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Designing the Policy Mix in a Monetary Union

Abstract

This paper studies the design of the policy mix in a monetary union, that is, the institutional
arrangement specifying the relationships between the various policymakers present in the union
and the extent of their capacity of action. It is assumed that policymakers do not cooperate.
Detailing several institutional variants imposed on an otherwise standard macromodel of a
monetary union, we prove that there is no Pareto-superior design when cooperation between
policymakers is impossible.
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1 Introduction.

Designing the institutions of a multi-national monetary union for stabilization purposes and
setting up the policy mix is rife with difficulties'. Three main difficulties, specific to a mon-
etary union, must be addressed. First, stabilization objectives are twofold: stabilizing the
union’s economy and stabilizing the country-specific economies. Second, several of policy-
makers (more than 2), each with its own macroeconomic preferences, coexist. Third, the
(national) economic structures which constitute the union are asymmetrical. In addition,
there exists the standard difficulty of the policy mix, that is, no-cooperation or incomplete
cooperation between policymakers which also exists in a unified economy.

These complex issues explain why the debates on how to organize a monetary union are rife
and intense.? Of course the best known example is the European monetary union and its
decade-long search for the right ‘engine’. Even before its creation, the debates on the statutes
of the European system of central banks and the Furopean central bank have been lasting
and sometimes acrimonous between national goverments. Since its inception, this union
has experimented several institutional settings for framing the fiscal capacities of national
Treasuries, modifiying the provisions enclosed in the Maastricht Treaty over time.® But the
same institutional fragility can be found in any monetary union, as no institutional feature
encounters unanimous and permanent consent from governements and political parties.

Therefore the issue is whether there is a design of the relations and responsibilities of the
various policymakers, framing the policy mix decisions, which can be seen as Pareto-superior
and attracts a large consensus. A striking ‘symbiotic’ result has been reached by Dixit and
Lambertini ([4]): Using a linear-quadratic framework, they show that, when all monetary
and fiscal authorities agree on the desirable ‘optimal’ inflation and output levels, the Nash
outcome of a simultaneous non-cooperation game among policymakers (that is, the Nash
outcome coincides with the bliss point).*

This paper tackles again the design of the policy mix of a monetary union subject to various
shocks. It claims that no ranking of settings can be made such that one of them appears to
be Pareto-superior in any circumstances. It must be concluded that the design of a monetary
union cannot be made according to dogmas or abstract and general principles but must be
made according to the peculiarities of the monetary union and its included entities. But
even if these specificities are taken into account (implying that they are well informed and
known), it may not be possible to define a Pareto-superior design. Disagreements are likely
to be inherent to monetary unions.

'For a recent survey on the topic, see Foresti ([5]).

2Early contributions to the issue are Beetsma and Uhlig ([1]), Beetsma and Bovenberg ([2]), and Uhlig
([10)

30n the Growth and Stability Pact, see Buti [3]. On the modification of its provision, refer to
https://ec.europa.eu/info/business-economy-euro/economic-and-fiscal-policy-coordination/eu-economic-
governance-monitoring-prevention-correction /stability-and-growth-pact /history-stability-and-growth-
pact__en

4The result obtained by Dixit and Lambertini is even richer: they prove that the outcome of any non-
cooperation game is the bliss point. Kempf and Von Thadden ([8, 9]) generalize this result to coalition-based
games and prove that the twin assumption of a linear-quadratic framework and unanimous agreement on the
desirable configurations is critical to obtain the symbiotic result.



2 A simple model of a monetary union.

In this section we develop a standard reduced form macromodel of a monetary union, when
there is a union central bank and country-specific fiscal authorities. Each policymaker is
characterized by a loss function which formalizes its preferences as far as macroeconomic
stabilization is concerned.® An essential feature of the model is its stochastic nature: shocks,
both global and idiosyncratic, hit the union’s economy. The issue is therefore how and
whether there is a best design so as to cope with these shocks.

2.1 The model.

We consider a two-country symmetrical monetary union, hit by a global nominal shock and
idiosyncratic country-specific real shocks. In each country there exists a fiscal authority
fully and independently controlling a fiscal instrument, denoted by ¢;, in reference to its
objectives. The union’s central bank which is fully independent from any national fiscal
authority controls a monetary policy instrument, denoted by mj,.

The country 7 aggregate product, denoted by y;, is given by the following equation:
yi=9+agi+(1—a)g+b(r—7°)+u, Vi=12 (1)

where ¢ denotes the natural aggregate product in country ¢, 7 the inflation rate of the union,
¢ the union inflation rate expected by private agents, g; the fiscal instrument in country 4,
g_; the fiscal instrument in the other country. w; is the real shock hitting country 7 ; it is a
white noise i.i.d., of expectation zero and variance o2. The distribution of real shocks is the
same in both countries but the realizations may differ. There exists a cross-border spillover
effect: The country 7 aggregate product depends on both fiscal variables. The magnitude of
this effect is stronger when coefficient a is weaker. We assume a > 1/2. Finally, the natural
aggregate product is the same in both countries. The domestic multiplier of a local impulsion
is therefore equal to a and the cross-border multiplier to (1 — a).

Inflation is identical in both countries. It is given by the following equation:

2
W:cZgj+7rM+€ (2)

j=1
where ), represents the instrument controlled by the central bank of the union and ¢ the
monetary shock affecting uniformly inflation ; ¢ is a white noise i.i.d., of expectation zero
and variance 2. Inflation depends on the fiscal instruments and the central bank may be
willing to counter this impact through its manipulation of its own monetary instrument 7.

The various policymakers are characterized by loss functions which formalize their prefer-
ences. The loss function of the fiscal policymaker in country ¢ is given by the following
formula:

1 w1,
L= =0 (y;, — -
; 2(.% x)+27f (3)

5The model is a version of the canonical model frequently used to study policy issues, in particular in the
context of a monetary union. See for exemple Gros and Hefeker ([6]).
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where Y is the level of aggregate product desired by both fiscal authorities. We assume that
they have the same inflation objective (0). 6 is the weight given to the product objective
relative to the nominal objective. This weight is the same in both countries. Therefore the
‘fiscal’ loss functions are identical for both countries.

