market funds decreases, because the individuals become less
risk averse with respect to public good provision (that is, individual utilities approach linear-
ity in the public good), or individuals invest more in private investments. For the optimal
tax condition to remain valid, the right-hand side should also go to zero. This is the case
when the tax rate on excess returns approaches unity: t e → 1. The more investments with
idiosyncratic risk dominate, or the less risk-averse individuals are with respect to the public
good, the more optimal government policies approach full insurance.

We exclude the possibility t e = 1 because conditions (12)–(13) would imply that individ-
uals are indifferent with respect to the composition of their portfolios. Still social welfare
improves as the tax on excess returns is brought closer to 100%. In a more complex model
the 100% result could be attenuated e.g. by the addition of investment effort or moral haz-
ard. We do not consider these extensions here since they would significantly complicate
our derivations. Instead we write t e → 1 in the optimum.

9Note that the term −cov
�

Ũ w
2 , r̃ m

�

/E
�
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�

= r̃ m − r b is the same for all individuals.

24



When there is both aggregate and idiosyncratic risk, the government strikes a balance
between the principle of insurance against aggregate risk, through fluctuations in the pro-
vision of the public good, and the principle of insurance against idiosyncratic risk, by taxing
away a higher share of the excess returns.

4.3.2. Returning the Risk as Stochastic Lump Sums

Suppose now that there is no public good provision, P = 0, and all government risk is re-
turned using stochastic lump sums. To avoid the complexities introduced by the compen-
sated effects of reforms to the stochastic lump sum, we limit ourselves to the mean-variance
framework with linear returns to private investment. In this context, the optimality con-
dition for excess returns (41) then implies that the tax on excess returns should approach
100%, unless there is no idiosyncratic risk. This is shown in the following proposition.

Proposition 4. When the government returns all risk to the individuals as second-period
lump sum transfers, in the mean-variance framework with linear returns to capital, the op-
timal tax rate on excess returns approaches 100%:

t e → 1.

If there is no private investment risk, either because p = 0 or because var (ε̃) = 0, then the tax
on excess returns becomes irrelevant.

Proof. Suppose t e < 1. Since we assume linearity of returns to private investment within
the mean-variance framework, corollary 8 implies E

�

λ̃ ỹ e c ∗∗
κm

�

= 0, and proposition 1 implies
t n = 0. The optimality condition for the lump sum (45) then becomes:
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Substituting this into (41) yields the condition:
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� p w dG w (w ) = 0. (49)

This can only be true if p = 0 for all individuals, or if var (ε̃) = 0. In all other cases it follows
that t e → 1.

Let us interpret condition (49) in the situation without idiosyncratic risk (p w = 0 or var (ε̃) =
0). The optimality condition then is fulfilled for any value of t e : the tax on excess returns
becomes irrelevant. Since any revenue raised through a change to the tax on excess returns
is returned through the lump sum, any change in the variance of private consumption is
counteracted as the government balances its budget. The insurance mechanism that drove
our results when private risk was balanced against the uncertainty of public good provi-
sion no longer applies in the present context. This result remains valid in the presence of
risk-free private investments.
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The fact that the lump sums are not matched to the individuals does not undo the irrele-
vance of the tax on excess returns. Any redistributional effects of the reform are absorbed as
the other policy instruments are re-optimized, and the final effect on social welfare is zero.
This extends the results of Atkinson and Stiglitz [1980], who assume the presence of a repre-
sentative consumer for whom the tax on excess returns is exactly undone by the stochastic
lump sum, and of Gordon [1985], who assumes that the lump sums are tailored to the indi-
viduals.

Note that even though the tax on excess returns does not affect social welfare, there is
no reason to prefer it as an instrument. The presence of non-zero marginal rates on labour
income remains optimal for redistributional purposes, and since the government can meet
its budgetary requirements with no compensated effects by changing the intercept of the
labour income tax, it is best in the current context not to introduce the additional com-
pliance cost implied by a tax on excess returns. We thus find that when aggregate risk is
returned to individuals using lump sum transfers, and there is no idiosyncratic risk, capital
taxes are optimally zero.

The situation changes with the introduction of idiosyncratic risk. It becomes optimal to
provide full insurance by taxing excess returns at 100%, even when the relative importance
of the idiosyncratic risk in the portfolio returns is minor. This full insurance condition is
no longer mitigated by a balancing act between public risk and private risk, as was the case
when all risk of government revenues was returned through the public good. This extends
the results of Gordon [1985], who finds in a comparative statics exercise that the tax on ex-
cess returns has no behavioural effects when the lump sums are tailored to the individuals
in the non-corporate sector. Despite the absence of behavioural effects at any tax rate on
excess returns, from a welfare perspective it would be better to fully insure the idiosyncratic
risk. In presence of a non-linear tax on earnings, this is the case even when lump sums are
not tailored to the individuals.

