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Nonparametric Identification of Production Function, Total

Factor Productivity, and Markup from Revenue Data

Hiroyuki Kasahara' Yoichi Sugita®

1 Introduction

Production function estimation is a core tool used in empirical analyses of market outcomesE]
The residual of an estimated production function, total factor productivity (TFP), is widely used
to measure firm-level technological efficiency (see Bartelsman and Doms| (2000) and Syverson
(2011) for recent surveys) and its contribution to aggregate efficiency (e.g., Olley and Pakes,
1996). Reserachers often estimate the elasticity of production functions to analyze technological
changes (e.g., Van Biesebroeck, [2003}; Doraszelski and Jaumandreu, |2018) and price markups

over marginal costs (e.g., Hall, 1988}; De Loecker and Warzynski, [2012).

IGriliches and Mairesse| (1999) and Ackerberg, Benkard, Berry, and Pakes| (2007) provide excellent surveys on
production function estimations.



Commonly used methods of production function estimation assume that a firm’s output
quantity can be observed as data. However, typical firm-level datasets contain only revenue, not
output quantity. Therefore, in practice, many applications use revenue deflated by an industry-
level price deflator as outputE] This practice may be justified under perfect competition where
an output price is exogenous and identical across firms. However, ever since Marschak and
Andrews| (1944)’s pioneering study, several researchers have voiced cautions and suggested that
the practice may not be justified under imperfect competition; they show that using revenue as
output can significantly bias the identification of production functions (e.g., Klette and Griliches,
1996; De Loecker, 2011), TFP (e.g., [Foster, Haltiwanger, and Syverson, 2008; [Katayama, Lu,
and Tybout, [2009; De Loecker, 2011)), and markups (e.g., Bond, Hashemi, Kaplan, and Zoch,
2020). Despite such criticism, the practice persists in many applications, possibly because there
is only limited knowledge on how to identify production functions from revenue data.

We examine the nonparametric identification of production function, TFB and markup
from revenue data. Following Marschak and Andrews (1944)), Klette and Griliches (1996) and
De Loecker (2011), we explicitly model a demand function that an individual firm faces as
a function of its output and observable characteristicsﬂ While each of these earlier studies
examines a demand function with a constant and identical demand elasticity—something that
implies identical markups across firms—we consider a general nonparametric demand function
that generates rich heterogeneity in various firm-level outcomes, including markups; for this
reason, we can address the bias from markup heterogeneity across firms that the literature has
criticized. In other respects, our method requires the standard assumptions and data found in
typical applications.

We develop a three-step identification approach that uniquely combines the control function
approach developed by |Olley and Pakes| (1996), [Levinsohn and Petrin (2003), and Ackerberg;
Caves, and Frazer (2015) and the first-order condition approach recently developed by Gandhi,
Navarro, and Rivers (2020)@ Following Levinsohn and Petrin (2003) and Ackerberg et al.
(2015), the inverse function of a material demand function serves as a control function for TFP
In the first step, we identify revenue as a function of inputs and observable demand shifters by

using the control function; this first step corresponds to that of Ackerberg et al.| (2015). Our

2A few studies use firm-level datasets that include output quantity (e.g., Foster, Haltiwanger, and Syverson,
2008} De Loecker, Goldberg, Khandelwal, and Pavcnik, |2016; [Lu and Yu, 2015 Nishioka and Tanakal, [2019)).
However, those quantity datasets are available only for a limited number of countries, industries, and years, and
they are not easily accessible to all researchers.

3De Loecker, Eeckhout, and Unger| (2020) study an alternative approach using an exogenous variable to remove
output price variation from revenue data.

“These approaches assumed quantity data or perfect competition. Gandhi et al. (2020) also examined an
imperfect competition with a constant elastic demand as in Klette and Griliches| (1996) and |De Loecker| (2011
where markups must be constant and identical across firms.



novel second step identifies the control function by applying the nonparametric identification
of transformation models (e.g., Horowitz, 1996) examined by Ekeland, Heckman, and Nesheim
(2004) and Chiappori, Komunjer, and Kristensen| (2015]). Under standard assumptions, TFP is
identified (up to normalization) from the dynamics of inputs, without output data. In the third
step, we identify a production function, markup, and a demand function, using the first-order
condition for the material and the control function identified in the second step.

Our method identifies various objects from the revenue data. In our main setting with
standard assumptions, markup and output elasticities are identified up to scale; an output
price, an output quantity, a gross production function, and TFP are identified up to scale and
location. Identification is cross-sectional so that the identified objects can vary over time. With
an additional assumption of local constant returns to scale, we identify the levels of markup and
output elasticities; we additionally identify an output price, an output quantity, a production
function, and TFP up to locationE] Finally, with the additional assumption of monopolistic
competition (without imposing free entry), we identify a demand system and a utility function of
a representative consumer—specifically, Matsuyama and Ushchev| (2017)’s homothetic demand
system with a single aggregator (HSA)—that can be used for a counter-factual analysis and a
welfare analysis [

The remainder of this paper is organized as follows. Section |2| summarizes previous studies
on how using revenue as output could bias the identification of production function, TFB and
markup; readers familiar with the literature can skip this section and proceed to Section
Subsection [3.1]explains our setting, and subsection [3.2]demonstrates our three-step approach by
offering a parametric example. Subsection [3.3|presents our nonparametric identification results,
and subsection [3.4|discusses additional assumptions for fixing scale and location normalization.
Subsection examines the identification of a demand system and a representative consumer’s
utility function. Both subsection(3.6/and the Appendix present identification results in alternative
settings, including endogenous labor input, endogenous firm-level observable demand shifters,
unobservable demand shifters, and i.i.d. productivity shocks. Section |4{ provides concluding

remarks.

>Flynn, Gandhi, and Trainal (2019) used global constant returns to scale to identify a production function. In
subsection we clarify local and global constant returns to scale.

%0One frequently sees within the literature an assumption of market structure for the identification of demand
and supply side objects. For example, Berry, Levinsohn, and Pakes| (1995)) identify firm-level marginal costs by
specifying oligopolistic competition; meanwhile, Ekeland, Heckman, and Nesheim| (2004)) and |[Heckman, Matzkin,
and Nesheim| (2010) identify various demand and supply side objects of a hedonic model by exploiting the
properties of perfect competition.



2 Biases from Using Revenue as Output Quantity

This section summarizes possible biases in the identification of production function, TFB and
markup when revenue is used as an output quantity. We denote the logarithms of the price,
output, and revenue of firm i at time t as p;;, Y;;, and r;, := p;, + ¥;;, respectively. Suppose
that these variables are related via the inverse demand function p;, = 1;,(y;,) and the revenue
function ry = ¢ (¥ie) := yie + (Vi) Let yy = fi(my, ki, 1) + w;, be firm s production
function where w;, is TFP and x;, := (m;,, k;,, l;,;) is a vector of the logarithms of material, capital,
and labor, respectively. To highlight the sources of biases from using revenue as output, assume
that TFP is identical across firms within time t, with w;, = w, for all i. This simplification
eliminates an additional and well-known source of bias, correlations between inputs and TFP

From the first-order condition for profit maximization, P;, (1 +i.( yit)) = MC,, the elastic-

ity of revenue with respect to output is equal to the inverse of markup:

deo;(¥i) _ MC;,

1
dy b W

Under perfect competition where P;, = M C;,, the variation in revenue across firms coincides
with that of output. However, they are generally different when markups vary across firms.
Suppose that, using revenue as output, a researcher identifies a true relationship between
revenue and inputs, @; (x;,) := ¢;(f;(x;;) + w,) to use ¢;,(x;.) as a proxy for f,(x;,). Prior
studies show that the use of revenue as output could cause biases in three forms. First, Marschak
and Andrews (1944) and Klette and Griliches (1996) establish that, from , the elasticity of

@i (x;,) relates to the true elasticity of f,(x;,) via markup:

0@ (x;) _ MC;, 3 f(x;)

v, P, v, for v, € {my, ki, Li¢ }- (2)

Thus, output elasticities would be underestimated by the extent of markup.