The loss function of the monetary policymaker (the central bank) is given by:
1 . 1
Ly = §0M (T — Xu)* + §7T2 (4)

where Y, is the level of aggregate product desired by the monetary policymaker and 3 is the
mean aggregate product of the union. This product is defined by:

L1 o
?:y+§(91+92)+b(ﬂ—7)+u (5)

where g denotes the mean natural aggregate product in the union, equal to the country
natural aggregate product. 6, is the weight given the central bank to the product objective
relative to the nominal objective. The weaker it is, the more concerned about inflation is the
central bank.

The loss functions of the fiscal authorities differ from the one of the central bank. The
differences are due to differing product objectives and weight coefficients: yy # x and
Op # 0. In fine the parameter vector is {a,b,c, 9,02, 0% X, X, 0,0} In the following
computations we retain a unique difference, ya; # ¥.°

2.2 Institutional variants.

The relationships between the central bank and the fiscal policymakers rely on institutional
rules designing the way authorities act with respect to one another. In particular, a rule
may constrain national fiscal Treasuries to balance their budget. Another rule may specify
how fiscal authorities cooperate or the type of hierarchical dependance relationships between
policymakers. In this paper, we focus on rules constraining fiscal or monetary actions. It is
interesting to study a constraint limiting the discretionary capacity of fiscal authorities given
the numerous discussions on the opportunity to limit the extent of public deficits in monetary
unions, or even to impose a balanced budget rule whatever the circumstances. Here we retain
the following constraint on public budgets: g; = 0. Conversely, it is often suggested that
a central bank should not adopt a discretionary policy and react to shocks. In the present
setting, this amounts to impose 7, = 0

The model is static: there exist no lagged terms in this economy. The endogenous variables
of the model are functions of the realizations of shocks and the objectives of policymakers.
The timing of the sequence of decisions is the following:

1. Private agents form their inflation expectations.

2. A state of nature is realized: the values of shocks are known.

6As we shall see, this is enough to make the computations complex.



3. The various policymakers make their decisions in accordance to the set of restrictions
imposed on them: the values taken by the instrument variables are set.

4. Aggregate products and inflation are obtained. Losses are computed for the various
policymakers.

Decisions made at stage 3 depend on the relationship between the various policymakers and
on the constraints importance of rules for the policy mix in a monetary union. We distinguish
three options. In all cases, we assume that policymakers do not cooperate.

1. The first option corresponds to constrained fiscal policies/unconstrained monetary policy
(Option 1). The fiscal Treasuries are unable to have a discretionay fiscal policy: g; =
0, V2 = 1,2. We can interpret this constraint as the imposition of a strict balanced
budget constraint. In such an option, the sole policy decision is made by the central
bank which takes the responsibility of stabilization issues based solely on its preferences.

2. The second option corresponds to a balanced policy miz (Option 2). In this option,
there is neither quantitative constraint nor hierarchical relationship. Policymakers make
their decisions in stage 3 simultaneously and non-cooperatively.

3. The third option corresponds to unconstrained fiscal policies/constrained monetary pol-
icy (Option ). In this option we assume a totally inactive central bank. Formally, we
assume 7, = 0. Inflation results entirely on fiscal decisions (taken non-cooperatively).
The option is the reverse case of Option 1.

These options reflect recurring controversies on the capacity of the central bank and the
balanced budget constraint, in particular in the context of the eurozone.

2.3 Expected losses.

Combining the various equations of the model, the following expressions for the losses of the
various policymakers obtain:

1 1
L; = 56’((a+bc)gi+(1+bc—a)g_i+b(7rM—|—€—7re)—i—ui—X)2+§(c(gl+gg)+7rM—i—€)2
(6)
1

1 1 _ 2
Ly = 59 <(2 +bc) (g1 +¢g2) +b(my+e—7°) +u— XM> +3 (c(g1+ g2) + mar +€)° (7)
with xar = Xm — 9, X = X — . u is the mean real shock. We normalize the problem assuming
xm = 0. We shall (loosely) interpret y as the difference between product objectives of the
various authorities. To compare the various options, we use as indicators the expected losses
of the policymakers E (L;) and E (Ly;) obtained for the different options.
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2.3.1 The case of constrained fiscal policies/unconstrained monetary policy (Op-
tion 1).

In the case when national fiscal authorities are unable to manipulate their instrument (g; =
0, Vi), the losses are immediately given by:

Li= < [0 (x+b(mu + &)+ u)’ + (s + )] (8)

N —

Ly = ; 0/ Cas +b (g + ) + ) + (mar + ] (9)

The sole policy decision is taken by the central bank which chooses 7. As the objective of
fiscal authorities plays no role in this variant and, given the properties of shocks, the inflation
anticipations of private agents are obviously:

=0 (10)
The optimal solution, denoted by 717, is given by the following equation (see Appendix)”:
6b
= — 11
M (1 n ebg) u € ( )

The central bank’s decision depends negatively on nominal and real shocks. Insofar as it is
the sole acting authority using a single instrument, it is immediate that it aims at compen-
sating their real and inflationary impact, given that its real and nominal objectives are nul.
The central bank reacts one-to-one to the nominal shock. In addition, it augments its coun-
teracting action so as to fight the impact of the mean real shock. Thanks to its instrument,
it is able to nullify the impact of the nominal shock but it lacks supplementary instruments
so as to also neutralize the real shock.

The expected loss of the monetary authority in this configuration, which we denote by
E (L}}), is given by:

2 2
1 1 0b 0
E(LY)=210| ——— 4 2 _ 2 12
(L) 2[ ((1+9b2)> +<(1+6b2)> ]"u 211 002)7" (12)
The expected loss of a fiscal authority, denoted by 1%, is given by:
1 ([ (6b) 0
) _ * 2 72

E(Li)—2<1+0b2+0>au+zx (13)

Their expected losses depend on their product objective x since fiscal authorities are inactive
and they are unable to reach it. Conversely, the expected loss of the central bank does
not depend on it: the central bank solely cares about its own objective (0). The higher
the variance of the real shock, the higher the expected losses of the fiscal and monetary
policymakers. Fiscal authorities are more affected by it than the central bank.