4.3.3. Choosing between Stochastic Lump Sums and Public Good Provision

Finally, consider what the government should do if it can choose how to return the risk:
using uncertain public good provision, using a stochastic lump sum, or a combination of
both. Note first that proposition 4 remains valid. As in the case when there was only a
stochastic lump sum and no public good provision, the tax on excess returns is irrelevant
when there is no idiosyncratic risk, and it should be 100% when there is idiosyncratic risk.
On the other hand, condition (44) remains valid. Substituting this into optimal tax condition
(41), and substituting condition (48):
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This condition is similar to the one found in proposition 3, only here it is valid even in pres-
ence of idiosyncratic risk.

Summarizing these results, we find that when there is no idiosyncratic risk, the tax on
excess returns is irrelevant and should be set to zero to avoid the compliance costs of doing
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otherwise. In this case government tax revenues become deterministic. It would still deploy
a stochastic lump sum though, in order to create stochastic public goods, converting private
risk into public risk, satisfying condition (50). As soon as there is some idiosyncratic risk,
the tax on excess returns should be used to provide full insurance. The aggregate risk is
then returned to the individuals using both the stochastic lump sum and the public good
provision, again in such a way that public risk is balanced against private risk as in condition
(50). When there is no aggregate risk, public good provision becomes deterministic and
follows a Samuelson rule. The lump sum becomes redundant.

4.3.4. Summary

We have found that the optimal tax on excess returns depends on the type of investment
risk, and on how the uncertainty of government revenues is returned to the individuals.
The different possibilities are summarized in table 2. When there is only idiosyncratic risk,
government revenue becomes deterministic, and the tax on excess returns is used to offer
full insurance. When there is aggregate risk and the uncertainty of government revenues
is returned to the individuals using only a stochastic public good, then the tax on excess
returns is strictly positive but less than 100%. The tax on excess returns is set such that
the risk of public good provision is balanced against the risk of private consumption, in an
equity-sensitive manner.

For the case where the government relies on a stochastic lump sum to return some or all
of the risk, we considered only the mean-variance framework with linear returns to private
investment. In the case with aggregate risk only, the tax on excess returns becomes irrele-
vant, and as soon as there is some idiosyncratic risk, it should be used to offer full insurance.
If the government can choose between the lump sum and the public good, then these in-
struments should be set such that private risk is balanced against public risk in an equity
sensitive manner.

Note that the choice of instrument to return the risk to the individuals does not affect the
optimal tax on risk-free returns, summarized in proposition 1, nor does it affect in a qualita-
tive way the optimal tax on labour income or the optimal public good provision, discussed
in the next sections.

Table 2: Optimal tax on excess returns

Risk type
Instrument used to return risk

Public good only Lump sum only** Both**

Aggregate only
0< t e < 1*

t e irrelevant t e irrelevant*
Mixed t e → 1 t e → 1*
Idiosyncratic only t e → 1

*Use available instruments to balance private against public risk in an equity-sensitive man-
ner; t e → 1 if neutral w.r.t. public risk.
** Mean-variance framework with linear returns to private investment
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4.4. Optimal Non-Linear Labour Income Tax

Changes in the intercept ρ are equivalent to imposing an equal lump-sum tax or credit on
all individuals. The optimality condition for the intercept (43) is quite standard. Note that
when the conditions apply for a zero tax on risk-free returns to be optimal, t n = 0, then
using lemma 7, corollary 8 and table 1 we find that the marginal social utility of income
reduces to the following:
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�
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. (51)

The optimal marginal labour income tax (40) resembles the standard Mirrlees result, amended
to take into account induced capital income tax revenue effects of a labour income tax re-
form, and the uncertainty involved therein. The standard Mirrlees result can be recovered
when t n = 0 is optimal. Again using lemma 7, corollary 8 and table 1, changing variables
from skill to labour income, and rearranging, we find the following corollary.

Proposition 5. When it is optimal not to tax risk-free capital income, t n = 0, then the marginal
optimal tax rates on labour income are determined by the classic Mirrlees equation:
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with present value compensated elasticity of labour income:

ξz ≡−
1
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1− t `z (z )

z
z ∗σz ,

where βw is given by (51).

With increasing returns to scale, it is not clear a priori whether the optimal tax rates on
labour income will be lower or higher. Since individuals with higher skills have more sav-
ings, in expectation they will obtain higher rates of return, yielding a higher life-cycle level
of consumption and thus a reason for additional redistribution. Remember though from
Proposition 3 that the tax on excess returns was positive for reasons of insurance, rather
than for reasons of redistribution. Similarly, the optimality condition for the tax on risk-free
returns (42) is not directly impacted by redistributional concerns. Even so, these taxes do
have a distributional impact. It is not a priori clear whether, for each specific skill level, the
additional distributional advantage from levying a higher marginal labour tax, is exhausted
by the introduction of non-zero tax rates on capital income. Similar reasoning shows that
the same is true with decreasing returns to scale.

