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1 Introduction

One of the few theoretical results regarding the shape of optimal income struc-

tures concerns the sign of marginal tax rates. For quite some time, the literature

maintained that optimal marginal income tax rates should be non-negative, fol-

lowing the contributions by Seade (1977, 1982).1 This result was �rst challenged

by Stiglitz (1982) who showed, in the context of a two-type model, that Pareto

e¢ cient taxation requires that (in the standard case where it is the high-skilled

self-selection constraint which is binding) the marginal tax rate on the high-skilled

agents should be negative, except in the limiting case where the two types of labor

are perfect substitutes.2 In a subsequent and in�uential contribution, Saez (2002)

showed that in the presence of an extensive margin of labor supply, optimal mar-

ginal tax rates can be negative, yielding support for an Earned Income Tax Credit

(EITC). More recently, Choné and Laroque (2010) demonstrated the possibility of

negative marginal tax rate in a model without an extensive margin of labor sup-

ply, but where agents have heterogeneous preferences regarding their preference

for work.3

In this paper we propose a previously unnoticed rationale for negative marginal

tax rates. We employ a standard intensive-margin optimal income tax model

where agents have identical preferences but where we allow for heterogeneity in

�needs�for a work-related good/service, i.e. a good/service that some agents need

to purchase in order to work. For illustrative purposes we consider a framework

1See also Hellwig (2007) for a recent exposition.
2The intuition for the result is that, unless the two types of labor are perfect substitutes, by

stimulating the labor supply of high-skilled workers the government can rely to some extent on
the general equilibrium incidence of the tax in order to compress the wage distribution.

3da Costa and Maestri (2017) provides yet another example of contributions emphasizing
the possibility of optimal negative marginal tax rates. In their model the result is obtained
by modifying the canonical Mirrleesian model to accommodate the assumption that �rms have
market power in the labor market.
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with �parents�and �non-parents�and let child care be the good needed by parents

in order to work. For simplicity, we assume that one hour of child care is needed

for every hour of work.4 In contrast to Saez (2002), who explore the rationale

for negative marginal tax rates created by �xed costs of work at the extensive

margin, we highlight that costs of work at the intensive margin can be a rationale

for negative marginal tax rates.

We show analytically the possibility of negative marginal tax rates in the

context of a model with two types of agents and where the social welfare function

maximized by the government is of the max-min type. In addition, we present a

set of numerical simulations showing that our results are not con�ned to knife-

edge cases and that they generalize to settings with more than two types of agents

(where negative marginal tax rates can arise but not necessarily at the top of the

income distribution) and with di¤erent social welfare functions.

The gist of our argument is as follows. We �rst demonstrate that in a �rst-

best allocation, where the government observes the skills of workers, redistribution

might go from low-income agents to high-income agents. More speci�cally, we

highlight circumstances under which a parent earns more than a non-parent but

where the total tax payment of the non-parent is positive whereas the parent

receives a transfer. We then characterize the circumstances that make such a

�rst-best allocation not implementable under an anonymous nonlinear income

tax schedule, i.e. a tax function that is common to all agents. When the �rst-

best optimum is not implementable under an anonymous income tax schedule,

we show that at a second-best optimum, while the labor supply of non-parents

remains undistorted, the labor supply of parents is distorted upwards by letting

them face a negative marginal tax rate. We also show that there may be cases

4The interpretation could also be broader as there are other groups of agents who might face
needs constraints in practice, such as middle-aged workers who need to purchase care for their
elderly parents in order to work, or workers who have commuting costs.
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where, while redistribution goes from high- to low-income earners at a �rst-best

optimum, redistribution goes in the opposite direction, and a negative marginal

tax rate arises, at a second-best optimum.

The paper is organized as follows. In section 2 we show the possibility of a

negative marginal tax rate at the top under a max-min social welfare function.

Section 3 provides numerical examples showing that negative marginal tax rates

may be optimal also under di¤erent social welfare functions and are not necessarily

con�ned to the top of the income distribution. Finally, section 4 concludes.

2 Negative marginal tax rates under a max-min
social welfare function

Consider an economy populated by two groups of agents, parents and non-parents.

Both have preferences represented by the utility function

U = c� 1

1 + 1
�

h1+
1
� ; (1)

where c denotes consumption, h denotes labor supply, and where � is a positive

constant representing the elasticity of labor supply. We further denote the wage

rate of parents by wp (> 0) and the wage rate for non-parents by wnp (> 0), and

assume that parents need one hour of child care services for each hour of work,

with q denoting the hourly market price for child care services. Furthermore,

assume that wp � q > 0. Earned income is denoted by Y , where Y = wh, and

after-tax income is denoted by B. Moreover, we let � be the proportion of parents

in the population, with the total population normalized to one.

We start by deriving a condition that guarantees that, at a �rst-best max-

min optimum, parents earn more than non-parents, redistribution goes from low-

income- to high-income earners, and the �rst-best max-min optimum is not im-

plementable with an anonymous nonlinear income tax schedule. We then show in
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proposition 1 below that at a second-best optimum, parents will face a negative

marginal tax rate, whereas the labor supply of non-parents is left undistorted.

In a �rst-best setting, the problem solved by a max-min government is given

by:

max
Y p;Bp;Y np;Bnp

Bp � q

wp
Y p � 1

1 + 1
�

�
Y p

wp

�1+ 1
�

subject to:

� [Y p �Bp] + (1� �) [Y np �Bnp] = 0;

Bp � q

wp
Y p � 1

1 + 1
�

�
Y p

wp

�1+ 1
�

= Bnp � 1

1 + 1
�

�
Y np

wnp

�1+ 1
�

:

where we assume that taxes are purely redistributive (i.e. there is no exogen-

ous revenue requirement), and where the second constraint requires utility to be

equalized across agents of di¤erent types.