"The solving is based on the undetermined coefficients method applied to games with uncertainty. It has
already been used by Kempf ([7]).



2.3.2 Balanced policy mix (Option 2).

For this option, the losses are equal to:

1 1
Li:59((a+bc)gi+(1+bc—a)g,,-+b(7rM+e)+ui—x)2+§(c(gl+92)+7rM+5)2
(14)

Ly = ;9 ((; +bc) (g1 + g2) + b (mar +¢) “7)2 +;(C(91 @)t te)”  (15)

Solving the optimization programmes of the various policymakers leads to the following
decision rules:

6 (a+ be) a l1—a

N b A+ —c))+2e(—0) =05 2a—1" T 2a-1" (16)
_ 6 (a+ be) 1—a a

"= Tt -0 toed-o - w1 m_1®» 7
= e v ih)Plat ) X +c(ur +up) —¢ (18)

[0 (a+bc)(1+20(1—c))+2c(1—c)— 60

The nominal shock is entirely nullified by the central bank’s decision and thus does not affect
the decision of the fiscal authorities. These authorities concentrate on the real shocks and
leave the central bank tackling the nominal one. The central bank’s decision is affected by the
fiscal authorities’s positive product objective, higher than its own product objective: in a non-
cooperative logic, the central bank attempts to compensate by means of a restrictive action
the temptation of fiscal authorities to stimulate the economy so as to reach their product
objective. Finally the central bank reacts positively to real shocks and not negatively as
in the previously studied option. This is due to the fact that fiscal authorities respond too
strongly in countering the impact of real shocks: acting non-cooperatively, they do not take
into account the cross-border fiscal spillovers of their own action. The central bank which
aims at stabilizing the entire union, is induced to correct this downward bias by reacting
positively to the mean real shock.

It is then possible to compute the expected losses of the various policymakers. For the fiscal
authorities this expected loss is equal to:

(19)

u

E(p)_}9(06—2(1—0)(b9(a+bc)—c))2+(92b(a+bc))2 ) 19[2abc]202
370 [0(atbe) (1+2b(1—c)) +2¢(1—c) — gb] 2" |2a— 1

Similarly, we get for the central bank:

L L, [ef(a+be) (L+be)]” + (6% (a+ b))
B = X Gt b0y (L 20(1 = o)) + 20 (1 — o) — (20)

The expected loss of the central bank is solely affected by the difference in product objectives.
Not only its action has neutralized the nominal shock but in addition the conjunction of
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actions reacting to real shocks implies that their mean has no impact on the union’s product
level and thus on inflation. However, the impact of the difference is product objectives is due
to the interaction between policy actions: as the central bank reacts to the actions of fiscal
authorities which depend on their positive product objective, it is induced to react to this
objective.

The expected loss of a fiscal authority is not affected by the variance of the nominal shock
thanks to the action of the central bank. However, it is affected by the variance of the real
shock, contrarily to the central bank. This is due to the cross-border spillover effects of an
idiosyncratic shock: the no-cooperation configuration does not allow to optimally take them
into account. Similarly, again because of the absence of cooperation between policymakers,
they cannot reach their own product objective since fiscal authorities react to the action of
the central bank which has a different product objective. Thus their expected losses depend
on this latter objective.

2.3.3 The case of unconstrained fiscal policies/constrained monetary policy (Op-
tion 3).

This option is characterized by my; = 0. The losses are equal to:

§ 2 2
1 n n n
Ll:i 91 ()Zl—i—Zang—i—bz (ngj—i‘S) +Ul> -+ (ngj—i—S) (21)
=1

i=1 j=1
LM = 5 QM XM—F%ZZG’UQJ_'—B (ngj—F&“) +U) —+ (cZgj+g) (22)
i=1j=1 =1 =
The fiscal authorities’s decisions are given by the following equations:
~ Olatb) 0 (a+ be)* + ¢ .
=9 a+o0)+22° [0(a+be) (1+2bc) +2¢2 (2a—1) "
0 (a+bc)(1+be—a)+ c? . (0 (a+bc)b+c) (23)
[0 (a+bc) (1 +2bc) + 22 (2a — 1) "2 G (a+ be) (1+ 2be) + 22°
_ B(a+be) B 0 (a + be)® + ¢ .
2= g latbe) 2% [0(atbe)(1+2be) + 22 (20— 1) 2
6 (a+bc)(1+bc—a)+ 2 (0 (a+bc)b+ c) (24)

[0 (a+bc) (1+2bc) + 22 (2a — 1) G (a+ be) (1+ 2be) + 22°

As the central bank does not intervene, the fiscal authorities cannot rely on its action, useful
against the nominal shock. They have to react to this shock. The corresponding expected
loss for the fiscal authorities is given by:

20c¢* + (0 (a + bc))2> ) 40 (a+ be)?
(0 (a + be) + 2¢2)° (6 (a+bec) (14 2bc) + 2¢?)

E(Ly) = ¢’ ( 5 (20203 + Uf) (25)
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and for the central bank:

162 (a + be)? ((1 + 2bc)? —|—402)

E( EM) = 9 [9 (a+bc)—i—2c2]2 X2

(122)" [0 (0 + be) (2be — 1) + 20 + (20 (a + be))*

[0 (a + be) (1 + 2be) + 2¢2)° “

+

(2425) b6 (2be — 1) + 2¢ (¢ — 1)] to(atb) (26)
[0 (a + be) (1 + 2bc) + 2¢2]

The central bank, constrained to inaction, experiences an expected loss linked to the product
objective of the fiscal authorities. This is is the consequence of the fact that the decisions
of the latter authorities, depending on its objective, affect the effective product. The central
bank’s expected loss is also affected by the variances of all shocks. In particular by the
variance of the monetary shock against which it is unable to act.