Furthermore, still with non-constant returns to scale, as the tax rates on capital income
become non-zero, a reform in the labour income tax causes additional distortions through
the capital income tax bases. The additional terms in the optimality condition for the tax
on labour supply (40) show that the net impact is not a priori clear. A change in the amount
saved has an impact on the subsidy for risk-free capital income, but also an impact of op-
posing sign via the tax levied on excess capital income. It is not clear which effect prevails.
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4.5. Optimal Public Good Provision

From condition (44) it follows that for each outcome r m , the level of public good is chosen
such the sum of social marginal benefits to all individuals equals the shadow price of gov-
ernment revenue. Note that if individual utility were linear in the public good, UP would be
the same for all individuals for any value of public good provision. The government budget
multiplier λwould in this case cease to stochastic.

Take the expected value of this expression:
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To relate this to a Samuelson-type rule for public goods provision, we adopt the approach of
Christiansen [1981]. Note that equation (52) is the average over all possible market returns
r m of the effect of marginally increasing the public good provision at such realizations. The
expected marginal valuation of the public good by an individual in terms of first-period
consumption is E

�

Ũ w
P

�

/E
�

Ũ w
1

�

. The expected effect (52) of the reforms to the public good
provision can be split into the effect of the same reform if the social weights of all individuals,
E
�

Ũ w
1

�

/E
�

λ̃
�

, were equal to 1+ r b , and the distributional effects caused by the fact that the
true social weights are different:

1=
ˆ w

w

�

1+ r b
� E

�

ŨP

�

E
�

Ũ1

� dG w (w )+
ˆ w

w

�

E
�

Ũ1

�

E
�

λ̃
� −

�

1+ r b
�

�

·
E
�

ŨP

�

E
�

Ũ1

� dG w (w ) , (53)

where we wrote the welfare effects in monetary terms by dividing by E
�

λ̃
�

. The point now
is that any reform with the particular distributional effects captured in the second term on
the right-hand side could be replicated by an appropriate reform of the labour income tax.
Since the labour income tax is assumed to be optimal, these distributional gains should be
exactly equal to the costs of achieving them. In appendix D.5 we show how this leads to the
following expression for the optimal public provision of the public good.

Proposition 6. The optimal provision of the public good is determined by an equity-sensitive
version of the Samuelson condition:

1=
�

1+ r b
�

ˆ w

w

E
�

ŨP

�

E
�

Ũ1

� dG w (w )

+
ˆ z

z

E
�

ŨP

�

E
�

Ũ1

� ·

 

�

1+ r b
�

t `z zρ + t n y n
ρ + t e

E
�

λ̃ ỹ e
ρ

�

E
�

λ̃
�

!

dG z (z )

+
ˆ z

z

d

dz

�

E
�

ŨP

�

E
�

Ũ1

�

��

�

1+ r b
�

t `z z ∗σz + t n y n∗
σz + t e E

�

λ̃ ỹ e ∗
σz

�

E
�

λ̃
�

�

dG z (z ) .

This extends the equity-sensitive version of the Samuelson condition found by Chris-
tiansen [1981] to our model with stochastic shocks. The second line contains the expected
income effects associated with an increased labour tax liability of E

�

ŨP

�

/E
�

Ũ1

�

at each skill
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level, amended to take into account the uncertainty involved. Note that the term E
�

ŨP

�

/E
�

Ũ1

�

is not the same at all income levels; the labour tax reform thus also causes compensated ef-
fects. These are captured by the third line.

When it is optimal not to tax risk-free capital income, we can find a reduced expression
by using lemma 7, corollary 8 and table 1.

Corollary 1. When it is optimal not to tax risk-free capital income, t n = 0, then the optimality
condition for public expenditure reduces to:

1=
ˆ w

w

E
�

ŨP

�

E
�

Ũ2

� dG w (w )+
ˆ z

z
t `z ·

�

E
�

ŨP

�

E
�

Ũ2

� · zρ +
d

dz

�

E
�

ŨP

�

E
�

Ũ2

�

�

· z ∗σz

�

dG z (z ) .

As before, the first integral corresponds to the traditional Samuelson condition, while the
second integral corrects for the fact that different individuals have different social welfare
weights. The latter redistributional effects of the marginal reform of the public good provi-
sion are again replicated by local reforms of the labour income tax of size E

�

ŨP

�

/E
�

Ũ2

�

.

4.6. Optimality of the RRA

An RRA is defined as a zero-tax on risk-free capital income combined with a positive tax on
excess returns. Table 3 summarizes the cases in our model where such policy is optimal.

With only aggregate risk or only idiosyncratic risk we found a zero-tax on risk-free capi-
tal income to be optimal. When there is only idiosyncratic risk, the optimal tax on excess
returns is positive, providing insurance, and thus the RRA is optimal. When there is only
aggregate risk, and all uncertainty of government revenues is returned using a stochastic
public good, the optimal tax on excess returns again is positive, now spreading the risk be-
tween private and public consumption. Again the RRA is optimal. However as soon as the
government disposes over a stochastic lump sum to return the aggregate risk, the tax on
excess returns becomes irrelevant and the RRA is no longer optimal.