Second, Katayama et al. (2009) and De Loecker (2011) demonstrated a bias in TFP estimates.
Let dw, be a TFP change. Suppose that a TFP change for firm i is estimated as a change in
revenue with inputs being fixed, d&;, = d $;,(x;)| 4y, =0 - From , we see that this TFP estimate

relates to the true TFP change via markup:

do, = —Ldw,. (3)

Therefore, TFP would be underestimated by the extent of markup.
Finally, Bond et al. (2020) show that markup estimates using the method of Hall (1988) and



De Loecker and Warzynski (2012) might be biased. Suppose a firm is a price-taker of flexible
input v. Hall (1988) and De Loecker and Warzynski (2012) developed the following equation

relating to markup and output elasticity with respect to v as:

b; _ 0 f(x;)/0vy
MC;, a’

it

4)

where a, is the ratio of expenditure on input v to revenue. If a researcher uses J ¢;,(x;,)/dm;,
instead of 9 f,(x;,)/dm;, in markup equation (4), then from (2), the estimated markup is 1:

. Mafr(xit)
0@ (x;)/ vy, _ b Ovie 1 (5)
a}}t a}/t

In such a case, the markup would be underestimated |

Klette and Griliches (1996) and De Loecker| (2011) developed methods by which to identify
production functions from revenue data, by assuming a constant elastic demand function with
an identical elasticityﬂ However, with this specific demand function, markups must be constant
and identical across firms. Studies estimating markups from quantity data report substantial
heterogeneity in markups across firms (e.g., De Loecker, Goldberg, Khandelwal, and Pavcnik,
2016; Lu and Yul, 2015; Nishioka and Tanakal, 2019). To address the biases arising from
firm-level markup heterogeneity, we extend the approach of Klette and Griliches (1996) and
De Loecker (2011) by incorporating a general nonparametric demand function that allows for

variable and heterogeneous markups.

3 Identification

3.1 Setting

We denote the logarithm of physical output, material, capital, and labor as y;,, m;,, k;;, and [;,,
respectively, with their respective supports denoted as %, .#, #, and £. We collect the three

inputs (material, capital, and labor) into a vector as x;, := (m;., k;;, ;) € X := M x K x £L.

Result (5) by Bond et al. (2020) relies on the assumption that a researcher can correctly identify @;,(x;.). In
practice, misspecification of ;. (x;,) could derive markup estimates that contain some information on true
markups. For instance, De Loecker and Warzynski| (2012, Section VI) show that when f is Cobb-Douglas, it is
possible to identify the effect of firm-level variables (e.g., export) on markups.

8Katayama et al.| (2009) also developed a method by which to identify production functions from revenue
data. Their method allows for markup heterogeneity but requires the ability to estimate firm’s marginal costs from
total costs.



At time t, output y;, relates to inputs x;, = (m;,, k;;,;;)’ via the production function:

Yie = fi(x;) + wy, (6)

where the firm’s TFP w;, follows an exogenous first-order stationary Markov process given by

Wi = h(wit—l) + Nies (7)

where we assume that neither h(-) nor the marginal distribution of n;, change over timeﬂ
The demand function for a firm’s product is strictly decreasing in its price, and its inverse
demand function is given by

Pit = ’L/)t(yit)zit)a (8)

where p;, is the logarithm of output price and z;, € % is an observable firm characteristic that
affects firm’s demand (e.g., export status in De Loecker and Warzynski| (2012)). z;, can be either
a continuous or descrete vector; in the main text below, z;, is assumed to be continuous and
exogenous—that is, z;, L 1;,. In subsection and the Appendix, we present the identification
results when g, is discrete and/or may correlate with 7,.

The inverse demand function (8] generalizes the constant elastic demand function examined
byMarschak and Andrews|(1944), Klette and Griliches| (1996) and |De Loecker (2011). Although
), is nonparametric, implicitly makes two assumptions. First, v,(-) is a common function
for all firms once the observed characteristics z;, are controlled for. This implies that unobserved
demand shifters must be common for all firms—that is, 1, can be written as ¥, (y;;, %i,A;)
where A, is a vector of unobserved variables and can include an aggregate price/quantity index.
In subsection (3.6 we discuss the case where v,(-) includes a firm-level unobservable demand
shifter such as quality. Second, 1,(-) represents a demand curve that an individual firm takes
as given. This is satisfied in the case of monopolistic competition (without free entry) where
each firm takes A, as given.

Let 7, and Z be the logarithm of (true) revenue and its support, respectively. Revenue r;, in
the data is observed with a measurement error ¢;,, r;, = 7, + €;,. Then, from (6), the observed
revenue relates to output and input as follows:

Fig = (pt(yitbzit) + &
= @ (fe(m, ki, L) + w4p,2) + €5, 9)

where ¢, (¥, 2i) = Y (Vi 2i) + Vi

°h(-) can include a firm’s observable exogenous characteristics.



We assume that [;, and k;, are predetermined at the end of the last period t — 1, while m;, is
flexibly chosen after observing witm Specifically, m;, = M, (w;,, k;;» li;, 2;,) is chosen at time ¢t
by:

M, (@ies kies Lig> 2i,) € arg mnellxexp(cpt(ft(m, kies ie) + @4, 2)) — eXp(pT +m), (10)

where pT" denotes the logarithm of the material input price at time t, which is common to all
firms. A firm is assumed to be a price-taker for material input.

Equation (9) highlights two identification issues raised by Marschak and Andrews (1944).
First, m;, correlates with the unobservable w;,. Second, r;, relates to x;, = (m;,, k;,,l;;) via
two unknown nonlinear functions ¢,(-,2;.) and f,(:), and two unobservables w;, and sitE-]
To address these issues via a control function and a transformation model, we first make the

following assumptions.

Assumption 1. (a) f,() is continuously differentiable with respect to (m,k,l) on M x X x &
and strictly increasing in m. (b) For every z € %, ¢,(-,2) is strictly increasing and invertible with
its inverse got_l(f,z), which is continuously differentiable with respect to (¥,2z) on # x %. (c)
For every (k,l,2) € & x & x %, M, (-, k,1,2) is strictly increasing and invertible with its inverse
Mt_l(m, k,1,2), which is continuously differentiable with respect to (m,k,1,2) on M X A x L X Z.

(d) €, is mean independent of x, and z, with E[¢&,|x,,z,] = 0.

Assumptions (1| (a) and (b) are standard assumptions about smooth production and demand
functions. Assumption|1] (b) d¢.(y,2)/dy > 0 is equivalent to that the elasticity of demand
with respect to price, — (81 ,(y,2)/dy) ", is greater than 1; this necessarily holds under profit
maximization. Therefore, Assumption [I] (b) is innocuous as long as we analyze the outcomes of
profit maximization. Assumption 1] (c) is a standard assumption in the control function approach
that uses material as a control function for TFP (Levinsohn and Petrin, 2003}; |/Ackerberg et al.,
2015).

The inverse function of the material demand function with respect to TFP
_ —1
w; =M, (mye, kies Ligs 2,)

is used as a control function for w;,. Since d ,(y,,2,)/dy, > 0O, there exists the inverse function

¢ '(-,2,) so that the revenue function 7;, = ¢,(f,(x;;;) + w;,) can be written as:

(Pt_l (Fit’zit) :ft(xit)+Mt_1(Xit5Zit)' (11)

19In subsection [3.6} we present identification when [;, also correlates with w;,.
In subsection and the Appendix, we present identification when a firm receives an i.i.d. shock e;, to output
and then, the firm’s revenue includes a non-additive error, r;, = @, (f,(x;) + Wi¢ + €ir, Zir)-

7



In the following, we identify cpt‘l (), f.(-), and Mt_l(-) from the distribution of variables
in the data. Let v, := (k., 1,2, X,_1,%1) €V = A X L x X x X x %. Data includes a
random sample of firms {r;,, v, }\, from the population. For instance, the variable x;, of firm
i is considered as a realization of the random variable x,. Given a sufficiently large N, an

econometrician can recover their joint distributions.

Assumption 2. The following information at time t is known: (a) the conditional distribution
G, v, (m|v,) of m, given v,; (b) the conditional expectation E[r|x,,z.] of r, given (x,2,); (c)

firm’s expenditure on material exp(p[" + m;,).

Assumption |2/ (a) is required for the identification of Mt_l(-). Assumptions |2 (b) and (c)
are additionally required for the identification of ¢ " (-) and f,(-). Typical production datasets
include those variables in Assumption

Let {(pf‘l(-), ft*(-),Mf_l(-)} be the true model structure that satisfies || Then, for any
(@i, @, b) ER* X Ry,

‘Pt_l (Fr,2.) = (ay, tap) + bt‘Pr_l (fr,20), filx)=a; + btft*(xt)ﬂ
and M " (x,,2,) = @y, + b,M; " (x,,2,) (12)

also satisfy , and the true structure {cp:‘_l(-), ft*(-),Mj_l(-)} is observationally equivalent to
the structure . That is, the structure {Lpt_l(-), ft(-),Mt_l(-)} is identified only up to location
and scale normalization (a,,, a,,, b,) from restriction (11).