The expected loss of a fiscal authority also depends on the product objective which is not
reached and on the variance of shocks because the cross-border spillovers of country-specific
fiscal actions are not properly managed. More precisely, as the fiscal authorities control two
instruments when faced by three shocks, this contributes to the inability to perfectly manage
the union’s economies. In particular, the inexistence of an active monetary policy exposes
the fiscal authorities to be impacted by the nominal shock as in option 2, as proved above.

2.4 Comparing variants.

The following table summarizes the obtained results for the three options we studied:

Ezxpected losses

Fiscal authority 1 Central bank
2
Option 1 ng + % (1(_?_?,)2 + 9) o %14—%05
1 0(0b—2(1—c) (b0(a+bc)—c))2+(6%b(a+bc))” f )
Option 2 27 [0(atbe)(1+26(1—c))+2c(1—c)—0b] [c6(atbe) (1-+be)]*+[6%b(a+be)] 2
prion 2 2[6(atbe) (14 26(1—c))+2e(1—c)—6b]2
19 2abc 2
+30 | 31| u
02(a+bc)2((1+2bc)2+4c2) 2
2 (29c2+(9(a+bc))2) 2 (razmey 2[9(a+bc)+2c2]z]2 )
. (0(atbe)+2¢2)? —522)710(a+be) (2bc—1)+2¢* | " +(2¢0(a+bc))* o
Option e et (9262 4 o2) A [0(atbe) (11 2be) 12627 Tu
(6(a+bc)(142bc)+2c2)? u & (%2!’“)2[b9(2bcf1)+2c(cfl)]2+02(a+b6)2 9
+ [0(a+bc)(1+2bc)+2c2]2 O

Given this table, we can make several methodological remarks.

1. No policy mix option appears systematically preferable, that is, generating lower ex-
pected losses for all policymakers than other option, for any vector of parameters. It
is even difficult to spot for which subset of the parameter space one option happens to
be Pareto-superior to the other ones.
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. It is possible to show that option 1, where fiscal authorities are very strongly constrained
and systematically inactive, is Pareto-superior to the other two for some parameter
configurations. But, inversely, we can find configurations for which the Pareto-superior
option is option 2 or option 3.

. In general the interests of the various authorities are opposed. The preferred option
for the central bank is not preferred by the country fiscal authorities. If the various
assumptions made so as to simplify computations are relaxed, the formulas given above
get more complex and the reasons for conflicts are increased.

. The nature of shocks and their distribution laws play a crucial role in the computation
of expected losses. Here the sole dissymmetry between the two countries comes from
the fact that country shocks are idiosyncratic even though they are generated by the
same distribution law. If this assumption is relaxed, the conflicts between authorities
are likely to be increased.

. More generally, we have assumed symmetric countries and identical objectives for the
national fiscal authorities. If we introduce structural asymmetries and differing macroe-
conomic preferences, the following conclusion is reinforced:

Except under very specific conditions, there is no institutional design defin-
ing the relations between the fiscal authorities and the central bank which is
Pareto-superior to other designs.®

In other terms, one cannot expect that a institutional design of the links
between the various policymakers is supported by a general consensus.

. We retained an assumption of no-cooperation between the various policymakers. The
results which have been obtained reflect this absence of cooperation. Given the cross-
border spillover effects existing in a monetary union, each authority takes as given the
decisions of other authorities when defining its reaction function, that is, the formula by
which its decision is made (for example in the case of option 2, equations (33) and (34),
given in the appendix) without internalizing the consequences of its decision on the
other policymakers’s decisions. The three options we retained are constrained by this
no-cooperation feature. It is this absence of cooperation which explains why, except
for some exceptional cases, it is impossible to reach a decision unanimously preferred.

What singularizes the policy mix in a monetary union is the presence of a large number of
policymakers (typically N+1) which must manage a heterogenenous situation due to different
objectives of the policymakers, differing structures and shocks and in addition, cross-border
spillover effects with differing impacts. This complexity is accrued by the configuration of
powers given to the different fiscal authorities and the mandate of the central bank. In the
present paper, these constraints are captured by various limits on the use of instruments
and decision sequences which are imposed on the relationships between policymakers. These
constraints affect the outcome of the policy mix in complex ways. This explains why it is not
possible to define a ranking of these designs and recommend in general one monetary union

8The conditions leading to the symbiotic result are such exceptions.
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design. The evaluation of the ‘good’ design of the policy mix in a monetary union must be
made according to circumstances and structural features.

3 Conclusion.

The main result of this paper is that there is no design of the interactions between non-
cooperating policymakers acting in a monetary union which is Pareto-dominant in any cir-
cumstances (ruling out the conditions leading to the symbiotic result). This result has been
obtained using a canonical linear-quadratic stochastic model of a monetary union with vari-
ous fiscal policymakers and a unique monetary authority. Even for a given configuration of
a monetary union (structural characteristics, loss functions of the policymakers, nature of
shocks being given), it is in general impossible to find a design which is Pareto-superior and
ensures that the policy mix reaches an outcome unanimously preferred by all policymakers.
This is due to the presence of cross-border spillover effects within the monetary union which
affect differently the various coexisting policymakers involved in the policy mix. The eco-
nomic complexity of a monetary union makes almost impossible to define an institutional
framework organizing the relationships between policymakers and the constraints imposed
on them desirable in any circumstance, and not even for a given set of circumstances.

Other options of institutional designs of a monetary union could be envisioned. The issue
of leadership in the policy mix is particularly important as it may be related to the issue of
the fiscal theory of the price level and the distinction between passive and active policies.
Another issue is the merits of a federal fiscal authority for the policy mix: it is unlikely that
such an authority would represent an improvement in the stabilization of a monetary union
in any circumstances but applying the method used in the present article should allow us to
highlight under which circumstances (i.e. for which type of spillovers) the institutional design
involving such a policymaker would be Pareto-superior.? This is left for further research.