In the case with mixed risk types the optimality of a zero-tax on risk-free returns depends
on the applicability of the mean-variance framework and on private investment technology
being linear. If that is case, since the tax on excess returns is positive in order to insure
against the idiosyncratic risk, the RRA is also optimal.

Table 3: Optimality of the RRA

Risk type
Instrument used to return risk

Public good only Lump sum only Both

Aggregate only yes no
Mixed yes in mean-variance framework with linear returns
Idiosyncratic only yes
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5. Conclusion

We have studied optimal nonlinear income labour taxation and optimal linear capital in-
come taxation in an intertemporal model with risky assets. Our approach differs from the
standard Mirrlees optimal income tax analysis in a number of dimensions. We incorporate
portfolio choice into a two-period model with heterogeneous households who both sup-
ply labour and save in the first period. Portfolios include both safe and risky assets where
the latter combine market assets with aggregate risk and private assets with idiosyncratic
risk. Aggregate risk is reflected in the government’s revenue stream, which in turn leads to
uncertainty in the quantity of public good provided.

In the special case where the mean-variance framework applies and returns to private
investment satisfy constant returns to scale (so do not include rents), RRA taxation as pro-
posed by the Mirrlees Review [2011] is optimal. That is, the tax rate applied to the risky com-
ponents of capital income — both aggregate and idiosyncratic — is positive, while risk-free
capital income should not be taxed. Nonlinear taxation of labour income takes the stan-
dard form. If there are returns to scale in private investments, this simple RRA system no
longer applies. Returns on risk-free capital income will tend to be taxed with increasing re-
turns to scale, and subsidized with decreasing returns. Marginal labour income tax rates will
take into account capital income tax revenue changes induced by changes in the marginal
income tax rate. Public goods decision rules are standard. If redistribution terms are sep-
arated out though, as in Christiansen [1981], they will also take into consideration changes
in capital and labour income tax revenues induced by changes in public good supply.

The optimality rules for the tax on excess returns depend on how aggregate risk is re-
turned to the tax payers. In absence of aggregate risk, when there is only idiosyncratic risk,
optimal government policy approaches pure insurance – although in more complex models
incorporating investment effort or moral hazard this result should likely be mitigated. If ag-
gregate risk is returned using only a stochastic public good, the risk of private consumption
is balanced against the risk of public consumption, in an equity-sensitive fashion, providing
a different kind of insurance. As the importance of idiosyncratic risk increases, emphasis
on pure insurance will grow. As soon as the government has a stochastic lump sum at its
disposal to return the risk, either using it on its own or in combination with the public good,
the tax on excess returns becomes irrelevant if there is only aggregate risk, and its optimal
value approaches 100% as soon as there is some idiosyncratic risk. When the government
has both instruments at its disposal, they are chosen in such a way that the risk of private
consumption is balanced against the risk of public consumption, again sensitive to equity
considerations.
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A. Slutsky Equations with Second-Period Compensation

A.1. Second-Period Compensated Effects of a First-Period Intercept
Reform

Rewrite the utility function in terms of labour income z , savings a , investment in market
funds f and investment in private investment opportunities p , conditional on a reform of
size ρ to the first-period tax intercept:

Ũ
�

z , a , f , p |ρ
�

≡U
�

ĉ 1
�

z , a |ρ
�

, ˆ̃c 2
�

a , f , p |ρ
�

,
z

w
, P
�

,
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with:

ĉ 1
�

z , a |ρ
�

≡ z − t ` (z )−
�

a +ρ
�

,

ˆ̃c 2
�

a , f , p |ρ
�

≡
�

1+ r b ·
�

1− t n
�	

·
�

a +ρ
�

+
�

1− t e
�

·
�

ỹ e
�

f , p
��

,

ỹ e ,w
�

f , p
�

= f · r̃ m + F̃
�

p
�

− r b ·
�

f +p
�

.

Note that the reform to the first-period intercept ρ is compensated in the second period.
To see that the utility effect of the reform is indeed exactly compensated, first note the first-
order conditions:

0= E
�

Ũz

�

= E
�

Ũ1

�

·
�

1− t `z
�

+
E
�

Ũ`
�

w
,

0= E
�

Ũa

�

=−E
�

Ũ1

�

+E
�

Ũ2

�

·
�

1+ r b ·
�

1− t n
�	

,

0= E
�

Ũ f

�

=
�

1− t e
�

·E
�

Ũ2 ·
�

r̃ m − r b
��

,

0= E
�

Ũp

�

=
�

1− t e
�

·E
�

Ũ2 ·
�

F̃p − r b
��

.

Apply the envelope theorem and use the first-order condition for a to find E
�

Ũρ
�

= 0. The
reform to the first-period tax intercept is indeed fully compensated in the second period.

When there is an exogenous change in the intercept ρ, individuals will alter their be-
haviour such that the first-order conditions remain satisfied:

∀γ= z , a , f , p :
d

dρ

�

E
�

Ũγ
��

= 0.