Forming the Lagrangian of the government�s problem above, and denoting by

� the Lagrange multiplier attached to the government�s budget constraint and by

� the Lagrange multiplier attached to the equal-utility constraint, the �rst order

conditions for an optimum are:

Y p : (1� �)
"
q

wp
+
1

wp

�
Y p

wp

�1=�#
= �� (2)

Bp : 1� � = �� (3)

Y np : �
1

wnp

�
Y np

wnp

�1=�
= (1� �)� (4)

Bnp : � = (1� �)�: (5)

Combining (2) and (3) we get:

q

wp
+
1

wp

�
Y p

wp

�1=�
= 1 =) Y p = wp [wp � q]� ; (6)
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whereas combing (4) and (5) we get:

1

wnp

�
Y np

wnp

�1=�
= 1 =) Y np = (wnp)�+1 : (7)

Thus, we have that

Y p > (<)Y np () wp [wp � q]� > (<) (wnp)�+1 : (8)

Substituting the values for Y p and Y np, given by (6) and (7), into the �-constraint,

we have:

Bp � q

wp
wp [wp � q]� � 1

1 + 1
�

(wp � q)�+1 = Bnp � 1

1 + 1
�

(wnp)�+1 ;

and therefore:

Bp = Bnp � �

1 + �
(wnp)�+1 +

q + �wp

1 + �
[wp � q]� : (9)

Substituting into the �-constraint the values for Y p and Y np given by (6) and (7),

and the value for Bp given by (9) gives:

�

�
wp (wp � q)� + �

1 + �
(wnp)�+1 � q + �w

p

1 + �
(wp � q)�

�
+(1� �) (wnp)�+1 = Bnp;

which implies:

Bnp = �
(1 + �)wp (wp � q)� � (q + �wp) (wp � q)� + � (wnp)�+1

1 + �
+ (1� �) (wnp)�+1 ;

=
� (wp � q)�+1 + (1 + � � �) (wnp)�+1

1 + �

and therefore:

Bp =
� (wp � q)�+1 + (1 + � � �) (wnp)�+1 � � (wnp)�+1 + (q + �wp) [wp � q]�

1 + �

=
(1� �) (wnp)�+1 + (q + �wp + �wp � �q) (wp � q)�

1 + �
:
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When Y np �Bnp > 0, i.e. when

(1 + �) (wnp)�+1 � � (wp � q)�+1 � (1 + � � �) (wnp)�+1

1 + �
> 0

and therefore

(wnp)�+1 > (wp � q)�+1 ; (10)

redistribution is directed towards parents. Thus, when

wp [wp � q]� > (wnp)�+1 > (wp � q)�+1 ; (11)

we have that Y p > Y np and redistribution favors parents. This is implementable

in a second-best setting as long as Unp (Y np; Bnp) � Unp (Y p; Bp), namely when:

� (wp � q)�+1 + (1 + � � �) (wnp)�+1

1 + �
� � 1

1 + �
(wnp)�+1

� (1� �) (wnp)�+1 + (q + �wp + �wp � �q) (wp � q)�

1 + �

�� 1

1 + �
(wp)1+

1
� (wp � q)�+1

�
1

wnp

�1+ 1
�

;

or, equivalently:

� (wp � q)�+1 + (1 + � � �) (wnp)�+1 � � (wnp)�+1 � (1� �) (wnp)�+1

1 + �

+
� (wp)1+

1
� (wp � q)�+1

�
1
wnp

�1+ 1
� � (q + �wp + �wp � �q) (wp � q)�

1 + �
� 0;

and therefore:

� (wp � q)�+1 + (1 + � � �) (wnp)�+1 � � (wnp)�+1 � (1� �) (wnp)�+1

+� (wp)1+
1
� (wp � q)�+1

�
1

wnp

�1+ 1
�

� (q + �wp + �wp � �q) (wp � q)�

� 0;
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from which one obtains, simplifying and rearranging terms:

(wnp)1+
1
� � � (wp)1+

1
� (wp � q)

q + �wp
: (12)

Thus, when (11) is satis�ed and (12) is violated, i.e. when

wp [wp � q]� > (wnp)�+1 > max
(�
� (wp � q)
q + �wp

��
(wp)�+1 ; (wp � q)�+1

)
; (13)

the �rst-best max-min optimum (requiring Y p > Y np and Y p � Bp < 0) will not
be implementable in a second-best setting where the government only knows the

distribution of types in the population and all agents are subject to the same

nonlinear income tax schedule. In this case, the following result applies:

Proposition 1 Assume that (13) holds, so that at a �rst-best max-min optimum,

parents earn more than non-parents, redistribution goes from low-income- to high-

income earners, and the �rst-best max-min optimum is not implementable with an

anonymous nonlinear income tax schedule. At a second-best optimum:

i) parents will face a negative marginal tax rate, whereas the labor supply of

non-parents is left undistorted;

ii) both parents and non-parents will enjoy the same level of utility when

� <
q

wp
(wp)1+

1
� � (wnp)1+

1
�

[q � � (wp � q)] (wp)
1
� + � (wnp)1+

1
�

: (14)

Proof. see the Appendix.