Therefore, identification requires location and scale normalization. We fix (ay,, a,, b,) in
by fixing the values of {¢;"(-), f,(:),M;"(-)} at some points. Specifically, choosing two

points (m},, k;,[*,z}) and (m},, k7,[",z") on the support & x Z where m}, < mj,, we denote

1o = fo(miy, k7, 17), cop = Mt_l(mfo,k’:, [},2}), and c3, := Mt_l(mjl,kf, [7,27). (13)

Note that M,'/dm, > O implies that c¢;, < c3,. Then, there exists a unique one-
to-one mapping between (cy,¢y,¢3.) in (13) and (ay,,ay,b,) in (12) such that b, =
-1 -1 _ —

(C3t - CZt) / (Mf (mtp k;kz Z:)Z:) _Mt (mt(y k;k: lj,Z: )J Ay = C1r — bltft*(mj()z k):y l:() and oy =
Cor — by MITH(ml, k¥, 1F, 2¥). Thus, we can fix the value of (a,,,a,,, b,) by choosing arbitrary
values (¢, C5,, C3,) € R3 that satisfies c,, < c,,. In particular, we impose the following normal-

ization that corresponds to (N2) in |Chiappori et al.| (2015)).

Assumption 3. (Normalization) The support  x Z includes two points (m}, k},17,2}) and
(m3,, ki, 1%, 27) such that ¢, = ¢;, = 0 and ¢;, = 1 in ([13).

t0? Tttt
As|Chiappori et al.| (2015) demonstrates, this choice of normalization makes the identification

proofs transparent.



3.2 Identification in a Parametric Example

Before presenting the nonparametric identification results, we demonstrate our identification
approach by applying it to a simple parametric example. Consider a monopolistically competitive

market where each firm i faces the following constant elastic inverse demand function:

Pit = at(zit)+(p(zit)_1)yit1 (14)

where a,(z;,) and 0 < p(z;,) < 1 are unknown parametersE] The markup equals 1/p(z;,)
and depends on the exogenous scalar z;, € & := {1,0} such that z;, L n;,. Firm i has a

Cobb-Douglas production function and w;, follows a first-order autoregressive (AR(1)) process:

Yie = 0o+ 0,my, + Ok + Ol + wyy,
w;; =hy+hywiq + 1y, (15)

where {6, 0,,, 6, 0;, hy, h,} are unknown parameters. The firm’s revenue function is expressed

as:
rie = a(2;.) + p (200 + p(2;,)0,my + p(2;)0ck;, + p(2:,)0,1;, + p(2i )y, + €4 (16)

The first-order condition for (10,

exp(p]" +m;,)

p(2;)6, = ; (17)
exp(ri; — &)
determines the control function for w;, as
Wi = Mf_l(mit’ kita lit7zit) = ﬂt(zit) + ﬁm(zit)mit + ﬁkkit + ﬁllit (18)

where f,(z;.) :== (P — a,(z;) — 0 —In p(2,)6,) /0 (i) Bru(ie) := (1= p (%)) /p(2:) > O,
Pr :=—0, and p; :=—6,.

For notational brevity, assume that the support ' x Z includes two points (m},, k;,[*,z}) =
(0,0,0,0) and (m},, k;,1},2z;) = (1,0,0,0). Following Assumption (3, we fix the location and
scale of f,(-) and Mt_l(-) by imposing the following normalization:

0= £,(0,0,0) = 6,, 0 =M,(0,0,0,0) = f5,(0),
1=M;"(1,0,0,0) = f3,(0) + ,,(0) (19)

12The demand function |i can be derived from a constant elasticity of substitution (CES) utility function;
a,(z,) implicitly includes aggregate expenditure and an aggregate price index.



which implies 6, =0, ,(0) =0, and f3,,(0) = 1.
Our identification approach follows three steps.

Step 1: Identification of Measurement Errors The first step removes the measurement error
g;, in the spirit of |Ackerberg et al.| (2015). Substituting (18] into (16) and using 6, = 0, we

obtain two expressions of r;, as follows:

rie = (o (z;) + p(2:) B (2:0)) + p(2:.) (0 + Bra(2:0)) My,

+0(2:) (O + Bi) ki + p (2 ) (6 + B L + €4 (20)
=¢(2;0) + My + €44, (21)
where ¢(z;.) = a.(z.) + p(z,)B:(2;:)- Applying the conditional moment restriction

E[g;|m,,2,] = 0 for the second expression (21)), we identify ¢(z;,), 7;, and ¢;, by
¢(z.) = E[r;, —myIm, 2], 7y = ¢(2) and g;, = 13y —m; — P (3;,).

Step 2: Identification of Control Function and TFP The second step identifies the control
function M '(-). Substituting (18) into the AR(1) process (15]) leads to

Mt_l(mit: ki, Lies2) = ho + tht__ll(mit—l: Ki—15 Lie—1>Zie—1) + My (22)
Since M '(my,, k;;, li;, %) is linear in m;, from (18), we can rearrange (22) as:

My = ¥ (Zir, 221) + Vi@i)kie + 7120l + 6,0(2i05 21021 My 4

+ 65 (i )kie—1 + 61(2; i1 + Tie (23)
where
v 2i0 ) = ho— B:(2i) + h1 i1 (2i01) v o(z,) 1= — Br vi(z) == — B
Brnl:) P B ) T Blz)
hy Bn(2i—1) hy By L hB T

5m(Zit)zit—1) = 5 5k(zit) = (24)

Bnzie) Bu) U B T Bz

For a given (z;,,%;,_1), is a linear model. Since E[7);,|v;,] = E[ ;| vi]/Bm(2:,) = 0, where
Vie 1= (Kies Ligs Xie—1, %3¢ 3i0-1), We can identify {y (2, 2-1), Yi(2ie)s 71(3ic)s 6m(3i¢,2i01)5 Ok(20),
0,(z;)} in (23) from the conditional moment restriction E [ ;.| v;,] = O.

From (19) and (24), we identify the parameters of the control function (under the normal-

10



ization (19)) as:

71(0)
Yk(l)’

7(0)
7e(1)

Brm(1) =

(1) =7(0,0)—r(1,0) B = 7+(0) and B, = v,(0).

Step 3: Identification of Production Function and Markup The final step identifies the
parameters of the demand and production functions. Comparing the two expressions of r;, in
and (21)), we obtain the following relationships:

a,(z;) +p (2B (2:) = ¢(2:0), P(2:) (0 + Bra(2:)) = 1,
0, =—P and 6, = —f3;. (25)

Given that (B,(z.), Bn(2.), Bx, B;) are identified in step 2, the first line in (25) contains
four equations (two equations for two values of 2z, € {0,1}) and five parameters
(a.(0),a,(1),p(0),p(1),0,,). Therefore, to identify these parameters, we need a further restric-
tion.

Following Gandhi et al. (2020), we use as an additional restriction the first-order condition
for material (17). The first-order condition (17) implies that the revenue share of material
expenditure on the right hand side of is a function of z;,. Using ¢;,, we obtain the revenue
share of material expenditure exp(p" +m,,)/ exp(r;, — ¢;,) and identify it as a function of z;, by

Then, we obtain an additional restriction on the parameters:

taking its expectation conditional on z;,:

exp(p]" +m;,)

se) = E [ exp(F;,)

P ()0 = (). (26)

From (25)) and (26), we identify the parameters of the demand and production functions as

follows
. _1—s(1)
p(0)=1-5(0), p(1) = )
a,(0) = ¢(0), a,(1) = ¢(1) — p(1)B,(1),
0,=0, 6, = 15_(—3()0), 0, = —P, and 6, = —p,.

Note that the parameters are identified under the scale and location normalization of f,(-)
and Mt‘l(-) in . Let 0; (i = 0,m,k,D) and B;(2,) (j = t,m, k, 1) be those parameters identified
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above and let 61.* and f37(z,) be the true parameters. Then, there exist unknown normalization
parameters (a,b) € R x R, such that 6, = a+ b6, f, = a+ b}, 0, = b0/, B;(z,) = bB;(z,).
We can fix the normalization by imposing further restrictions. For instance, if constant returns

to scale 67 + 6 + 6 = 1 are imposed, then the scale parameter b can be identified as follows:

s(0)

b=b(O*+06" *)1=0 0, = —
(05 +6;+67)=0,+06.+06, T=50)

B — Pr-

We discuss in subsection [3.4] additional assumptions for fixing normalization.
The above identification argument is illustrative, but it relies on the linearity of
M ' (my,, ki, L, 2;,) in my,, which holds only under restrictive parametric assumptions. Ex-

tending the argument, the following subsection establishes nonparametric identification.