Expand this total differential to find a system of equations for the second-period compen-
sated effects of a reform to the first-period tax intercept:

∀γ= z , a , f , p :
∑

η∈{z ,a , f ,p}
E
�

Ũηγ
�

·γ∗∗ρ =−E
�

Ũργ
�

. (54)

Note that the following partial derivatives are equal:

∀γ= z , a , f , p : E
�

Ũaγ

�

= E
�

Ũργ
�

.

The system (54) is thus solved by the following second-period compensated effects:

a ∗∗ρ =−1; (55)

z ∗∗ρ = f ∗∗ρ = p ∗∗ρ = 0. (56)

A.2. Slutsky Equations

We first show a useful intermediate result. Note that in the individual’s optimum the un-
compensated demand functions should be equal to demand functions with compensation
in the second period:

∀b = a ,`, p , f : b
�−→σ ,κm

�

= b ∗∗
�−→σ ,πm ,κm , E

�

Ṽ
�−→σ ,πm

���

. (57)
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Take partial derivatives on both sides with respect toρ and use the property E
�

Ṽρ
�

=−E
�

Ũ1

�

from (16):
∀b = a ,`, p , f : bρ = b ∗∗ρ −E

�

Ũ1

�

· b w ∗∗
V

.

Use results (55)-(56) and rearrange:

a ∗∗
V
=−

aρ +1

E
�

Ũ1

� ; ∀b = `, p , f : b ∗∗
V
=−

bρ

E
�

Ũ1

� . (58)

Take partial derivatives of both sides of identity (57) to find Slutsky equations:

∀b = a ,`, p , f : ∀ν= t n , t e ,κm : bν = b ∗∗ν + b ∗∗
V
·E
�

Ṽν
�

.

Substituting results (58), the definitions for capital incomes y n and ỹ e and the definition
for gross labour income z , taking into account envelope properties (17)-(18), leads to the
Slutsky equations.

B. Compensated Effects of Capital Income Tax Reforms

We introduce the reform parametersσe andσn , respectively for the tax rates on excess and
on risk-free capital income. Rewrite the utility function in terms of labour income z , savings
a , investment in assets with excess returns f and p :

Ũ
�

z , a , f , p |σe ,σn
�

≡U
�

ĉ 1 (z , a ) , ˆ̃c 2
�

a , f , p |σe ,σn
�

,
z

w
,P

�

, (59)

with:

ĉ 1 (z , a ) ≡ z −T (z )−a ,
ˆ̃c 2
�

a , f , p |σe ,σn
�

≡ a +
�

1− t n
�

· r b ·a −σn · r b ·
�

a −a 0
�

+
�

1− t e
�

· ỹ e
�

f , p
�

−σe ·
�

ỹ e
�

f , p
�

− ỹ e
�

f 0, p 0
��

,

ỹ e
�

f , p
�

=
�

r̃ m − r b
�

· f + F̃
�

p
�

− r b ·p ,

where superscripts ·0 denote values of the respective equilibrium variables in the situation
with no tax reform. The reform parameters σe and σn apply only to behavioural changes
in the tax bases with respect to the situation with no tax reform. The effects of marginal re-
forms of these parameters are the compensated effects of reforms in the tax rates t e and t n ,
since the income effects have been removed. This can be verified by applying the envelope
theorem to the Lagrangian of the optimization problem: the welfare effect of a marginal
change in eitherσe orσn , evaluated in the situation without reform, is zero.

The first-order conditions of the utility optimization problem are the following:

∀γ= z , a , f , p : E
�

Ũγ
�

= 0.

When there is a reform to the parameters σe and σn , individuals update their behaviour
such that these conditions continue to hold:

∀ν=σe ,σn :∀γ= z , a , f , p :
dE

�

Ũγ
�

dν
= 0.
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Expand this total differential:

∀ν=σe ,σn :∀γ= z , a , f , p :
∑

η=z ,a , f ,p

E
�

Ũηγ
�

·η∗∗ν =−E
�

Ũνγ
�

. (60)

Solving this system for η∗∗ν will yield compensated effects of reforms to the capital tax pa-
rameters.

We are also interested in compensated effects conditional on labour income. Substitut-
ing z ∗∗ν = 0 yields the following system of equations for the compensated effects of capital
income tax reforms:

∀ν= t e , t n :∀γ= a , f , p :
∑

η=a , f ,p

E
�

Ũηγ
�

·ηc ∗∗
ν =−E

�

Ũνγ
�

.

Again, compensated effects are found by solving this system.
Work out the following partial derivatives of E

�

Ũ
�

by applying the envelope theorem to
the optimization problem (59):

E
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= E
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Ũ1
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· r b
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−E
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E
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Ũ f
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= E
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�

r̃ m − r b
��

·
�

1− t e −σe
�

,

E
�

Ũp

�

= E
�

Ũ2 ·
�

F̃p − r b
��

·
�

1− t e −σe
�

.