Before moving to the next section, where we will provide various numerical

examples to illustrate the possibility that a second-best optimum features negative

marginal tax rates, it is worth emphasizing that, in contrast to what happens in

standard optimal tax models, the so called single-crossing property (also known
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as agent monotonicity property) is not satis�ed in our setting. This property

prescribes that, at any bundle in the (Y;B)-space, the indi¤erence curves are

�atter the higher the wage rate of an agent. In our setting, and for a given

(Y;B)-bundle, parents have an indi¤erence curve with slope equal to

MRSpY B (Y;B) =
1

wp

"
q �

@u
�
B � q Y

wp
; Y
wp

�
=@h

@u
�
B � q Y

wp
; Y
wp

�
=@c

#
=
q

wp
+
1

wp

�
Y

wp

�1=�
;

whereas non-parents have an indi¤erence curve with slope equal to

MRSnpY B (Y;B) = �
1

wnp
@u
�
B; Y

wnp

�
=@h

@u
�
B; Y

wnp

�
=@c

=
1

wnp

�
Y

wnp

�1=�
:

Thus, unless wp < wnp, in which case MRSpY B �MRS
np
Y B > 0 at any bundle in

the (Y;B)-space, the sign of the di¤erence MRSpY B �MRS
np
Y B will depend on the

speci�c (Y;B)-bundle that is considered. More precisely, when wp > wnp we will

have that MRSpY B �MRS
np
Y B < 0 for values of Y such that

Y >
� q
wp

�� "(wp)1+ 1
� � (wnp)1+

1
�

(wnp)1+
1
� (wp)1+

1
�

#��
=
� q
wp

��
(wnp)1+� (wp)1+�

h
(wp)1+

1
� � (wnp)1+

1
�

i��
:

The fact that the single-crossing property is not satis�ed in our setting shows

that our bi-dimensional heterogeneity (in skills and needs) cannot be reduced to

one dimension (in contrast to what happens for instance in Choné and Laroque,

2010).

The possibility of having parents facing a negative marginal tax rate at a

second-best max-min optimum is illustrated by the following numerical examples.

2.1 Numerical examples

Set � = 1, � = 0:45, wp = 13, wnp = 10, q = 5.5 Let the implicit marginal

income tax rate faced by an agent of type j (j = p; np) at a bundle (Y;B) be

5Notice that the assumptions on wnp, wp and q are consistent with the condition (13).
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given by 1 �MRSjY B (Y;B), and let the average tax rate at income Y be given

by ATR (Y ) = (Y �B) =Y . At a �rst-best max-min optimum we have:

Y p = 104:00 Bp = 113:90 cp = 73:90 hp = 8:00

Y np = 100:00 Bnp = 91:90 cnp = 91:90 hnp = 10:00

T 0 (Y np) = T 0 (Y p) = 0

Up (Y p; Bp) = 41:90 Unp (Y np; Bnp) = 41:90 Unp (Y p; Bp) = 59:82

SWF = 41:9 ATR (Y p; Bp) = �9:52% ATR (Y np; Bnp) = 8:10%

At a second-best max-min optimum we have:

Y p = 156:74 Bp = 165:59 cp = 105:31 hp = 12:06

Y np = 100:00 Bnp = 92:76 cnp = 92:76 hnp = 10:00

T 0 (Y np) = 0 T 0 (Y p) = �31:21%

Up (Y p; Bp) = 32:62 Unp (Y np; Bnp) = 42:76 Unp (Y p; Bp) = 42:76

SWF = 32:62 ATR (Y p; Bp) = �5:65% ATR (Y np; Bnp) = 7:24%

In the above example, the parameter values were such that

� � q

wp
(wp)1+

1
� � (wnp)1+

1
�

[q � � (wp � q)] (wp)
1
� + � (wnp)1+

1
�

' 43:51%;

and according to the result stated in the Proposition, we �nd that non-parents

enjoy a higher level of utility than parents. Lowering � to, e.g., 0:4 one would get

the result that utilities are equalized also at a second-best optimum. In particular,
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with � = 0:4 we would have that at a �rst-best max-min optimum:

Y p = 104:00 Bp = 114:80 cp = 74:80 hp = 8:00

Y np = 100:00 Bnp = 92:80 cnp = 92:80 hnp = 10

T 0 (Y np) = T 0 (Y p) = 0

Up (Y p; Bp) = 42:8 Unp (Y np; Bnp) = 42:80 Unp (Y p; Bp) = 60:72

SWF = 42:80 ATR (Y p; Bp) = �10:38% ATR (Y np; Bnp) = 7:20%

whereas at a second-best optimum:

Y p = 188:41 Bp = 211:85 cp = 139:39 hp = 14:49

Y np = 100:00 Bnp = 84:37 cnp = 84:37 hnp = 10

T 0 (Y np) = 0 T 0 (Y p) = �49:94%

Up (Y p; Bp) = 34:37 Unp (Y np; Bnp) = 34:37 Unp (Y p; Bp) = 34:37

SWF = 34:37 ATR (Y p; Bp) = �12:44% ATR (Y np; Bnp) = 15:63%

In the next section we consider some extensions to our baseline model to convey

the idea that the possibility of optimal negative marginal tax rates is not con�ned

to knife-edge cases.

3 Extensions

The �rst assumption that we relax is the one about the value for the elasticity

of labor supply. In the examples above we have considered a unitary value for

the elasticity of labor supply, which can be regarded as quite large. As we show

below the qualitative results that we have obtained also hold when we consider

lower values for the elasticity. The second assumption that we relax is the one

pertaining to the number of types. Under the two-type model analyzed in the
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previous section, negative marginal tax rates can only arise at the top of the

income distribution. With more than two types, instead, we will see that negative

marginal tax rates can also occur at intermediate levels of income (even though

never at the bottom of the income distribution). The third assumption that we

relax is the one pertaining to the income e¤ects on labor supply, which were ruled

out by the utility function on which the analysis of the previous section was based.

This will also o¤er us the possibility to consider social welfare functions exhibiting

a lower degree of social aversion to inequality than the max-min.