3.3 Nonparametric Identification
3.3.1 Step 1: Identification of Measurement Error

The first step removes the measurement error ¢;,. Substituting the control function w,;, =

M ' (my,, kyi, i, 2;,), the revenue function @ can be written as:

_ -1
Tie = Yy (ft(xit) + M, (xiuzit)»zit) + &
= (X1, 2ic) + €t

where ¢,(x;,2,) := ¢, (f(xt) +M;! (xt,zt),zt). From Assumption (1, ¢.(-) is continuously
differentiable. From E[¢;.|x,,2,] = 0, we can identify ¢,(:), 7, and ¢;, as:

¢t(xt>zt) =E [ritlxtszt]: ip = ¢t(xit’zit) and Eit =T — qbt(xitizit)' (27)

Lemma 1. Suppose that Assumptions hold. Then, we can identify ¢,(:), 7;,, and €;, as in
@2.

Hereafter, ¢,(-), 7, and ¢;, are assumed to be known["|

13As will be shown, w;, is identified in step 2 independently of step 1. Therefore, one can think of an alternative
approach that first identifies w;, and then regresses r;, on (x;;,2;;, w;.) to obtain E [r;.|x;., 2;;, w;, ] instead of
E[ri|xi, 2 ]. However, it is not possible to identify E [r;,|x;,, 2;;, w;, ] because w;, = Mt_l(xif,zit) is a deterministic
function of (x;;,2;.). Once (x;,,2;.) are conditioned, there is no remaining source of variation in w;,.
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3.3.2 Step 2: Identification of Control Function and TFP

From , the control function w;, = M;"(my,, k;;, l;;, ;) satisfies
M (M, Kies Lies 2i0) = he (X021, Zi0m1) + M (28)

where h, (x,_1,2,_,) == h(M_ Y (m,_1, k., 1_1,2._1)). As IM['/dm,, > 0, given the values of
(k;;, L, 2;,), the dependent variable in is a monotonic transformation of m;,. Therefore, the
model belongs to a class of transformation models, the identification of which |Chiappori
et al. (2015) analyze.

We make the following assumption, which corresponds to Assumptions A1-A3, A5, and A6
in (Chiappori et al. (2015)@

Assumption 4. (a) The distribution G, () of 1 is absolutely continuous with a density function
g, () that is continuous on its support. (b) m, is independent of v, := (k, 1,2, X,_1,2,1) €V :=
H XYL XEXX xZwith E[n,|v,] =0. (c) v, is continuously distributed on V. (d) Support 2
of w, is an interval [w, ®] C R where w <0 and 1 < @. (e) h(-) is continuously differentiable
with respect to w on Q. (f) The set .oy = {(x,_1,%1) € X X Z : 3G, (m,|v,)/Iq,—1 #
0 for all (m,,k,,l,,2,) € M x X x & x &} is nonempty for some q,_; € {k,_1,l,_1,M;_1,2,_1}

We can relax Assumption [4|(b) by allowing z, and [, to correlate with 7,, which we discuss
this in subsection Assumption [4|(d) holds without loss of generality because we can choose
any two points on the support of w, without changing the essence of our argument. Assumption
MI(E) can be interpreted as a generalized rank condition, thus implying that a given exogenous
variable q,_; has a causal impact on (m,, k.,[;,2,). Suppose g, (n) > 0 for all n €R. Then, as
will be shown below (in (30)), Assumption [4[(f) holds if and only if

3Mt__11 (jz't—l > gt—l )
99,4

ai_l (i‘t—lﬁgt—l) —

5qt_1 h/ (Mt__11 (it—laét—l))

#0

for some (%,_;,%,_,) and some q,_; € {k,_;,l,_;,m,_1,%,1}. This condition is equivalent to
(1) w,_, has a causal impact on w, (h'(w,_;) # 0) and (2) q,_, has a causal impact on m,_,,
(0M,_,/3q,_; # 0). These conditions must be satisfied for at least one exogenous variable q,_,
and some point (X,_;,%,_1)-

Proposition (1| shows that the control function is identified from the distribution of (m;,, v;,).

Proposition 1. Suppose that Assumptions hold. Then, we can identify Mt_l(mt, k. 1,,2,) up
to scale and location and G, (-) up to the scale normalization of 1,.

14Assumption (c) corresponds to Assumption A4 of |Chiappori et al.[ (2015).
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Proof. The proof follows the proof of Theorem 1 in Chiappori et al. (2015). In view of equation
(28), the conditional distribution of m, given v, satisfies

Gmt|vt(mtlvt) =G, (Mt_l(mt: ke, les2e) _i_lt (X¢—1,%,-1) |Vt)
=G, (Mt_l(mf’ kel z) — Et (xf—lszt—1)) >

where the second equality follows from 7, L v, in Assumption [(4|(b). Let q, € {m,, k,;,2,} and

qe—1 € {k¢—1, -1, M1, 2,1 }. The derivatives of G,, |, (m,|v,) are

aGmtlvt (mtlvt) _ aMt_l(mt: kt,lt,Zt)

&y (Mt_l(mnkt’ltﬁzt)_Bt (xt—l’zt—l)): (29)

2q, 2q;
9 Gy, (my|vy) Oh(x,_1,%,_1) B B}
— == e &n (Mtl(mt:kt’ltazt)_ht(Xt—l,zt—1))- (30)
99,1 99,1

Using Assumption (f), we can choose q,_; € {k;_1,l,_1,m,_1,%,,} and (¥,_;,%,;) € ./, such
that 3G, ,, (m.|k., 1,2, %, _1,%.1) /3q,_1 # O for all (m,, k,,l;,2,) € M x H X & x Z.
Dividing by (30), we derive

aMt_l(mti kt: ltazt) _ _ai_l ()?t—172t—1) aGmt|vt (mt|kt) ltJZU it—lﬂgt—l) /aqt

= = . (31
aqt aqt—l aGmt|vt (mtlkn lt)ztaxt—l)zt—l)/aqt—l
Then, from for g, = m, and the normalization in Assumption [3, we obtain
— —1 * E EE —1 * E E
=M, (mtl’ kt’ lt’zt) — M, (mtO’ kt’ lt’zt
_ 1 ah(fct_l,it_l)’ 32)
SQtfl aqt_l

where

my E ERPUE Ny /] -1
(f  9Gy (mlkt,lt,zt,xt_l,zt_l)/amt )
Sq, = — - dm .
m, aGmtlvt (mlkt’lt’zt:xt—lazt—l)/aqt—l

t0

Then, we identify 8h (%,_1,%,_,)/8q, 1 = —S,,_,- Substituting this into , aMt_l(mt, k. l,,2.)/9q,
for q, € {m,, k,,l,,2,} are identified as follows:

aMt_l(mU kt: ltazt) _ aGmt|vt (mt|kt’ lt)‘zt) it—lagt—l) /aqt
24, e aGmtm (melke, Uy 2, X21,2021) /0G4 -

(33)
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Integrating (33)) with respective to g, € {m,, k,,,,%,} obtains

M (my, k., 1, 2) =M (my, kg, 1, 2,) — M (mE kL, 2,)

+M:1(mi<0’ kt’ lt’ Zt) —Mt—l(mto, k;k, lt, Zt)

M (m K L, 2) — MO (me, k5 1 2,)

t0’ ""t? t0’ tt? "t

+Mt_1(m* k*,U* zt)—Mt_l(m* k*, 1%, 2%

t0’ e’ e’ L R S 4

m, — k, — *
_f aMtl(s,kt,lt,zt)ds_i_J OM iy, 102)
k

. om, . ok,
l —1 * * z —1 * k%
c oM (m* k¥, s,2,) c oM (m*, k*, 1%, s)
+ t t02 "t t ds + t t02 "t2 "t d ) 34
L a1, S f E s G4

where the first equality follows from Mt_l(m’:o, ki, 17,2z7) = 0 in Assumption |3 Substituting
the identified derivatives of M '(-) in (33)) into (34), we can identify M, '(m,, k,,,,z,) for all
(my, ke, 1, 2,).