B.1. Reform of Tax Rate on Excess Returns

Let us first consider the compensated effects of a reform in the tax on excess capital income.
Assuming that the tax on excess capital income is not 100%, the following second-order
derivatives with respect toσe , evaluated in the situation with no reform, are zero:

E
�

Ũσe z |σe = 0
�

= E
�

Ũσe a |σe = 0
�

= E
�

Ũσe f |σe = 0
�

= E
�

Ũσe p |σe = 0
�

= 0.

Then the system of equations (60) implies that the compensated effects of a reform in the
tax rate on excess capital income are zero:

z ∗∗t e = a ∗∗t e = f ∗∗t e = p ∗∗t e = 0.

B.2. Reform of Tax Rate on Risk-Free Returns

Let us now consider the compensated effects of a reform of the tax on risk-free returns to
capital, conditional on labour income. Calculate first the second-order derivatives with re-
spect toσn , evaluating in the situation without reform:

E
�

Ũσn a |σn = 0
�

=−r b E
�

Ũ2

�

; E
�

Ũσn f ||σn = 0
�

= 0; E
�

Ũσn p |σn = 0
�

= 0;
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so that we obtain the following system for the compensated effects of a reform in the tax
rate on risk-free capital income:

E
�

Ũa a

�

·a c ∗∗
t n +E

�

Ũa f

�

· f c ∗∗
t n +E

�

Ũa p
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Ũa f
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Ũ f f
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Ũ f p
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· f c ∗∗
t n +E

�

Ũp p

�

·p c ∗∗
t n = 0.

It immediately follows that when there are no conditional compensated effects on the amount
of savings, then f c ∗∗

t n = p c ∗∗
t n = 0. All compensated conditional effects of the reform on port-

folio composition, work through changes in the amount of savings.

C. Conditional Effects of Policy Reforms: Proof of Lemma 2

The assumption of weak separability between consumption and labour supply implies for

all γ= y n , ỹ e , p , f : dγ
dw = γ

c
z

dz
dw . Combining this property with condition (31) yields:

∀γ= y n , ỹ e , p , f :
dγ

dw
=
γw ∗
σz

z ∗σz

dz

dw
. (61)

Property (33) immediately follows by substituting Slutsky symmetry (28) for z w ∗∗
t n .

Similarly, using constancy of E
�

Ũ2

�

/E
�

Ũ1

�

from Euler equation (10) and rearranging:
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Use property (61) and substitute result (29) for E
�

ỹ e ,w ∗
σz

�

:
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dz
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.

If t e = 1, second-period marginal utility U w
2 is no longer stochastic and property (34) is true.

If t e 6= 1, we can substitute definition (15) for ỹ e into first-order conditions (12)–(13) to find:

cov
�

Ũ2, ỹ e ,
�

E
�

Ũ2

� =−E
�

r̃ m − r b
�

f −E
�

F̃p − r b
�

p .

Property (61) can then be used to prove (34).
Lastly, twice using weak separability we find:

d
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E
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=
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Substituting Slutsky symmetry (30) yields property (35).
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D. Government First-Order Conditions

D.1. Optimal Intercept

Take the first-order derivative of Lagrangian (39)with respect toρ, evaluate in the situation
without reform, and require that the result is zero:

0=
ˆ w

w

 

1+ r b −
E
�

Ũ1

�

E
�

λ̃
� +

�

1+ r b
�

t `z zρ + t n y n
ρ + t e E

�

ỹ e
ρ

�

+ t e
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�

λ̃, ỹ e
ρ

�

E
�

λ̃
�

!

dG w (w ) ,

where we used envelope result (16).

D.2. Optimal Labour Income Tax

Take the first-order derivative of Lagrangian (39)with respect toσz , evaluate in the situation
without reform, and require the result to be zero:

0=
ˆ w

w

�

1+ r b −
E
�

Ũ1

�

E
�

λ̃
�

�

·H (z , Z ,δ)dG w (w )

+
ˆ w

w

�

�

1+ r b
�

t `,wz z w
σz + t n y n ,w

σz + t e E
�

λ̃ · ỹ e ,w
σz

�

E
�

λ̃
�

�

dG w (w ) .

Apply Slutsky equations (21) and substitute βw from definition (46):

ˆ w

w

�

1+ r b −βw
�

·H (z , Z ,δ)dG w (w )

=−
ˆ w

w

�

�

1+ r b
�

t `z z ∗σz + t n y n∗
σz + t e E

�

λ̃ · ỹ e ∗
σz

�

E
�

λ̃
�

�

·h (z , Z ,δ)dG w (w ) .

Change bases in the integrals and substitute definitions (3)-(4) for H (z w , Z ,δ)and h (z , Z ,δ):

ˆ Z+ δ2

Z− δ2

�

1+ r b −βw
�

·
�

z w −Z +
δ

2

�

dG z �z w
�

+δ ·
ˆ z

Z+ δ2

�

1+ r b −βw
�

dG z �z w
�

=−
ˆ Z+ δ2

Z− δ2

�

�

1+ r b
�

t `z z w ∗
σz + t n y n ,w ∗

σz + t e E
�

λ̃ ỹ e ,w ∗
σz

�

E
�

λ̃
�

�

dG z �z w
�

.