3.1 Changing the elasticity of labor supply

Reconsider the �rst example of the previous section (where � = 0:45, wp = 13,

wnp = 10, and q = 5) but this time lower the elasticity of labor supply from � = 1

to � = 1=3. At a �rst-best max-min optimum we have:

Y p = 26:00 Bp = 28:49 cp = 18:49 hp = 2:00

Y np = 21:54 Bnp = 19:88 cnp = 19:88 hnp = 2:15

T 0 (Y np) = T 0 (Y p) = 0

Up (Y p; Bp) = 14:49 Unp (Y np; Bnp) = 14:49 Unp (Y p; Bp) = 14:49

SWF = 14:49 ATR (Y p; Bp) = �9:59% ATR (Y np; Bnp) = 7:72%

At a second-best max-min optimum we instead have:

Y p = 28:71 Bp = 31:38 cp = 20:33 hp = 2:21

Y np = 21:54 Bnp = 19:77 cnp = 19:77 hnp = 2:15

T 0 (Y np) = 0 T 0 (Y p) = �21:35%

Up (Y p; Bp) = 14:38 Unp (Y np; Bnp) = 14:38 Unp (Y p; Bp) = 14:38

SWF = 14:38 ATR (Y p; Bp) = �9:27% ATR (Y np; Bnp) = 8:24%
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Using (14) one can calculate the highest value for � associated with a second-best

optimum where the utility of parents and non-parents are equalized. While with

� = 1 this maximum value for � was equal to 43:51%, with � = 1=3 we obtain

� <
q

wp
(wp)1+

1
� � (wnp)1+

1
�

[q � � (wp � q)] (wp)
1
� + � (wnp)1+

1
�

' 84:39%:

Thus, when wp = 13, wnp = 10, and q = 5 we get that parents face a negative

marginal tax rate equal to �21:35% for all values of � satisfying the inequality

above.6 For values of � larger than 84:39% we would still get that parents face a

negative marginal tax rate at a second-best optimum, but this time the magnitude

of the upward distortion on their labor supply would be smaller and non-parents

would enjoy a higher utility than parents.7

3.2 More than two types

The examples above refer to a two-type setting where, if a negative marginal

tax rate is optimal, it necessarily applies to the top-income earners. However,

in a more general setting with more than two types of agents, negative marginal

tax rates may as well apply to intermediate levels of income. This possibility is

illustrated by the following examples where we consider a three-type setting.

Assume that there are three types of agents, non-parents earning a wage rate

wnp = 10, parents earning a wage rate wp1 = 14 and parents earning a wage rate

wp2 = 15 (where we use a subscript j = 1; 2 to distinguish between variables or

parameters pertaining to the two di¤erent groups of parents). Moreover, let � = 1,

� = 3=4 (with �1 = 1=2 and �2 = 1=4 denoting respectively the proportions of

6The fact that the negative marginal tax rate faced by parents does not change is a con-
sequence of our assumption that there are no income e¤ects on labor supply. This implies that
the marginal tax rate only depends on the gross income Y and not on B.

7For instance, with � = 0:9 we would obtain that T 0 (Y p) = �10:60%, Up (Y p; Bp) = 12:21,
Unp (Y np; Bnp) = 13:58, Unp (Y p; Bp) = 13:58.
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parents of type 1 and 2 in the total population), and q = 5. At a second-best

max-min optimum we have:

Y p2 = 150:00 Bp2 = 152:60 cp2 = 102:60 hp2 = 10:00

Y p1 = 145:83 Bp1 = 148:47 cp1 = 96:39 hp1 = 10:42

Y np = 100:00 Bnp = 92:13 cnp = 92:13 hnp = 10

T 0 (Y np) = 0 T 0 (Y p1 ) = �10:12% T 0 (Y p2 ) = 0

Unp (Y np; Bnp) = 42:13 Up1 (Y
p
1 ; B

p
1) = 42:13 Up2 (Y

p
2 ; B

p
2) = 52:60

ATR (Y np; Bnp) = 7:87% ATR (Y p1 ; B
p
1) = �1:81% ATR (Y p2 ; B

p
2) = �1:73%

SWF = 42:13

At the second-best optimum described above there are two self-selection con-

straints that are binding. One binding constraint relates parents of type 2 to

parents of type 1: the former are indi¤erent between choosing the bundle inten-

ded for them by the government, i.e. the bundle (Y p2 ; B
p
2) = (150:00; 152:60), and

the bundle intended for the latter, i.e. the bundle (Y p1 ; B
p
1) = (145:83; 148:47).

The other binding self-selection constraint relates non-parents to parents of type

1: the former are indi¤erent between choosing the bundle intended for them by

the government, i.e. the bundle (Y np; Bnp) = (100:00; 92:13), and the bundle

intended for the latter, i.e. the bundle (Y p1 ; B
p
1) = (145:83; 148:47). Even though

these two binding constraints call for distorting the labor supply of parents of type

1 in opposite directions (the �rst requires distorting downwards the labor supply

of parents of type 1, whereas the other requires an upward distortion on the labor

supply of parents of type 1), relaxing the second self-selection constraint proves

to be more important (since it is from non-parents that the government collects

the revenue used to �nance the redistributive cash transfers), which explains why

parents of type 1 end up facing a negative marginal tax rate.

14



3.3 Income e¤ects on labor supply

So far, due to our assumption that utility is quasi-linear in consumption, we

have assumed away income e¤ects on labor supply. To allow for income e¤ects

on labor supply, assume now that individual preferences are represented by the

utility function

U = log (c)� 1

1 + 1
�

h1+
1
� : (15)

We set � = 0:5, wp = 13, wnp = 10, q = 5 and focus on the case � = 1. At a

�rst-best max-min optimum we have:

Y p = 12:22 Bp = 13:21 cp = 8:51 hp = 0:94

Y np = 10:51 Bnp = 9:51 cnp = 9:51 hnp = 1:05

T 0 (Y np) = 0 T 0 (Y p) = 0

Up (Y p; Bp) = 1:70 Unp (Y np; Bnp) = 1:70 Unp (Y p; Bp) = 1:70

SWF = 1:70 ATR (Y p; Bp) = �8:17% ATR (Y np; Bnp) = 9:49%

At a second-best max-min optimum we instead have:

Y p = 14:79 Bp = 15:85 cp = 10:20 hp = 1:13

Y np = 10:60 Bnp = 9:44 cnp = 9:44 hnp = 1:06

T 0 (Y np) = 0 T 0 (Y p) = �27:17%

Up (Y p; Bp) = 1:68 Unp (Y np; Bnp) = 1:68 Unp (Y p; Bp) = 1:68348

SWF = 1:68 ATR (Y p; Bp) = �7:87% ATR (Y np; Bnp) = 10:92%

Utilitarian SWF With individual preferences represented by (15), we can also

show the possibility that negative marginal tax rates arise under a utilitarian social

welfare function (SWF = �Up (Y p; Bp) + (1� �)Unp (Y np; Bnp)). Choosing the
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same parameter values as above (� = 0:5, wp = 13, wnp = 10, q = 5), at a

�rst-best utilitarian optimum we have:

Y p = 11:48 Bp = 13:47 cp = 9:06 hp = 0:88

Y np = 11:04 Bnp = 9:06 cnp = 9:06 hnp = 1:10

T 0 (Y np) = T 0 (Y p) = 0

Up (Y p; Bp) = 1:81 Unp (Y np; Bnp) = 1:59 Unp (Y p; Bp) = 1:94

SWF = 1:70 ATR (Y p; Bp) = �17:31% ATR (Y np; Bnp) = 18%

At a second-best utilitarian optimum we instead have:

Y p = 13:04 Bp = 13:52 cp = 8:51 hp = 1:00

Y np = 10:24 Bnp = 9:76 cnp = 9:76 hnp = 1:02

T 0 (Y np) = 0 T 0 (Y p) = �4:12%

Up (Y p; Bp) = 1:63764 Unp (Y np; Bnp) = 1:75 Unp (Y p; Bp) = 1:75

SWF = 1:69577 ATR (Y p; Bp) = �3:69% ATR (Y np; Bnp) = 4:7%

In the examples above parents earn more than non-parents both at the �rst-

best and the second-best optimum. The example below illustrates the possibility

of cases where, despite the fact that redistribution always goes from non-parents

to parents, it goes from high- to low-income earners at a �rst-best optimum (where

Y p < Y np), whereas it goes in the opposite direction at a second-best optimum

(where Y p > Y np). Let � = 0:5, wp = 12, wnp = 10, q = 5. At a �rst-best
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utilitarian optimum we have:

Y p = 9:73 Bp = 12:69 cp = 8:63 hp = 0:810998

Y np = 11:59 Bnp = 8:63 cnp = 8:63 hnp = 1:16

T 0 (Y np) = T 0 (Y p) = 0

Up (Y p; Bp) = 1:83 Unp (Y np; Bnp) = 1:48 Unp (Y p; Bp) = 2:07

SWF = 1:66 ATR (Y p; Bp) = �30:36% ATR (Y np; Bnp) = 25:50%

At a second-best utilitarian optimum we have:

Y p = 12:35 Bp = 12:64 cp = 7:49 hp = 1:0292

Y np = 10:14 Bnp = 9:86 cnp = 9:86 hnp = 1:014

T 0 (Y np) = 0 T 0 (Y p) = �5:90%

Up (Y p; Bp) = 1:48 Unp (Y np; Bnp) = 1:77 Unp (Y p; Bp) = 1:77

SWF = 1:63 ATR (Y p; Bp) = �2:31% ATR (Y np; Bnp) = 2:81%

The intuition for the possibility that, when moving from a �rst-best optimum

to a second-best optimum, a re-ranking of income may occur is the following.

Assume, as in the previous example, that parents earn less than non-parents at

the �rst-best utilitarian optimum and redistribution goes from high-income to

low-income earners. If the �rst-best optimum is not incentive-compatible, an

information rent must be granted to non-parents at a second-best optimum (to

ensure implementability under an anonymous nonlinear income tax schedule).

This implies that, while the labor supply of non-parents remains undistorted,

their utility must increase compared to the �rst-best optimum; on the other hand,

the labor supply of parents needs to be distorted and their utility must decrease

compared to the �rst-best optimum. Since to raise the utility of non-parents, while

keeping their labor supply undistorted, one has to lower Y np while at the same
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time raise Bnp,8 it follows that one can conceive of cases where Y np > Y p and

Y np � Bnp > 0 at a �rst-best optimum whereas a second-best optimum features

Y np < Y p and an upward distortion on the labor supply of parents.

Finally, the last example shows that, also under a utilitarian social welfare

function, negative marginal tax rates do not necessarily arise at the top of the

income distribution. Assume that there are three types of agents, non-parents

earning a wage rate wnp = 10, parents earning a wage rate wp1 = 12 and parents

earning a wage rate wp2 = 13:5 (where we use a subscript j = 1; 2 to distinguish

between variables or parameters pertaining to the two di¤erent groups of parents).

Moreover, let � = 0:75 (with �1 = 0:25 and �2 = 0:5 denoting respectively the

proportions of parents of type 1 and 2 in the total population), and q = 5. At a

second-best utilitarian optimum we have:

Y p2 = 13:41 Bp2 = 13:52 cp2 = 8:55719 hp2 = 0:99

Y p1 = 12:37 Bp1 = 12:53 cp1 = 7:38 hp1 = 1:03

Y np = 10:20 Bnp = 9:81 cnp = 9:81 hnp = 1:02

T 0 (Y np) = 0 T 0 (Y p1 ) = �5:04% T 0 (Y p2 ) = 0

Unp (Y np; Bnp) = 1:76 Up1 (Y
p
1 ; B

p
1) = 1:47 Up2 (Y

p
2 ; B

p
2) = 1:65

ATR (Y np; Bnp) = �3:82% ATR (Y p1 ; B
p
1) = �1:31% ATR (Y p2 ; B

p
2) = �0:85%

SWF = 1:63

At the second-best optimum described above there are two self-selection con-

straints that are binding. One binding self-selection constraint relates parents

of type 2 to parents of type 1. In particular, parents of type 2 are indi¤er-

8This comes from the fact that, with preferences represented by (15), the set of (Y;B)-bundles
where the labor supply of non-parents is undistorted satisfy the condition 1

(wnp)(1+�)=�
BY 1=� = 1.