Finally, from w;, = M, '(my, k;;, l;;, %), we can identify h(x,1,%21) = E[w;|x;_1,21]

and 1;, = w;, —h,(x;,_1,2;,_1). Thus, we can identify the distribution of 1,, G, (n). O

3.3.3 Step 3: Identification of Production Function and Markup

The final step identifies production function, markup and other remaining objects. From
F= ¢ (x,z) = ¢.(fi(x)+ M, (x,2),2) and the monotonicity of ¢,, differentiating
(Pt_l((b(xt;zt):zt) = ft(xt) +Mt_1 (xtzzt) with respect to g, € {mt: kt; lt} and z, gives:

00 (Fes2) 0 (x,2) _ 0fi(x,) N M, (x,2,)

— - 5 (35)
or, 24, 24, 2q,
3%_1(7”“%) 2¢.(x,,2,) . aMt_l (x;,2.) _ 8¢;1(Ft,zt) (36)
or, 0z, 0z, oz,

Note that 8<pt_1(Ft,zt)/c”7‘ r. = (0 Lpt(yt,zt)/é’yt)_1 represents the markup from . If the
markup 9 ¢ '(7,,2,)/ 0T, were known, then equations and li could identify 2 f,(x,)/2q,
and 8 ¢ ' (7,,2,)/ 9z, given that M, (x,, z,) is identified. However, since the markup is unknown,
identification requires further restriction. Following |Gandhi et al. (2020), we use the first-order

condition with respect to the material as an additional restriction.

Assumption 5. The first-order condition with respect to material for the profit maximization

problem

aft(xit) _ 3(pt_1(f”i“zit) eXp(pz71 + mit)

3
s, 77, exp (7o) 7
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holds for all firms.

Rearranging the first-order condition, we obtain the Hall-De Loecker-Warzynski markup
equation:
o (Fies2i0) _ 2 f(xi)/dmy,
or, - exp(p;" +m;,)/ exp (F;)
We establish the following proposition.

(38)

Proposition 2. Suppose that Assumptions hold. Then, we can identify ¢, '(-) and f,(-) up to
scale and location and each firm’s markup 8 ¢, (7, %)/ 7, up to scale.

Proof. From (35) and (37)), the markup 9 ¢ " (7;,2;,)/9F, is identified as

0¢; (Fivzi) ML (xip,5:,) (acpt(xmzn) — mit))_l (39)

or, om, om, exp (7;,)

From 7, = ¢(x,,2,) and (39), the markup is also identified as a function of (x,,z,) as

397 (@ (x02,), %)

or,
oM (x%) (3¢t(xt,zt) _ exp(p] +m,) )‘1
B aom, om, exp (¢,.(x,,2.))

pe(x,,2,) =

(40)

Substituting into (35)), we identify 2 f,(x,)/dq, for q, € {m, k., .} as follows:

8ft(xt) a‘,bt(xt,zt) aMt_l (ant)
—— = u(x,2,) - .

24q, a4q, a4q,

(41)

Using f,(m},, k;,17) = 0 in Assumption (3} we identify f,(x,) by integration:
my kt *

aft(sakt)lt)ds+ aft(mto,salt)ds
. om, dk,

t0

Ly * *
+ —8ft(mt0’ k“s)ds.
. al,

ft(mt: ke, Zt) = f

*
m ky

(42)
Let # := {r, : 7', = ¢.(x,,2,) for some (x,,2,) € X x &} be the support of 7,. For given
(7r,2,) € Z X %, X, (F,,2,) := {x, € X : ¢,(x,,2,) = F,} is non-empty by the construction of

2. Then, because f,(x,) and M '(x,,z,) are identified, the output quantity ¢ *(7,,z,) for any
(7,,2,) € Z x % is identified by

(pt_l(ftﬂzt) = fi(x,) +Mt_1(xt’zt) for x, € X, (7, 2,)-
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The output price for individual firms is identified as
Pie : =Ty — 90:1(’_”inzit)-

Corollary 1. Suppose that Assumptions hold. Then, the production function, output quantities,
output prices, and TFP are identified up to scale and location; markups and output elasticities are
identified up to scale.

Remark 1. Examination of the proofs reveals that we have over-identifying restrictions. In par-
ticular, the proof of Proposition |1| goes through with any choice of q,_; € {k,_1,1,_1,M;_1,%_1}
in ([33). Furthermore, the proof of Proposition 2| does not rely on the restriction in for
identifying ¢ '(-). These over-identifying restrictions can be useful in developing a specification
test for the model as well as for efficiently estimating the model.

3.3.4 Comparison to Existing Identification Approaches

Our approach follows the spirits of existing identification approaches, but it does differ from
them in terms of implementations. First, step 2 distinguishes our approach from the standard
control function approach (e.g., Ackerberg et al., |2015). In step 2, we identify the control
function from the dynamics of the inputs, and without using any output measure. To clarify
why this approach is necessary, consider an alternative approach that uses an output measure.
Specifically, in the second step, we substitute w;, = ¢; ' (7;;,2;) — f,(x;,) into and obtain

the alternative transformation model:

90:1(fit’zit) = fe(x;) + e (Firmys Xiem152021) + 05

where i, (F,_1,X,_1,%,_1) i= h((pt__ll(’:t—l’zt—l) — f.(x,_1)). Since this model also belongs to the
class of transformation models examined by Chiappori et al.| (2015), one might think that we
could have identified ¢,(-) and f,(-) from the conditional distribution function G; ,, (7;|w,) of
. given w, := (x,,2,, 7,1, X,_1,%,1)- This is not possible, however, because once (x,, z,) is con-
ditioned on, 7, = ¢.(x,,2,) loses all variations. Therefore, the derivatives of Gy, with respect
to past variables (7,_;, x,_;,2,_;) are always 0, which violates the condition corresponding to
Assumption [4] (f).

Second, Ackerberg et al.| (2015)) identify a structural value-added function, y,, = v,(k;., l;;) +
w;;, which under perfect competition derives from a Leontief production function y;,, =

min {v,(k;,,l;;) + w;,a+m; }. However, the structural value-added function is difficult to
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employ under imperfect competition because y;, < v,(k;,,;;) + w;, can occur. Note that the
maximum output capacity y;, := v,(k;,,[;;)+ w;, is determined before a firm chooses m;, and y;,.
Therefore, if y?, is large—due, for example, to a large shock on w,,—then the profit maximizing
output y;, can be lower than yi"‘tﬁ Intuitively speaking, when increases in TFP double, a firm
can preclude a price drop by increasing its output by less than double.

Third, our approach uses the first-order condition for material in a way different from that
seen in Gandhi et al. (2020), whose step identifies the material elasticity J f,(x,)/dm, from the
first-order condition ([37):

exp(p;" +m;,) I af.(x;) n 8(,0;1(rit — &1, %) B

1 = )
T exp () om,, ar, i

under the assumption of perfect competition where Ind ¢, '(r;, — €;,,2;,)/dr;, = 0 for all i.
Under imperfect competition, when the markup depends on revenue r;, — ¢;,, 2 f,(x,)/dm,

cannot be identified solely from the first-order condition.

3.4 Fixing Normalization across Periods

Let ((pt‘l(-), (), Mt‘l(-)) be a model structure for period t identified by using Propositions
and |2 under the normalization in Assumption |3} Let (¢7'(), f*(-),M7!(-)) denote the true
model structure. Since the structure is identified up to scale and location normalization, there

exist period-specific location and scale parameters (a,,,d,,, b,) € R*> x R, such as

90:1(rtszt) =a; +ay + bt@f_l(rtizt): filx)=a; + btft*(xt):
M (X, 2,) = @y, + b M (x,, 7,). (43)

Generally speaking, the location and scale normalization differ across periods—that is,
(ay;, a9, b,) # (ay,41,a5.41, b,41). For the identified objects to be comparable across periods,
we need to fix normalization across periods by assuming that some object in the model is

time-invariant. The subsection discusses these additional assumptions

15As|Ackerberg et al.| (2015) explains, under perfect competition, if y;, < ¥}, then the optimal output is 0 since
the output becomes linear in material. Since firms in a dataset have positive outputs, y;, = y;. holds for firms
observed in a dataset. However, under imperfect competition, it is possible to have y;, < y, and the optimal
output is strictly positive.

16Klette and Griliches (1996) and De Loecker| (2011) identify the levels of markups and output elasticities
from revenue data by using a functional form property of a demand function. They consider a constant elastic
demand function leading to ¢.(y;,2;;) = ay;s — (@ — 1)z;, where z;, is an aggregate demand shifter, which
is an weighted average of revenue across firms, and a is an unknown parameter. This formulation implies
cpt_l(rit,z,-t) =(1/a)r;; +(1—1/a)z;, and imposes a linear restriction aap[_l(r“,zit)/a i+ 8(pt_1(rit,zit)/azit =1,
which fixes the scale parameter b,.
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3.4.1 Scale Normalization

From (43)), the ratio of identified markups across two periods relates to the ratio of true markups

as
d¢ h(rz)/0r b, 09 (r2)/0r

3¢ (r,2)/dr b, g (r2)/dr

Therefore, the ability to identify how true markups change over two periods requires identifica-

tion of the ratio of scale parameters, b,,,/b,. Similarly, the ratio of identified output elasticities
across periods and that of identified TFP deviation from the mean are related to their true

values via the ratio of scale parameters:

8ft+1(x)/aq _ b1 0 til(x)/aq and Witt1 _E[wiH—l] _ b1 w?t+1 _El:w:'ktﬂ]
2£/2q b, 2£,(0/30 " wp—Elwd b \ w,—E[a,]

for g € {m, k,1}.