Divide the entire equation by the right-hand side and apply L’Hôpital’s rule to find the limit
δ→ 0. Write up the result for a marginal labour income tax reform at skill level w to find
equation (40).
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D.3. Optimal Linear Tax on Excess Capital Income

Take the first-order derivative of Lagrangian (39)with respect to t e , evaluate in the situation
with no reform, and require that the result is zero:

0=
ˆ w

w

�

E
�

λ̃ ỹ e
�

E
�

λ̃
� −

E
�

Ũ2 ỹ e
�

E
�

λ̃
�

�

dG w (w )

+
ˆ w

w

¨

�

1+ r b
�

t `z zt e + t n y n
t e + t e E

�

λ̃ ỹ e
t e

�

E
�

λ̃
�

«

dG w (w ) .

Apply Slutsky equations (22)-(23), use the fact that a tax reform on excess returns has no
compensated effects (lemma 1), and substitute definition (46) for βw :

ˆ w

w

E
�

Ũ2 ỹ e
�

E
�

Ũ w
1

� ·
�

1+ r −βw
�

dG w (w )

=
ˆ w

w

�

E
�

Ũ2 ỹ e
�

E
�

Ũ w
2

� −
E
�

λ̃ ỹ e
�

E
�

λ̃
�

�

dG w (w ) .

Use integration by parts to rewrite the left-hand side (using the optimal intercept (43)),

ˆ w

w

d

dw

�

E
�

Ũ w
2 ỹ e ,w

�

E
�

Ũ w
1

�

�

·
�ˆ w

w

�

1+ r −β ŵ
�

dG w (ŵ )

�

dw

=
ˆ w

w

�

E
�

Ũ w
2 ỹ e

�

E
�

Ũ w
2

� −
E
�

λ̃ ỹ e
�

E
�

λ̃
�

�

dG w (w ) .

Use result (34) to find that the left-hand side is zero. Rearrange to find result (41).

D.4. Optimal Linear Tax on Risk-Free Capital Income

D.4.1. Optimality Condition

Take the first-order derivative of Lagrangian (39)with respect to t n , evaluate in the situation
with no reform, and require that the result is zero:

0=
ˆ w

w

¨�

1−
E
�

Ũ2

�

E
�

λ̃
�

�

y n +
�

1+ r b
�

t `z zt n + t n y n
t n + t e E

�

λ̃ ỹ e
t n

�

E
�

λ̃
�

«

dG w (w ) .

Apply Slutsky equations (22)-(23) to find:

ˆ w

w

�

1+ r −βw
� E

�

Ũ2

�

E
�

Ũ1

� y n dG w (w )

=−
ˆ w

w

¨

�

1+ r b
�

t `z z ∗∗t n + t n y n∗∗
t n + t e E

�

λ̃ · ỹ e ∗∗
t n

�

E
�

λ̃
�

«

dG w (w ) ,
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where we substituted the Euler equation from (10) and definition (46) for βw . Use integra-
tion by parts to rewrite the left-hand side (using the optimal intercept (43)):

ˆ w

w

�ˆ w

w

�

1+ r −β ŵ
�

dG w (ŵ )

�

·
d

dw

�

E
�

Ũ2

�

E
�

Ũ1

� y n

�

dw

=−
ˆ w

w

¨

�

1+ r b
�

t `z z ∗∗t n + t n y n∗∗
t n + t e E

�

λ̃ ỹ e ∗∗
t n

�

E
�

λ̃
�

«

dG w (w ) .

Substitute the optimal labour tax equation (40) for
�

1+ r b
�

t `,wz :

ˆ w

w

�ˆ w

w

�

1+ r −β ŵ
�

dG w (ŵ )

�

·

�

E
�

Ũ2

�

E
�

Ũ1

�

dy n

dw
−

z ∗∗t n

z ∗σz

dz

dw

�

dw

=−
ˆ w

w







t n

�

y n∗∗
t n −

z ∗∗t n

z ∗σz

y n∗
σz

�

+ t e
E
�

λ̃ ·
�

ỹ e ∗∗
t n −

z ∗∗t n

z ∗σz
ỹ e ∗
σz

��

E
�

λ̃
�







dG w (w ) .

Use result (32) and lemma (2) to simplify and find equation (42).

D.5. Optimal Public Good Provision

D.5.1. Optimality Condition

Take the first-order derivative of Lagrangian (39) with respect to πm , evaluate in the situa-
tion without reform, and require that the result be zero, to find the optimality condition for
provision of the public good:

E
�

λ̃ ·h
�

r̃ m , R m ,δ
��

=
ˆ w

w
E
�

ŨP ·h
�

r̃ m , R m ,δ
��

dG w (w ) .