In other words, a monetary union is rife with conflicts of interest due to spillover effects
and asymmetries of various origins which cannot be dealt with through institutional fixing
of non-cooperating policymakers. The immediate consequence is that a bargaining process
between authorities and focusing on solving these conflicts is essential for the viability of a
monetary union.
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Appendix.
The case of unconstrained fiscal policies/constrained monetary pol-
icy.
The optimization programme of the monetary authority (unique policymaker) in option 1 is:
. 1 _
ming,, Ly = 3 [(9 (b(mar + ) +a)° + (mar + 5)2] : (27)
The first-order condition is:
oL
b (b (4 €) + @) + (T +e) =0
(97TM

which implies the following expression for the optimal solution 7}%:

6b
1% — 5 . 2
T ) +9b2)u £ (28)

Using this expression in (27), combined with the constraint g; = 0,Vi, the loss for the
monetary authority is equal to:

1

o (1;%2@2 + <<1+9b9b2)“> 2]
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and its expected loss E (LL}):

Let us now compute the loss of a fiscal authority for this option:

E(L};) :é

2= 5 0o (mhore) v =)+ (sl ).

Given the expression for 7}%, we get :

R ]

Thus the expected loss is:

1 ([ (6b) 4
) _ * 2 72
E(Li)—2<1+(%2+0>au+2x. (30)

Option 2. The case of a balanced policy mix.

In option 2, the loss functions are:

1
2"’5 (c(g1+ g2) +ma + 5)2

(31)
Ly = ;9 ((;+bc> (91 + g2) + b (mar + € —7°) +ﬂ> +;(C(91 +g2) +ma )" (32)

1
LZ-:59((a—|—bc)gi+(1—|—bc—a)g_i—|—b(7rM—|—5—7re)—|—uz-—X)

The programme of fiscal authority i is:

2

1 1
ma:cgiLi:59((a+bc)gi—|—(1+bc—a)g,¢—|—b(7rM—|—€—7re)+ui—x) —|—§(c(gl—|—gg)—|—7rM—|—5)2.

Thus the first-order condition writes:

oL; B
dgi B

O((a+bc)gi+(1+bc—a)g—;i+b(my+e—7%) +u; —x)(a+bc)+c(c(gr+g2) + 7y +€)=0

from which the reaction function of this authority derives:

o (latb)(d+be—a)+c*)  (Blatb)bt+ec)  (B(at+be)b+c)
9= @ (a+be)+ ) T Watbe)+) ™ (@(atbe)+)
6 (a + bc) 6 (a + be) b (a + be)

Olatb)+D " @artsg+d) @atbgrd) (33)

14



The programme of the monetary authority is:

1 1 21
maa:WLM:20<<2+bc) (g1~|—gg)+b(7rM+5—7r6)~l—ﬂ) +§(c(gl+gz)+7rM+5)2.

The first-order condition writes:

oL;
87TM

from which the reaction function of this authority derives:

(06 (% +bc) +c) ob? o (1+60%)

e

1
:Qb((2+bc> (gl+gz)+b(7TM+e—7re)+ﬂ>+c(gl+92)+7rM+€=0

The solutions g7, g5, T3, must satisfy:

1ro o) 1+

~ (@lat+b)(d+bc—a)+c*)  (Blatbe)btc)  (Ba+be)b+c)
= 0 (a+ be) + ) PG aroe) @)™ (@(atbe) + @)
_ fla+be) 6 (a+ be) 0b(a+bc)
@(atbe)+) T @arbe)+ )N @(atbo)+e)
~ (@latb)(d+bc—a)+c*)  (flatbc)btc)  (Batbe)b+c)
92 = @(a+bo)+ ) BTGt +) ™ @latbe)+)°
~ f(a+be) _ B(a+bc) 0b(a+bc)
@atbe)+c) 2 @atbe)+) " @(atbe)+e)
o (9b(%+bc)+c) o
T B A (T G

Let us assume that:
g1 = fiux + fuw + fioug + fice

92 = foX + farur + fooug + foce
v = fuX + o + farouo + frce
T = fexX'

We know that:
° =cE (g1 + g2) + E(mum).

Hence:
fex = C(flx + f2x> + fo-
Remark that:

g1+ g2 = (fiy + for) X + (fi1 + far) v + (fiz + fo2) uo + (frc + foo) €.
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We get from (35) and (38):

(0 (a+bc)(1+bc—a)+c?)
[0 (a+ be)? + 02}

JixX + fuur + fioug + fiee = — (faxX + forur + faouo + foc€)

_(Bla+bc)b+c) " " _ (Bla+bc)b+c)
(0 (a+ bc) + ) UaixX + fain + faratiz + fares) [0 (a + be)* + 02} c
6 (a + be) B 6 (a+ be) 6b (a + be)

[9 (a + be)? 02} X [0 (a + be)? + 02] o (0 (a+ be) + ¢2) forx:

Hence:

6 (a+bc)— (0 (a+bec) (1+bc—a)+c?) fay — (0 (a+bc)b+c) fary + 0b(a+be) fe

T= [0 (a + be)? —l—c2]
fn:_9(a—i—bc)~l—(9(a+bc)(1+bc—a)+02)f21+(9(a+bc)b—|—c)fM1+
[9 (a + be)? +02}
f12:_(9(a—|—bc)(1—|—bc—a)+02)f22+(9(a+bc)b+c)fM2
[9 (a+ be) —l—cﬂ
F :_(Q(a—i—bc)b—l—c)(1+fM5)+(9(a+bc)(1+bc—a)—l—cz)fge
. 0 (a + be)® + 2¢2
[ }
and:
b= 6 (a+bc)— (0 (a+bec)(1+bc—a)+c?) fiy— (0 (a+bc)b+c) fary + 0b(a+be) fe
* [6’ (a + be)? +02}
b _ (0(atbo) (14 bc—a) +c?) fii + (0 (a+bc) b+ c) fan
[9 (a +be)? —1—02}
f22:_9(a+bc)+(9(a+bc)(1+bc—a)+02)f12+(9(a+bc)b+c)fM2
[9 (a+ be) —l—cﬂ
f2€:_(6’(a+bc)b—|—c)+(«9(a—|—bc)(1+bc—a)+02)f15+(9(a+bc)b+c)fM6.