To identify b,,,/b,, we consider the following assumptions.

Assumption 6. At least one of the following conditions (a)—(c) holds. (a) The unconditional
variance of 1;, does not change over time. (b) For some known interval % of &, the output
elasticity of one of the inputs does not change over time for all x € 9. (c) For some known interval

B of X, the sum of output elasticities of the three inputs does not change over time for all x € 2.

Assumption [f] (a) holds, for example, if the productivity shock w;, follows a stationary
process because stationarity requires that the distribution of 7);, does not change over time.
Assumption [6] (b) assumes that the elasticity of output with respect to one input does not change
over time for some known interval; meanwhile, under Assumption E] (c), returns to scale in

production technology does not change for some known interval of inputs.

Proposition 3. Suppose that Assumptions hold for time t and t + 1. Then, we can identify
the ratio of markups between two periods t and t + 1, the ratio of output elasticities between t and
t + 1, and the ratio of TFP deviation from the mean between t and t + 1.

Proof. Suppose that Assumption [f](a) holds. Let var(n,) and var(n,,,) be the variance of ),
and 7),,, identified under the period-specific normalization in Assumption [3|for ¢t and t + 1,
respectively. From and , var(n,) = bfvar(nf) and var(n,.,) = bfﬂvar(nfﬂ). From

var(n;) = var(n;,,), b.41/b, is identified as b, /b, = Vvar(n,)/var(n,,,).
Let df,(x)/dq and @ f,,,(x)/dq be those elasticities identified under the period-specific nor-

malization in Assumptionfor t and t +1, respectively, and J f*(x)/dq and 2 f", ,(x)/dq be the

t+1

true elasticities. From (43)), 0f.(x)/0q = b, df(x)/dq and 0f,,1(x)/0q = b1 f,,(x)/q
hold.
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Suppose that Assumption @(b) holds. Then, df(x)/dq = df/,,(x)/dq for some input
q € {m,k,l} and x € 4. Then, b,,,/b, is identified as b,,,/b, = (2 f,41(x)/2q)/(2 f.(x)/Im)
for x € A.

Suppose that Assumption [6|(c) holds, implying

t+1 t+1 t+1

dfi(x)/dm+3f(x)/dk+2f(x)/01

of* (x)/dm+df* (x)/dk+af* (x)/21
= for x € A.

Then, b,,,/b, is identified as

by Ofe(x)/0m+0f,,1(x)/3k + 8 f,,,(x)/31
b f(x)/dm+0df(x)/3k+3f.(x)/3l

for x € A.

3.4.2 Local Constant Returns to Scale

We consider the following local constant returns to scale that strengthens Assumption [6] (c).

Assumption 7. (Local Constant Returns to Scale) For some known interval 9 of &, the sum of

the output elasticities of the three inputs equals to 1 for all x € 2.

Assumption|7]is stronger than Assumption[f](c), but it is weaker than the assumptions used in
some other studies on markups. Markup is sometimes estimated as the ratio of revenue exp(r;,)
to total costs T C;, under the assumption that a cost function is linear in output TC;, = MC,,y;,
with constant marginal costs M C;,. The linear cost function requires the following assumptions
that are stronger than Assumption [7} (1) constant returns to scale globally holds for all x € %;
(2) all three inputs are flexible and (3) a firm is a price taker of all three inputs. Under
Assumption [7], marginal costs may increase in output, especially in the short run, when dynamic
inputs such as capital require adjustment costs.

With Assumption |7}, the scale normalization parameter b, can be identified for all periods
as follows. Let f,(x) be the identified production function and f*(x) be the true one where
fe(x)=a, + b, f}(x,) from (43). For x € 8, we have

_ (96 9f()  OfF(x)Y _afilx) | afux)  df(x)
bf_bf( om ok | al )_ om | ok ol

Given that we have identified the scale parameter b, in (43), we have established the following

proposition.
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Proposition 4. Suppose that Assumptions[IH5]and [7]hold. Then, ¢,(-) and f,(-) can be identified
up to location. The levels of markup and output elasticities can be identified. Output quantity,

output price, and TFP can be identified up to location.

3.4.3 Location Normalization

Suppose that scale normalization b, is already identified—for example, from Proposition
Define

@:l(rnzt) = L;Ot_l(rt:zt)/bt, ft(x) = fi(x)/b,, &, :=w,/b,,
dy, :=ay,/ by, and Gy, := ay,/b,. (44)

Then, (43) is written as
(ﬁt_l(ruzt) =dy, +dy + Sof_l(rpzt): filx)=a,, + f(x,), &, = dy + . (45)

From (43), the growth rates (log differences) of the identified output and TFP between t and
t + 1 are related to their true values as follows:

(pt_:l(f'itﬂszitﬂ) - (,5:1(1_‘“,2“) = dypqq A4y — Ay — Ay + 90:11(’7it+1azit+1) - (P;k_l(’:it:zit),
ft+1(xt+1) _ft(xt) = Aypq — Qe + (1) = F1 (),

Djpp1 = Dy = lopyq — A + Wj g — - (46)
Therefore, to identify the growth rates of output and TFE we need to identify the changes in
the location parameters. To do so, we can use an industry-level producer price index P}, which
is often available as data, to identify the change in the location parameters. Suppose that P is
a Laspeyres index
Qe €XP(P}; + Yiy)

.Pﬂ< = 5
Dien €xp(Ply + Vo)

t

(47)

where N is a known set (or a random sample) of products. p;, and y;; are firm i’s log true price
and log true output at the base period, respectively. The following argument holds for forms of
a price index (other than Laspeyres) as long as the price index is a known function of prices

that is homogenous of degree 1; this condition is usually satisfied.

Assumption 8. (a) The industry-level producer price index P; is known as data. (b) For some
known point X € %, the true production functions of t and t + 1, f*(-) and f ,(-), satisfy

t+1
frx) = £,

21



Assumption [§|(b) is innocuous, implying that any output change between t and t + 1 when
inputs are fixed at X is attributed to a TFP change.

Using the aggregate price index, we can identify the change in the location parameters and
identify the growth of TFP and output.

Proposition 5. Suppose Assumptions [/} and[8|hold. Then, the true growth rate of output

*

—17= —1(x
(P:(+1(rit+lzzit+1) — ! (Ti¢»2;¢) and that of TFP Wit

— wj, can be identified for each firm.

Proof. Let p;, = 7y, — ¢, (T, ;) and ¥;, := ¢ '(7,%;,) be an output price and an output
quantity identified under the normalization in (44) and Assumption [3] respectively. Using these,
we calculate an industry-level producer price index with them:

Zieﬁ exp(p;; + Vo)
Zieﬁi exp(Pio + Vo)

P, =

From (45) and (47), P, is written as

Dici exp(—(a;, + dy,) + pi,+dio+dsg+ i)
i exp(Ply + ¥io)

= exp(d, o+ dyo — (dy, + dy )P/

b =

Therefore, d,,,; + dy,.1 — d;, — Ay, is identified as:

@1p1 + dyeqy — 6y —dy =InP’, —InP,; —(InP/ —InP,) (48)

From (46), we identify the output growth rate ¢ (7,141, %;41) — @7 (Fir, %i0)-
Evaluating the second equation in (46€) at x,,; = x, = X in Assumption [8|(b), we identify

A1e41 — Ay ASE

Ay — Gy = C~11,t+1 +f;:1(3_c) - (al,t +ft*(3_c))

= fen () = f(2).
From (48), d,,.; —d,, is also identified as
Ayrp1 — Ay =INPY, —InPyy — (lnPt* _lnpt) - (ft+1()_f) —th(J_c)).

Therefore, from (46), the true TFP growth rate w;,, ; — w?, is also identified. H
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3.5 Identification of Demand System and Utility Function

Given that we have identified each firm’s output price and quantity, it is possible to identify
with additional assumptions a system of demand functions and a homothetic utility function of
a representative consumer. The identified demand system and the identified utility function
can be used to undertake counterfactual analysis and welfare analysis.