Thus, starting from the bundle assigned to non-parents at a �rst best utilitarian optimum, raising
the utility of non-parents while keeping their labor supply undistorted requires to raise B and
lower Y .
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ent between choosing the bundle intended for them by the government, i.e. the

bundle (Y p2 ; B
p
2) = (13:41; 13:52), and the bundle intended for parents of type 1,

i.e. the bundle (Y p1 ; B
p
1) = (12:37; 12:53). The other binding self-selection con-

straint relates parents of type 1 to non-parents. In particular, non-parents are

indi¤erent between choosing the bundle intended for them by the government,

i.e. the bundle (Y np; Bnp) = (10:20; 9:81), and the bundle intended for parents of

type 1, i.e. the bundle (Y p1 ; B
p
1) = (12:37; 12:53). Even though these two binding

self-selection constraints call for distorting the labor supply of parents of type 1

in di¤erent directions (the �rst binding self-selection constraint calls for distort-

ing downwards the labor supply of parents of type 1, whereas the second binding

self-selection constraint calls for distorting upwards the labor supply of parents of

type 1), relaxing the second self-selection constraint appears more relevant, which

explains why parents of type 1 are subject to a negative marginal tax rate.

4 Concluding remarks

Previous contributions in the optimal tax literature have highlighted the possibil-

ity to obtain negative marginal income tax rates when introducing heterogeneous

preferences or introducing an extensive margin of labor supply together with het-

erogeneous �xed costs of work.

In this paper we have highlighted how negative marginal income tax rates can

be generated by introducing heterogeneity in needs (for a work-related consump-

tion good) in a pure intensive-margin optimal income tax model where agents

have identical preferences.

We have shown that the result holds for both a max-min- and a utilitarian

social welfare function. Moreover, while in a two-type setting the possibility of

having optimal negative marginal tax rates is con�ned to the top of the income
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distribution, in a setting with more than two types negative marginal tax rates

can also apply at intermediate levels of income. Finally, we have shown that, when

an optimal nonlinear income tax features (at least some) negative marginal tax

rates, a re-ranking of income may occur when moving from a �rst-best optimum

to a second-best optimum.

A Proof of Proposition 1

We have already established that, under our assumption (13), the �rst-best max-

min optimum cannot be implemented via a nonlinear income tax schedule since

non-parents would be better o¤ choosing the bundle intended for parents. There-

fore, in a second-best setting, the problem solved by the government becomes:

max
Y p;Bp;Y np;Bnp

Bp � q

wp
Y p � 1

1 + 1
�

�
Y p

wp

�1+ 1
�

subject to:

� [Y p �Bp] + (1� �) [Y np �Bnp] = 0;

Bnp � 1

1 + 1
�

�
Y np

wnp

�1+ 1
�

= Bp � 1

1 + 1
�

�
Y p

wnp

�1+ 1
�

;

Bnp � 1

1 + 1
�

�
Y np

wnp

�1+ 1
�

� Bp � q

wp
Y p � 1

1 + 1
�

�
Y p

wp

�1+ 1
�

where the second constraint is the incentive-compatibility constraint requiring that

non-parents have no incentive to choose the (Y;B)-bundle intended for parents.

Denoting by � the Lagrange multiplier attached to the government�s budget

constraint, by � the multiplier attached to the incentive-compatibility constraint,

and by � the multiplier attached to the last constraint, the �rst order conditions
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for an optimum are:

Y np : � (�+ �) 1

wnp

�
Y np

wnp

� 1
�

= �� (1� �) (A1)

Bnp : �+ � = � (1� �) (A2)

Y p :

"
� q

wp
� 1

wp

�
Y p

wp

� 1
�

#
(1� �) + � 1

wnp

�
Y p

wnp

� 1
�

+ �� = 0 (A3)

Bp : 1� �� = �+ � (A4)

Combining (A1) and (A2) gives:

Y np = (wnp)�+1 ; (A5)

which implies that the labor supply of non-parents is left undistorted.

Moreover, combining (A2) and (A4) gives:

� = 1; (A6)

� = 1� � � �: (A7)

Notice that at the solution to the government�s problem above, the �-constraint

might either be binding or not. If the �-constraint is binding, then combining the

�-constraint and the �-constraint we obtain:

Bp � 1

1 + 1
�

�
Y p

wnp

�1+ 1
�

= Bp � q

wp
Y p � 1

1 + 1
�

�
Y p

wp

�1+ 1
�

: (A8)

In turn, (A8) implies that either

Y p = 0; (A9)

or

Y p =

�
q

wp
1 + �

�

�� "�
1

wnp

�1+ 1
�

�
�
1

wp

�1+ 1
�

#��

=

�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�

h
(wp)1+

1
� � (wnp)1+

1
�

i��
: (A10)
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In order to establish which of the two alternatives is welfare-dominating, consider

the �rst possibility. When Y p = 0, and with Y np given by (A5), the resulting

values for Bp and Bnp (satisfying the public budget constraint and the incentive-

compatibility constraint for non-parents) can be found by solving the following

system of equations:

� [Y p �Bp] + (1� �) [Y np �Bnp] = 0; (A11)

Bnp � 1

1 + 1
�

�
Y np

wnp

�1+ 1
�

= Bp � 1

1 + 1
�

�
Y p

wnp

�1+ 1
�

; (A12)

or, equivalently:

��Bp + (1� �)
h
(wnp)�+1 �Bnp

i
= 0;

Bnp � � 1

1 + �
(wnp)�+1 = Bp;

which imply:

Bp =
1� �
1 + �

(wnp)�+1 ;

Bnp =
1� � + �
1 + �

(wnp)�+1 :

Thus, with Y p = 0 the utility for parents would be given by:

Up = Bp � q

wp
Y p � 1

1 + 1
�

�
Y p

wp

�1+ 1
�

=
1� �
1 + �

(wnp)�+1 : (A13)

Now consider the other case in which the �-constraint is binding, namely (A10).