[9 (a + be)* + 02}
As the two countries are symmetric, we state:

flx = f2x7f11 = f227f16 = f257f12 = f21-

From the expression for 7, we also get:

Ob2 (Ob (l + bc) + c)
D (i T X

faX + fanun + faroug + fuee = (
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B (<9b (3+ b(cl):ecb)%(fll + far) - ib9b2)) ) (60 (3 +be) gi);bél) +(1+ 9b2)€
hence: )
o g 220,
(66 (3 +be) +¢) (fu + f) ob
fMl:_( (1+ 6002) +2(1+962))

B (Qb (% + bC) + C) (fn + f21) 0b
faz == (11 60%) TS

(66 (3 +be) +¢) 21z + (1 + 606?)
(1 + 602) '

fMaZ_

For the coefficients linked to e, we get:

(0@ (a+bc)b+c)(1+ fare)

he=- [0 (a+ be) (1 + 2be) + 2¢2]

Combining expressions for fy;. and fi., we get:

(66 (3 +be) +¢) 21z + (1 + 6067
(1+ 60?)

f Me — —
or equivalently:

fare ((1+697) [6 (= be) (1 206) +2¢%] — (60 (; #be)+c) (@(a+be)b+o)

_ <Qb(;—|—bc)+c> (6(a+be)b+c) — (1+082) [0 (a+be) (1 + 20c) +2¢7]

Therefore:

Jue = —1, Joe = f1e = 0.
For coefficients linked to y, we know:

[9 (a+be)? + 02} fix =0(a+bc)— (9 (a+bc) (1+bc—a)+ cz) Joy—(8 (a4 bc) b+ c) fary+0b (a + be) fey

and:
(14 06%) fary = 06 fux — (0b (1 + 2bc) + 20) fiy-

Combining this equation and the equation for f.,, as fi, = f2y, we get:
(1 + 0b2) fary = 0% (2¢f1y, + fary) — (06 (1 + 2bc) + 2¢) fiy

17



hence:
Fary = (2¢ (06 = 1) = 0b (1 + 2bc)) fiy, = — (2c+ 0b) fiy.

Then, using the equality f., = ¢ (fiy + foy) + farxy = 2¢fix + frry, We get:
[0(a+be)* + | fiy =0(a+be)—(0(a+be) (1+be—a) + ) fay—cfar+0b(a + be) (fox — fary)

[0(a+be)* + | fiy =0(a+be)—(0(a+be) (1+be—a) +c) fi+(2c + 0b) fry+2¢0b (a + be) fiy.
Hence:

[9(a+bc)2+02+9(a+bc)(1+bc—a)+02—(20—|—9b)—209b(a+bc)] fiy =0 (a+ be)

[0/(a + be) (1 + 2b — 2c0b) + 2¢* — 2¢ — 0] fi, = 0 (a + be)
that is:

= 6 (a + bc) g
N0 (@+be) (1+20(1—c))+2c(1—c)—0b '
Fae = — (2¢+60b) 0 (a + be)
MXT 0 (a+ be) (1426 (1 — ¢)) + 2¢ (1 — ¢) — 60]
foo= 0%b (a + be)
X [0 (a+be) (1+2b(1—c)) +2c(1—c)—0b)
If c =1, we get: ) )
a—+ a—+
flx: a fozeb a

About f;; , fij and far, we know:

0(a+bc)+(9(a+bc)(1+bc—a)+c2)f21—|—(9(a—|—bc)b+c)fM1.

fu=- {0 (a +bc)” + 02]

We know that:

My 2(1 + 602)
(0 (a + be) (1—|—bc—_a) +¢?) fao + (0 (a+bc)b+¢) far

fo==- 0 (a+ be)® + 2]

9(a+bc)+(9(a+bc)(1j|—bc—a)+02)f21+(9(a+bc)b+c)fM1

fu== 0 (a+ be)® + 2]

0 (a+bc)+ (0 (a+be)(L+be—a)+c?) fu+(0(atbe)b+c) fan

fr == 0 (a+ be)® + 2]

(0 (a+0bc)(1+bc—a)+c?) fia+ (0 (a+bc)b+ c) far
[9 (a + be)* + 02} .

foo =~

18



As:

- {0 (a +be)? +02} (fi1 + fo1) =0 (a+be)+(0 (a + bc) b+ c) fM1+<t9 (a+bc) (1+bc—a)+ 02> fa1

we get:
Jut fa=-1

It is deduced:

Jur = fap =c.

Hence:
F _ —0(a+be)+ (@ (atbe)(l+bc—a)+c?)(1+ fu) = (@lat+b)bt+cle a
1 [0(a+be)* + ¢ 20— 1
Finally:
a 1—a
P B P
Thus:
B 0 (a + bc) _a l1-a
N0 aro0)0+20(1—c)+2e(1—c)—0" 20—1"1" 241"
B 0 (a + be) +1—au_ a
P l0arbe)1+20(1—c)+2c(1—c) 0" " 2a—1"" 201"
(2¢+ 6b) 0 (a + be)
Ty = — X + cuy + cug — €.

[0(a+bc)(1+2b(1—c))+2c(1—rc)—06b)

The reaction functions are now fully determined.