We consider an HSA system (Matsuyama and Ushchev, 2017)), which can be expressed as a
system of direct demand functions or of inverse demand functions. The two systems are self-dual
in the sense that either can be derived from the other. We consider a system of inverse demand
functions. Let P;, := exp(p;,) and Y;, := exp(y;,) be the levels of price and quantity of firm i’s
P, Y,

output at time t, respectively. Let N, be the set of firms in the industry and &, := >, ieN,

be the industry expenditure. The inverse demand function for product i is given by

et ()
=S| ———=, 2 |-
t Y t At(Yt,Zt) it

1

where S,(-,2;,) provides the budget share of product i, Y, := (Yy,,..., Yy,) € ¥ := exp(¥)"
is a vector of consumption, z, := (2, ...,2y.) iS @ vector of observable demand shifters and
A,(Y,,z,) is the aggregate quantity index summarizing interactions across products Since S,(-)
is nonparametric, the HSA system can nest various demand functions used in the literature such
as the constant elastic demand from the CES utility, the symmetric translog demand (Feenstra,
2003; Feenstra and Weinstein, 2017)), or the constant response demand (Mrazova and Neary,
2017;2019) [F]

For identification of a demand system, we make assumptions regarding the market structure.

Assumption 9. The good market is monopolistically competitive (without free entry)—that is,
each firm takes the quantity index A,(Y,,z,) as given.

The assumption of monopolistic competition follows Klette and Griliches| (1996) and
De Loecker (2011), with the inverse demand function becoming a symmetric function of
the firm’s own output, as in (8).

The demand elasticity equals (u—1)/u when u is markup. If the markup is identified up to
scale, then the demand elasticity is not uniquely identified. Therefore, we need to fix the scale

=1 Yy , then the inverse demand function is given by

. 1/ ( it)
171f the utility function is CES U,(Y,,z,) = [ N Yp(z“)] o
®, Y, p(zi)
Pif = ﬁ (Ut(Yt’Zt))
different.
18 A HSA version of the constant response demand (Mrazova and Neary,[2017;[2019) can be formulated as for

o, Yie
example, P;, = ﬁY_ [(Al(Yl,zl)

Ushchev| (2017) regarding how the HSA nests the translog demand.

. In this case, the quantity index is the same as the utility function, but they are generally

a )
) + yzit] where firm i’s markup is given by u;, = ﬁ + % See [Matsuyama and
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normalization to identify the demand function.
Assumption 10. ¢ '(7,,z,) is identified up to location.

Assumption [10|is satisfied when Proposition 4 holds.

An HSA demand system can be constructed as follows. Suppose ¢, (7;,2,) is identified
from Proposition [}, taking its inverse function obtains the revenue function ¢,(y,,2,). Fixing
0, Y2) e X and 20 := (22,...,20) € &V, we let &,

D en, €XP (cp ¢ (ln Yl?, )) be the consumer’s budget, which is taken as given. For given (Y,, zt) €

% x N, we define a vector of market shares S,(Y,,z,) := (S,(Y1;,21:); oo S:(Yiye» Zy.)) sSuch
that

a realized data point of YO := (Y,

eXp ((Pt (ln it th))
®, ‘

St(Yitazit)3

The quantity index A,(Y,,z,) is identified as follows. First, since >,y S (Y0,22) =1, by
construction, A, (Y%, z?) = 1 holds for the data point (Y, z%). For other values (Y,,z,) € % x &V,

we can obtain A,(Y,, z,) by solving

25 (A Yoz) " ”):1'

iEN,

Since S,(+,2;,) is continuous and strictly increasing, A,(Y,, z,) is uniquely determined. Then, we
obtain the inverse demand function for all (Y,,z,) € # x &V:

P, = q>tS ( Yi ) (49)
=S| —, 2 |
. Yif ‘ ‘lt (Yt’ zt) ‘

Applying the result of Matsuyama and Ushchev (2017, Proposition 1 and Remark 3), the
following proposition establishes that the HSA demand system (49) constructed above can be
derived from a unique consumer preference, and that it is possible to identify an associated
utility function. Appendix supplies the proof.

Proposition 6. Suppose Assumption |10|holds. (a) There exists a unique monotone, convex, and
homothetic rational preference 2 over % that generates an HSA demand system @l} (b) This
preference 7 is represented by a homothetic utility function defined by

Yi /A (Y¢,2,)

St (g’ Zit)

dg,
i(z¢) g

N
InU(Y,,z,) =1nA,(Y,,z,) + Zf

where c(z,) := (¢;(2,), ...,cy(2,)) is defined by U,(c(z,),z,) = 1. (c) The identified demand system

S.(+) and preference % do not depend on the location normalization of ¢ (7;,z,).
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3.6 Identification in Alternative Settings
3.6.1 Endogenous Labor Input

Identification is possible when [, correlates with 7,. In the spirits of Ackerberg et al.| (2015)
and the dynamic generalized method of moment approach (e.g., Arellano and Bond, 1991;
Arellano and Bover, 1995}; Blundell and Bond, |1998, 2000), we provide identification using
lagged labor [,_; as an instrument for [,. Specifically, we follow the approach of |Ackerberg
et al.| (2015), which assumes (1) [, correlates with [,_; and (2) the firm’s profit maximization
problem regarding m, conditional on [, is expressed by (10), which allows the material demand
to be written as m;, = M, (w;,, k;,, l;;,%;,). This approach has the advantage of being consistent
with various data generating processes regarding the choice of ltm

Identifying Mt_l(xt,zt) using [,_; as an instrument for [, is nontrivial because the model
includes I,_; in h, (x,_1,2,_,). It is not possible to use the variation of /,_; simultaneously
for two purposes (i.e., identifying h, (x,_;,%,_;) and instrumenting [,). Therefore, we proceed
to identification in two steps. We first identify h, (x,_;,2,_;) (up to location) and then use [,_;
to identify M '(m,, k,, [, 2,).

Identification of h, (x, 1,2, 1)-

Assumption 11. (i) Assumptions 4| (a), (d), (e), and (f) hold. (ii) 7, is independent of
w, = (k,2,%,_1,%,1) € W = H x ¥ x X x % with E[n,|w,] = 0. W, is continu-
ously distributed on #. (iii) For each (x,_1,%,_;) € X X %, G, (Xe1,221) = {(X,%,) €
X x ﬂf’laGth(rﬁtlfq, [,,%,, %, 1,%_,)/@m, > 0} is non-empty.

Assumptions (11| (i) and (ii) simply modify Assumption |4{such that [, may correlate with 7),.
Assumption (iii) is innocuous because it is satisfied if the firm’s survival probability at time t
conditional on (x,_1,2,_;) is not 0.

The conditional distribution of m, given v, satisfies

Gmt|vt(mt|vt) =G, (Mt_l(mt: ke, ley2e) — }_lt (X¢—1,%-1) |lt) .

Taking the derivatives of both sides with respect to q, € {m,k,z2} and q,; €
{k,_1,1,_1,m,_1,%,_,} and their ratios, we identify 9M_ " (m, k,,l,,2,)/2q, and dh(x,_1,2,,)/2q,

19See |Ackerberg et al. (2015) for examples of such data-generating processes. For example, [, can be chosen at
time t with adjustment costs; a firm can face an auto-correlated firm-specific wage; or [, can be chosen at time
t —1 or at an intermediate time between t and t — 1.
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as follows:

aMt_l(mts kt: ltazt) _ _al_’l(i‘t—l)gt—l) aGmtlvt (mtlkt: ltazt:it—lagt—l) /aqt

2 , (50)
¢, 99, aGm[|vt (melke, 1,20, %0,221) /9G4
af_l(xt_l,zt_l) _ _aMt_l(ﬁln kt} ltsit) aGmt|vt (r:htlkts ltagtaxt—lyzt—l) /8qt—1 (51)
0qc—1 am, aGth (mtllzta Zt)gt’xt—lﬁzt—l) /dm, ’

where (Jﬂft_lggt—l) € "‘quH

and (X,,%,) € ., (x,_1,%.1). Note that is the same as in

(B1). Thus, following the same steps as those in the proof for Proposition [1, we identify

oM, *(m,k,,1,,2,)/9q, up to scale, and then 3fz(xt 1> % 1)/8qt 1 up to scale from (5 ||
Define d, (l ):=M 1(m roo kb5 1, 27) for (m7,, k¥, 27) in ( and d:= h % 1) for some

point (x} |,z* ) € Z x Z. Integrating the identified elast1c1t1es in and ., we obtain

Mt_l(mt,kt:lnzt) =d; (1) + Ay (x5 20), (52)
}_l(xt—lszt—l) =d + Ay (X21,21), (53)

where function d;(l,) and constant d are unknown objects to be identified; A;, (x,,2,) and

Ay, (x,_1,2,_,) are identified and thus treated as known functionsF_G]

Identification of M '(m,, k,,1;,2,). Defining H;, := A;; (x;;,2;,)— Ap (X;,_1,%;;—1) as a known

variable, we rewrite model (28) as

H;, =d—d,(l;) +n;-.