In this case, the resulting values for Bp and Bnp can still be found by solving

(A11)-(A12), which now imply

�

"�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�

h
(wp)1+

1
� � (wnp)1+

1
�

i��
�Bp

#
+(1� �)

h
(wnp)�+1 �Bnp

i
= 0;
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Bnp�� 1

1 + �
(wnp)�+1 = Bp�� 1

1 + �

�
q

wp
1 + �

�

��+1
(wnp)�+1 (wp)(1+�)(1+

1
� )h

(wp)1+
1
� � (wnp)1+

1
�

i�+1 ;
and therefore:

Bnp =

�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�h

(wp)1+
1
� � (wnp)1+

1
�

i�+1 h�1� q

wp

�
(wp)1+

1
� � (wnp)1+

1
�

i
�

+
1� � + �
1 + �

(wnp)�+1

Bp =

�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�h

(wp)1+
1
� � (wnp)1+

1
�

i�+1 nh� + q

wp
(1� �)

i
(wp)1+

1
� � � (wnp)1+

1
�

o
+

1

1 + �
(1� �) (wnp)�+1

Thus, with Y p given by (A10) the utility for parents would be given by:

Up = Bp � q

wp
Y p � 1

1 + 1
�

�
Y p

wp

�1+ 1
�

=

�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�h

(wp)1+
1
� � (wnp)1+

1
�

i�+1 nh� + q

wp
(1� �)

i
(wp)1+

1
� � � (wnp)1+

1
�

o

+
1

1 + �
(1� �) (wnp)�+1 � q

wp

�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�h

(wp)1+
1
� � (wnp)1+

1
�

i�
�� 1

1 + �

8><>:
�
q

wp
1 + �

�

��
(wnp)1+� (wp)�h

(wp)1+
1
� � (wnp)1+

1
�

i�
9>=>;
1+ 1

�

and therefore:

Up =

�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�h

(wp)1+
1
� � (wnp)1+

1
�

i�+1 h�1� q

wp

�
(wp)1+

1
� � (wnp)1+

1
�

i
�

+
1

1 + �
(1� �) (wnp)�+1 (A14)
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We can therefore conclude that, when the �-constraint is binding at a second-best

optimum, parents will supply a positive amount of labor when the value for utility

given by (A14) exceeds the value provided by (A13), namely when:�
q

wp
1 + �

�

��
(wnp)1+� (wp)1+�h

(wp)1+
1
� � (wnp)1+

1
�

i�+1 h�1� q

wp

�
(wp)1+

1
� � (wnp)1+

1
�

i
� > 0;

or, equivalently:

(wnp)1+
1
� <

wp � q
wp

(wp)1+
1
� = (wp � q) (wp)

1
� :

Since the condition above is always satis�ed under our initial assumption (13),9

we can conclude that, when the �-constraint is binding at the solution to the

second-best government�s problem, the labor supply of parents will be given by:

Y p

wp
=

�
q

wp
1 + �

�

��
(wnp)1+� (wp)�

h
(wp)1+

1
� � (wnp)1+

1
�

i��
: (A15)

To ascertain whether the value for labor supply provided by (A15) implies a

downward or upward distortion on the labor supply of parents, we need to compare

it with the undistorted value for labor supply provided by (6). In particular,

(A15) implies that the labor supply of parents is distorted upwards (i.e. they face

a negative marginal tax rate10) when the following condition holds:�
q

wp
1 + �

�

��
(wnp)1+� (wp)�

h
(wp)1+

1
� � (wnp)1+

1
�

i��
> [wp � q]� ;

9Notice that [�+ q
wp (1��)]

�

[( q
wp+�)(wp)

�1=�]
� > (w

p)
1��

(wp � q)� .
10We follow the common practice in the optimal tax literature and de�ne the (implicit)

marginal tax rate faced by an agent of type j (j = p; np) at a given (Y;B)-bundle as
1 � MRSjY B (Y;B), where MRS

j
Y B (Y;B) denotes the agent marginal rate of substitution

between pre-tax income and after-tax income for an agent of type j at the bundle (Y;B).
With our quasi-linear speci�cation of the individual utility function, for j = p we have

MRSpY B (Y;B) =
q
wp +

1
wp

�
Y
wp

�1=�
, and for j = np we have MRSnpY B (Y;B) =

1
wnp

�
Y
wnp

�1=�
.
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or, equivalently:

(wnp)1+� >

�
wp � q
wp

�� �
q

wp
1 + �

�

��� h
(wp)1+

1
� � (wnp)1+

1
�

i�
(wnp)

1+�
� >

wp � q
q

�

1 + �

h
(wp)1+

1
� � (wnp)1+

1
�

i
(wnp)1+

1
� >

� (wp � q)
q + wp�

(wp)1+
1
� (A16)

Noticing that the condition above is implied by our initial assumption (13),11 we

can conclude that, when the �-constraint is binding at the solution to the second-

best government�s problem, the labor supply of parents is distorted upwards and

they will face a negative marginal tax rate.