Ezpected losses

As
wi=(a+bc)gi+(1+bc—a)g_i+b(my+e—7°)4+u —x

from previous results we get:

— (a+bo) 6 (a+ be) __% Ly 1—au
a1 O@tbe)(1r2b(l—c)+2c(1—c)—00% 2a—1"" 241"
6 (a + be) l—a a
+(1+bc_a)([9(a+bc)(1+2b(1—c))+26(1—c)—(%]X+2a—1u1_2a—1u2>
—i—b<— 2cl (a + be) X+ cuy + cu _€>
[0 (a+bc)(142b(1—c))+2¢(1—c) — b P
+be +u; — x
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that is:

g01:<—a(a—|—bc)—|—(1—a)(l—i—bc—a)+bc+1>m
20 — 1
+<(a+bc)(1—a)—a(1+bc—a)+bc>u2
20 — 1
0 (a+bc) (a+bc+ 14 bc—a— 2bc) 1
[0(a+be)(1+2b(1—c) +2¢(1—c)— 0y X
2abc 0b—2(1—c) (b8 (a+ be)
= (Fl=betbet ut 5wt o a0 —0) + c(l—c)—@b]
~ 2abc 6b—2(1—c) (b0 (a+ bc) —c)
a1 T flar i) (14201 —) +2c(l—c)—05
Similarly:
¢i=c(g1+ge) +7mm+e€
B (2¢ + 6b) 0 (a + be)
B Y P R s v s e
0(2 0 (a + be) . —u)— (2¢+ 6b) 0 (a + be)
T\t b T2 —c)r2e(l—c) -0 ) T 9 atbe) 1 +20(1—c)) +2c(1—c)—op "
+c (u1 + u2)
_ 626 (a + be)
Tlatbe)(1r26(1—c))+2c(1—c)— 60 ¢
Hence:

1 1
E(Ly;) = QQE (0:)* + §E (¢:)°

10 (60 —2(1—¢) (b8 (a + be) — ¢))* + (60 (a + bc)? 10[ 2abc rag (42)
2

T2 [9(atbe)(1+2b(1—c))+2c(1—c)— 0B’ 2a—1| 7"
We also get: X
SOMZ(2+bc)(g1+92)+b(7rM+5—7re)+ﬂ
B 2c0 (a + be) B
_(2—|—bc>(91+92)+b<—[0(a+b6)<1+%<1_C))+2C(1_C)_eb]x+cu1~l—cu2—5+5>+u
_ 20 (a + bc) .
_(2+bc> ([9(a+b0)(1+25(1—c))+20(1—c)—Qb]X (ur + 2)>

2¢bl (a + be 1
_[9(a+bc)(1+2b(1(—j))4226(1_0)_Qb]er( +bC)(u1—|—u2)
cf (a + be) (1 4 be)
{[9(a+b0)(1+2b(1—0))—I—QC(l—c)_gb]}x
62b (a + be)
[9(a+bc)(1+2b(1_c))+20(1—c)—eb]X'

CbM:Cbi:_
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Hence:

Ly 1 ) 1 > 1, [ef(a+be) (1+bo)” +[0°b (a+ bo)]”
FBar) = 0 o) 5 O = X G b 1+ (1)) + 201 ) — 0P )

Option 3. The case of unconstrained fiscal policies/constrained
monetary policy.

In this option the central bank is inactive: my; = 0. The optimization programme of a fiscal
authority, combined with 7, = 0, is:

1 1
mazy, E (L) = E 50 ((a+bc)gi+ (1+bc—a)g_; +be —br® +u; — x)° + 3 (c(gr +92) + 5)2] :

(44)
L; can be written as: . .
Lz =—0 4 2 ~ 7 2
S0 + 5 (8)
The first-order condition is:
8LZ e
90, =0(a+bc)((a+bc)gi+(14+bc—a)g ;+be—br®+u;—x)+c(c(gr+g2)+e)=0
so that:

[0(a+be)* + 2| gi=— (0(atbe)(1+be—a)+c*) g_i+b0 (a+be)m — (0 (a+be)b+c)e
+0 (a+ be) x — 0 (a + be) ;.

Hence:

(O (a+be)(l+bc—a)+c?)  (O(at+be)b+c)
[9(a+bc)2+02} P [0(a+bc)2+02]

g1 = — €

6 (a + be) 6 (a + be) bé (a + be)

[0(a+be)* + | * [0(a+be)* + ¢ “ [0(a+be)* + ¢

:_(9(a+bc)(1—|—bc—a)+c2) B (9((1—|rbc)b—i—c)6
. [9 (a+bc)2 —1—02} & {9 (a+bc)2 +c2}

6 (a + be) 6 (a+ be) - bé (a + be)

{9 (a +bc)® + CQ} X {0 (a +bc)” + 02] ’ {0 (a +bc)” + 02]

e

e

Let us assume:
g1 = fixX + fuwr + fious + fice

92 = foX + farur + fooug + foce
¢ = fleX.
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We notice that:

g1+92 = (f1x+f2x+ [ 200 (a+bc)c ]fle) X+ (fi1 + for) ur + (fiz + fo2) ua + (fie + foe) €.

0 (a+ be)* + ¢

As:
=c(g1+g2) +¢
we get:
¢ =E(m) = c(91+ g2)
and:
fie = 20f1x-
Hence:

(0 (a+ be) (14 be — a) + )
{Q(a—i-bc) —|—02}

JieX + fuiug + froug + fiee = — (foxX + forur + foous + foc€)

(G(CL—irbc)b—irc)(€+ 6 (a + bc) 6 (a + be) - bé (a + be)

Tarser o] Pl b+ plar b+ " [plarbo? + o]
Therefore:
F :9(&+bc)+b€(a+bc)f1e—(9(a+bc)(1+bc—a)+c2)fgx
A [9(a+bc)2+02}
£ = dlatbo+ +(0(a+be)(I+bec—a)+c) fa
! [9 (a + be) —i—c?]
_(O(at +bc) (1 +bc —a) + ¢?)
Jz = [9 (a+ be) +CQ] k
1 :_( (a+bc)b+c)+ (0 (a+bc)(1+bc—a)+c?) fa
: {9 (a + be)® —1—02]
ands f :0(a—|—bc)+b€(a+bc)fle—(9(a+bc)(1+bc—a)+02)flx
> [9(a+bc)2+cz}
s :_0(a+bc)—bQ(a—i—bc)fle—l—(9(a+bc)(1+bc—a)+02)f11

[0 (a + be)® + 02}
(0 (a+be) (14 be—a)+c?)
{9 (a +bc)® + 02]
(O (a+bc)b+c)+ (0 (a+be)(l+bc—a)+c?) fie
{9 (a + be)* + 02} .

foo = —

iz

f2€:_
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As the two countries are symmetric, we state:

flx = f2x7f11 = f227f15 = f25af12 = f21-

As fo, = 2cfiy:
0 (a+ bc) 400 (a+ be) fey
0 (a+ bc) (1 + 2bc) + 2¢2

le: :f2x

we get:
(9 (a+ bc) + 202) fix ="0(a+bc).