Here we used our assumption that there are no behavioural responses to changes in the
public goods. Apply definition (3) for h (r̃ m , R m ,δ) and take the limitδ→ 0 to find condition
(44).

D.5.2. Proof of Proposition 6

Start from optimal tax expression (40) for labour income. Multiply both sides by d
dz w

�

E
�

ŨP

�

/E
�

Ũ1

��

and integrate over the entire population:

ˆ z

z

d

dz

�

E
�

ŨP

�

E
�

Ũ1

�

�¨

�

1+ r b
�

t `z z ∗σz + t n y n∗
σz + t e E

�

λ̃ · ỹ e ∗
σz

�

E
�

λ̃
�

«

dG z (z )

=−
ˆ z

z

d

dz

�

E
�

ŨP

�

E
�

Ũ1

�

�

·
ˆ z

z

�

1+ r b −β ŵ
�

dG z �z ŵ
�

dz .
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Use integration by parts on the second line and use the optimality condition for the inter-
cept (43):

ˆ z

z

E
�

ŨP

�

E
�

Ũ1

�

�

E
�

Ũ1

�

E
�

λ̃
� −1− r b

�

dG z (z )

=
ˆ z

z

E
�

ŨP

�

E
�

Ũ1

�

 

�

1+ r b
�

t `z zρ + t n y n
ρ + t e

E
�

λ̃ ỹ e
ρ

�

E
�

λ̃
�

!

dG z (z )

+
ˆ z

z

d

dz

�

E
�

ŨP

�

E
�

Ũ1

�

�¨

�

1+ r b
�

t `z z ∗σz + t n y n∗
σz + t e E

�

λ̃ · ỹ e ∗
σz

�

E
�

λ̃
�

«

dG z (z ) .

The left-hand side is the distributional effect of a labour income tax reform where the lia-
bility at each income level z w is increased by E

�

Ũ w
P

�

/E
�

Ũ w
1

�

. The second line contains the
budgetary cost of this reform caused by income effects, while the third line contains com-
pensated effects caused by the fact that the change in the tax liability is not equal for all
income levels. Substitute this last result into condition (53).

D.6. Optimal Stochastic Lump Sum

Let us now derive the optimality condition for the stochastic lump sum. The first-order
condition of Lagrangian 39 with respect to κm , evaluated in the situation without reforms,
is as follows:

E
�

λ̃ ·h (r̃ m , R m ,δ)
�

λ̃
−
ˆ w

w

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

λ̃
� dG w (w )

=
ˆ w

w

�

�

1+ r b
�

t `z zκm + t n y n
κm + t e E

�

λ̃y e
κm (r̃ m , ε̃)

�

E
�

λ̃
�

�

dG w (w ) ,

where we used envelope property (18). Apply the Slutsky equations of subsection 3.1 and
substitute definition (46) of βw :

E
�

λ̃ ·h (r̃ m , R m ,δ)
�

E
�

λ̃
� −

ˆ w

w

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ1

�

�

βw − t n r b
�

dG w (w )

=
ˆ w

w

�

�

1+ r b
�

t `z z ∗∗κm + t n y n∗∗
κm + t e E

�

λ̃ ỹ e ∗∗
κm

�

E
�

λ̃
�

�

dG w (w ) .

Use integration by parts and optimality condition (43) for the intercept:

E
�

λ̃ ·h (r̃ m , R m ,δ)
�

E
�

λ̃
� −

ˆ w

w

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ2

� dG w (w )

=
ˆ w

w

d

dw

�

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ w
1

�

�ˆ w

w

�

β ŵ −1− r b
�

dG w (ŵ )dw

+
ˆ w

w

�

�

1+ r b
�

t `z z ∗∗κm + t n y n∗∗
κm + t e E

�

λ̃ ỹ e ∗∗
κm

�

E
�

λ̃
�

�

dG w (w ) .
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Insert optimality condition (40) for the labour income tax:

E
�

λ̃ ·h (r̃ m , R m ,δ)
�

E
�

λ̃
� −

ˆ w

w

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ2

� dG w (w )

=
ˆ w

w

¨

d

dw

�

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ1

�

�

−
z ∗∗κm

z ∗σz

dz

dw

«

·
ˆ w

w

�

β ŵ −1− r b
�

dG w (ŵ )dw

+
ˆ w

w



t n

�

y n∗∗
κm −

y n∗
σz

z ∗σz

z ∗∗κm

�

+ t e
E
�

λ̃
�

ỹ e ∗∗
κm −

ỹ e ∗
σz

z ∗σz
z ∗∗κm

��

E
�

λ̃
�



dG w (w ) .

Finally substituting conditional demands from equation (32) and property (35):

E
�

λ̃ ·h (r̃ m , R m ,δ)
�

E
�

λ̃
� =

ˆ w

w

�

E
�

Ũ2h (r̃ m , R m ,δ)
�

E
�

Ũ2

� + t n y n c ∗∗
κm + t e E

�

λ̃ ỹ e c ∗∗
κm

�

E
�
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�

�

dG w (w ) .
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