The next step is now to evaluate the labor supply of parents at a second-best

optimum when the �-constraint is non-binding. Before embarking in this task,

however, it is useful for later purposes to notice that, substituting (A6), (A7) and

(A10) into (A3) we get:�
� q

wp
� q

wp
1 + �

�
(wnp)

1+�
�

h
(wp)1+

1
� � (wnp)1+

1
�

i�1�
(1� �)

+ (1� � � �) q
wp
1 + �

�
(wp)

1+�
�

h
(wp)1+

1
� � (wnp)1+

1
�

i�1
+ �

= 0;

which can be solved to provide the following value for �:

� =
� � q

wp
+ q

wp
1+�
�

h
(1� �) (wp)1+

1
� � (wnp)

1+�
�

i h
(wp)1+

1
� � (wnp)1+

1
�

i�1
q

�wp:

(A17)

11In fact, notice that, by raising to the power of � both sides of (A16) gives:

(wnp)
1+�

>

�
� (wp � q)
q + wp�

��
(wp)

1+�
:
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Given that the denominator of the expression on the right hand side of (A17) is

positive, in order to have � > 0 the following condition must be ful�lled:

� +
q

wp
1 + �

�

h
(1� �) (wp)1+

1
� � (wnp)

1+�
�

i h
(wp)1+

1
� � (wnp)1+

1
�

i�1
>
q

wp
;

or, equivalently:

�

�
1� q

wp
1 + �

�
(wp)1+

1
�

h
(wp)1+

1
� � (wnp)1+

1
�

i�1�
> � q

wp
1

�
: (A18)

Noticing that, under our initial assumption (13), it follows that the expression in

curly brackets in (A18) is negative,12 we can rewrite (A18) as:

� <
q

wp
1

q
wp
(1 + �) (wp)1+

1
�

h
(wp)1+

1
� � (wnp)1+

1
�

i�1
� �

;

or, equivalently:

� <
q

wp
(wp)1+

1
� � (wnp)1+

1
�

[q � � (wp � q)] (wp)
1
� + � (wnp)1+

1
�

: (A19)

Thus, condition (A19) provides an upper bound for �, i.e. the proportion of

parents in the population, in order for the �-constraint to be binding at the solution

to the government�s problem.13 Let�s now consider the labor supply of parents at a
12This is true since

1� q

wp
1 + �

�
(wp)

1+ 1
�

h
(wp)

1+ 1
� � (wnp)1+

1
�

i�1
< 0

requires

(wnp)
1+�

> (wp)
1+�

�
wp� � q (1 + �)

wp�

��
;

and we also have that
wp� � q (1 + �)

wp�
<
� (wp � q)
q + �wp

:

13When � > 0, eq. (A17) can be combined with (A7) to obtain:

� =
�q� � ��wp + q (1 + �)� (wp)1+

1
�

h
(wp)

1+ 1
� � (wnp)1+

1
�

i�1
q

:
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second-best optimum when the �-constraint is non-binding. In this case (� = 0),

from (A3) we obtain (taking into account that � = 1 � � from (A7) and that

� = 1) a �rst order condition that takes the following form:

� q

wp
� 1

wp

�
Y p

wp

� 1
�

+ (1� �) 1

wnp

�
Y p

wnp

� 1
�

+ � = 0; (A20)

with associated second order condition

(1� �) 1
�

�
Y p

wnp

� 1
�
�1�

1

wnp

�2
� 1

�

�
Y p

wp

� 1
�
�1�

1

wp

�2
< 0;

which in turn requires:

� >

�
1
wnp

�1+ 1
� �

�
1
wp

�1+ 1
��

1
wnp

�1+ 1
�

=
(wp)1+

1
� � (wnp)1+

1
�

(wp)1+
1
�

: (A21)

Solving (A20) for Y p gives:

Y p =

�
q � �wp
wp

�� "
(1� �)

�
1

wnp

�1+ 1
�

�
�
1

wp

�1+ 1
�

#��
: (A22)

To ascertain whether the value for labor supply provided by (A22) implies a

downward or upward distortion on the labor supply of parents, we need to compare

it with the undistorted value for labor supply provided by (6). In particular,

(A22) implies that the labor supply of parents is distorted upwards (i.e. they face

a negative marginal tax rate) when the following condition holds:

�
q � �wp
wp

�� "
(1� �)

�
1

wnp

�1+ 1
�

�
�
1

wp

�1+ 1
�

#��
> wp [wp � q]� ;

or, equivalently:

(q � �wp)�
"
(1� �) (wp)1+

1
� � (wnp)1+

1
�

(wnp)1+
1
� (wp)1+

1
�

#��
> (wp)1+� [wp � q]� ;
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and therefore:

(wnp)�+1 (q � �wp)�
h
(1� �) (wp)1+

1
� � (wnp)1+

1
�

i��
> [wp � q]� : (A23)

Noticing that (A21) implies (1� �) (wp)1+
1
��(wnp)1+

1
� < 0 and also q��wp < 0,14

inequality (A23) can be rewritten as:

(wnp)�+1 >
[wp � q]�

h
(1� �) (wp)1+

1
� � (wnp)1+

1
�

i�
(q � �wp)�

;

or, equivalently:

(wnp)1+
1
� (q � �wp) < [wp � q]

h
(1� �) (wp)1+

1
� � (wnp)1+

1
�

i
:

Collecting the terms depending on wnp, the inequality above can be re-expressed

as:

(wnp)1+
1
� [q � �wp + wp � q] < [wp � q] (1� �) (wp)1+

1
� ;

or, equivalently:

(wnp)1+
1
� < [wp � q] (wp)

1
� :

Thus, given that the condition above is implied by our initial assumption (13),

we can conclude that, when the �-constraint is not binding at the solution to

the second-best government�s problem, the labor supply of parents is distorted

upwards and they will face a negative marginal tax rate.

Summarizing our results, we have that under the assumption (13), a second-

best max-min optimum will always feature an upward distortion on the labor

supply of parents. Moreover, when the proportion of parents is su¢ ciently low,

namely when (A19) holds, the �-constraint will be binding so that both parents

14The latter inequality comes from the fact that, under our initial assumption (13), we have

that q=wp <
h
(wp)

1+ 1
� � (wnp)1+

1
�

i
= (wp)

1+ 1
� .
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and non-parents will enjoy the same level of utility.15 When instead (A19) does

not hold, the �-constraint will not be binding and non-parents will enjoy a higher

level of utility than parents. Finally, since parents were already earning more than

non-parents at the �rst-best optimum (where neither the labor supply of parents

nor that of non-parents were distorted), parents will still earn more than non-

parents at the second-best optimum (given that the labor supply of the former is

distorted upwards whereas the labor supply of the latter is left undistorted).
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