Hence:

0 (a + be)® + ¢

= a0 (1 + 25 + 2] @a— 1)

0 (a+bc)(1+bc—a)+c?

[0 (a+ be) (1 + 2bc) + 2¢%] (2a — 1)
(0 (a+bc)b+c)

6 (a + be) (1 + 2bc) 4 2¢%

f12: :f21

flsz_

Notice that:
g1+ g2 = 2f1,x + 00 (a+bc) fre + (fir + for) (w1 + ug) + 2f1.€

(a+bc)fii+(L+bc—a)fo+1=
6 (a+be) [(1+ 2be) (1 —2a)] + (1 — 2a) ¢ + [0 (a + be) (1 + 2bc) + 2¢2] (2a — 1)

[0 (a+ bc) (1 + 2bc) + 2¢2] (2a — 1)

16 (a + be) (1 + 2bc) + 2¢2]

and: 2
c
b 1+bc—a)= '
(a+0bc) fiz+ fa2 (1 +bc—a) [0 (a + be) (1 4 2be) + 2¢2
Finally:
B 6 (a+ be)
fiu+ fa=— [0 (a + be) (1 + 2bc) + 2¢2]
and: 0 ( be)
a+ bc
2cfe +1= :
cfie + 0 (a + be) (1 + 2bc) + 2¢2
Therefore:
0 (a + be) 0 (a + be)

g1+ g2 =2 (ug + ug) + 2f1c€.

9(a+bc)+2c2X+ 6 (a+ bc) (1 + 2bc) + 2¢2
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Thus the decisions of the fiscal authorities are given by the following equations:

~ B(a+be) B 0 (a+ be)® + 2

gL = 0 (a + be) + 22X [0 (a + be) (1 + 2bc) + 2¢2] (2a — 1)u1
6 (a+bc)(1+bc—a)+c? B (0 (a+bc)b+ c)

[0 (a + be) (1 + 2be) + 2¢2] (2a — 1)u2 6 (a+ be) (1 + 2bc) + 2c2°
_ B(a+be) B 0 (a + be)® + ¢

92 = 0 (a + be) + 2¢2 [0 (a + be) (1 + 2bc) + 2¢2] (2a — 1)u2
0(a+bc)(1+bc—a)+c? (0 (a+bc)b+c)

[0 (a+bc) (1+2bc) + 22 (20 — 1) G (a+ be) (1+ 2be) + 227

From the definition de ¢;, we know:
Y; = (le — 1)X+ ((a+bc)f11 + (1+bc—a)f21 + 1)U1

+ ((1+2bc) fie +b) e+ ((a+ be) fia + fao (1+bc — a)) ug

Hence:
o 0 (a+ bc) — 0 (a + be) — 2c3 N c?
L 0 (a + be) + 2¢2 X 0 (a + be) (1+2bc)+202u1
B c N c?
0 (a+be)(1+2bc) +22° " 0(a~tbe) (14 2bc) + 222
equivalently:
o —2c* n c? "
P g atbe) + 2% T G (a+be) (1+ 2be) + 22
— ‘ €+ ¢ U
0 (a+ bc) (14 2bc) + 22" 6 (a+be) (1+2bc) + 22
Moreover:
¢i=c(g1+g2) +e=c@fx+ (fu+ fa)(w +u)) + (2cfic +1)e.
Hence:
~ 2c0(a+be) cb (a + be)
¢ = 6 (a+ bc) + 22X g (a+be) (14 2bc) + 2¢2 (01 + )
6 (a + be)
+ 3
6 (a+ bc) (1 + 2bc) + 2¢2
and thus:

2

2¢? 2 ¢ ?
E(0:)? = 24 9 9
(i) (0(a+bc) +202> Xt (9(a+bc)(1+260)+202> Tu
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2
¢ 2
N (9((1 + be) (1 + 2bc) + 202> %

o [ 28(a+be) \° , c (a + be) ‘
Ele)” = (9(@—1—60)—1—202) X +2<9(a+bc) (1+2bc)+202> u

6 (a + bc) 2 5
+ o;.
6 (a+ bc) (1 + 2bc) + 2¢2

Expected losses are equal to:

B(Ly) = 08 (0} + 3B (60

_ 2(2902—1-( (a + be) 2) N A+ (0 (a+ be))?

(0 (a+ be) + 202)° (0 (a1 be) (1 + 200) 1 202)° (2 +02). (49)

Similarly we get for £ (L},) (assuming s = 0).

Ly = ;9 ((; + bc> (91 + g2) + be + ﬂ) + ; (clgr+g2) +e) = ;9 (on)” + ; (6nr)
with:
_ 0(a—+bc)(1+ 2bc) (1 + 2bc> [0 (a + be) (2bc — 1) + 2¢7 (ty + 1)
M=y (a4 bc) + 2¢2 4 160 (a4 bc) (1+ 2bc) + 2¢2] e
1+2bc\ b0 (2bc —1)+2c(c—1)
* < 2 ) [0 (a+bo) (1+2bc) + 27
and:
o = c (g1 + g2) +€ = ¢
Therefore:
o (a0 (11260 +4e?) , (B2)7 (6 (a+ be) (2be — 1) + 2 + (208 (a + be))?
ELan) = Gatbo) 2 [0 (a + be) (1 + 2bc) + 262 u
(H2)" (b0 (2be — 1) +2¢ (¢ — 1)] +292 (a + be) . )
16 (a+ bc) (1 + 2bc) + 2¢2]
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