From [,_; 1 7n,, we obtain the following moment condition for nonparametric instrument variable
(IV) identification:
E[H; —d+d(l;)|l;—1]1=0. (54)

gpecifically, A, (x,,2,) and A, (x,_1,%,_;) are given by

™ oM (s, k,, 1,2 COMH(miy,s, 1,z oMM (mYy, kE L,
A (xp,2,) ::f -t L t)ds+f ( s t)ds+f ( U )ds
k; z

m, om, dk, : 0z,
M1 k1 g7 *
Oh,(s, k Jh,(m*_,,s,1,_1,2,_

Aht (xt—lJZt—]):zf (S ;nll’ t LEe 1) f t( t_alk et 1)d5

m_, t—1 K t—1

L1 g7, * * t— *

+J ! aht(mt—l’kt—l’sﬂzf—l)ds+fz ' 8h (mt 1> t l’lt 1’ )dS
I* 9l . 0% 4

t—1 t—1
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For instance, if f, is Cobb-Douglas as in , then d,(l,) = —6, (lt — l:‘) from ll and the

moment condition becomes that for linear IV regression:
E[H;—d—6,(L, — LIl 1] =0.

A standard procedure of linear IV regression identifies (d, 6,) if [;, sufficiently correlates with

lit—l'
Following the literature on nonparametric IV (e.g, Newey and Powell, |2003)), we assume

that [,_, satisfies the following completeness condition.

Assumption 12. For all functions 6(1,) : £ — R such that E[6(1,)|l,_;] < oo, E[6(L,)|l,_;]1=0

a.s. implies 6(1,) =0 a.s..

With Assumption the moment condition (54) uniquely identifies {d,dl(lt)}Ef] Since
Ele,|x,,2,] =0, step 1 continues to identify ¢,(-). Therefore, once Mt_l(mt, k,,1,,2,)isidentified,

step 3 identifies all the same objects as before.

Proposition 7. Suppose that |, may correlate with 1, and that Assumptions [11]and[12]
hold. Then, the production function, output quantities, output prices and TFP are identified up to

scale and location; markups and output elasticities are identified up to scale.

3.6.2 Endogenous Firm Characteristics

Firm characteristics z, may correlate with 7),. For simplicity, we again assume that [, is exogenous.
We show that even in the absense of any IV for z,, we can identify the markup and the production
function. If valid IVs for z, are available, all the same objects can be identified as before.

We modify Assumption [4|so that z, may correlate with 7,.

Assumption 13. (i) Assumptions 4| (a), (d), (e), and (f) hold. (ii) m, is independent of w, :=
(kp, 1, X,1,2,1) €W :=H x L x X x Z. wis continuously distributed on #. (iii) For each
(X—1,20) EXXZ, A (X1,%1) ={(X,8,) € X X g|aGmt|vt(mt|T<t: ant?xt—lﬁzt—l)/amt >
0} is non-empty.

Identification without Instrument Variables. The conditional distribution of m, given v,

satisfies

Gmtlvt(mlvt) = GTh|Z[ (Mt_l(m; kt; lt,Zt) - }_lt (Xt—l: zt—l) |Zt) .

2}The proof is as follows. Suppose {d,d,(1;,)} also satisfies the moment condition . Then, it holds that
E[d—d +d,(1;;) — d;(l;)|le—1 | = 0 a.s. The completeness condition implies d —d + d;(l;,) — d;(l;;) = 0 a.s. Since
&l(lf) =d,(I}) = 0 from Assumption d = d holds so that dy(l;,) = do(L;,).
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Taking the derivatives of both sides with respect to m, q, € {m,k,!l,} and q,_; €
{ki—1,1;—1,m_1,%,_1}, we obtain (50) and (51). Following the same steps as in subsection
, we identify oM '(m, k,,l,,2,)/2q, and dh(x,_,%2,1)/dq,_, up to scale.

Since E[¢,|x,,2,] = 0, Lemma [1| continues to hold and ¢,(-) is identified. Therefore, using
and the first-order condition Il with the identified derivatives of M '(-), it is possible to
identify markup and output elasticities up to scale. Integrating the output elasticities,
we can identify the production function, following (42)).

Proposition 8. Suppose that z, may correlate with 1), and that Assumptions [2} [3] [5} and [13| hold.
Then, we can identify the markup 0 cpt_l(f‘it,zit) /dr, of each firm up to scale and the production
function f,(-) up to scale and location.

Applying Propositions [3|and Proposition |4}, it is possible to identify the changes in markup
and output elasticities overtime and the levels of markup and elasticities, respectively.

Identification with Instrument Variables. To identify cpt_l(-) and Mt_l(-), we need a set of

IVs £, for z,. A candidate for , is z,_; if z,_; correlates with z,.

Assumption 14. (a) There exits a set of instruments {, such that E[n,|{,] =0 a.s. (b) For all
functions 6(z,) : Z — R such that E[6(z,)|{,] < oo, E[6(2,)|{,] =0 a.s. implies 6(z,) =0 a.s.

Following similar steps by which to derive (53], we obtain
Mt_l(mt: kt’ Zt:zt) = dz(zt) + A (xt’Zt)

and (53), where d,(z,) := M (m},, k,*,z,) is an unknown function to be identified; A,, (x,,2,)
is identified and treated as a known function Defining H" := A,, (x;, %) — Ape (Xie_15 Zi-1)

as a known variable, we rewrite model (28] as
H = d —d,(z,) + .

From Assumption the moment condition, E[7;.|{;;] =E [Hfth —d+d,(z,)|C it] = 0, identi-
fies {d, d,(z,)}.

2gpecifically, A, (x,,z,) is given by

" aMil S’k ’l % ke 8M71 m’ ’S)l »2 L aMil m* ,k*,S,z
Ay (Xp,2,) i= Mds-}— 3 ( t0 t r)ds-{— t ( 0> "t t)d
om, K Ok, l al,

S.

* ,
My t ¢
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Proposition 9. Suppose that z, may correlate with 1, and a set of IVs {, satisfies Assumption
Suppose Assumptions @ @ @ and 13| hold. Then, we can identify ¢, '(-) and M;'(-) up to scale
and location and identify G,(-) up to scale. That is, output quantities, output prices and TFP are

identified up to scale and location.

3.6.3 Alternative Settings

The Appendix presents the identification results in three alternative settings. The identification

argument remains the same but requires some additional steps.

Discrete Firm Characteristics. Observable firm characteristics z, may constitute a discrete
variable. Appendix[A.2] provides a proof.

Unobservable Firm-Level Demand-Shifter. The identification can incorporate an unobserved
demand shifter &;,, which can be called quality. Let yi‘; =y, +&; and p:.rt =Y. — &;; be the
quality-adjusted output and the quality-adjusted price, respectively. We consider the following
inverse function and revenue function:

piTt = wt (yjt’zit)’
it — ()Ot(y;pzit) = (pt(ft(xt)-*_w;rpzit) (55)

=i

where cojt = w;; + &, is a composite of TFP and quality. In Appendix we show that Il
derives from a representative consumer’s maximization problem where exp(&;,) enters the
utility function in a multiplicative manner with quantity. In (55]), higher quality allows a firm to
earn more revenue for a given output. We assume that @;, follows a first-order Markov process
T T
o, =h(w)_y)+ ;.
Under the current setting, the model structure becomes identical to the main model where
(Pit> Yie» w;,) are replaced with (pj't, yjt, wjt). Therefore, applying precisely the same steps, we
. . . . . e . . . . . Tt ¥
can identify all functions identified in Section 3 and the quality-adjusted variables (p,,, y;,, ;,

IID Productivity Shock. As an alternative error structure, we consider an i.i.d. production

shock e;, to output instead of a measurement error ¢;,. Then, the firm’s observed revenue r;,
and inputs x;, are related as follows:

Tie = (Pt(ft(xit) +w; t eitszit)‘ (56)

29



A firm chooses m;, at time t by maximizing the expected profit:

m, = M, (w;, ki, Ly, 2;.)
= argmax E Lexp (@, (fi(m, ki, lip) + wie + €31, 2;)) | F ] — exp(py” +m).
where .#,, is the set of information for the firm that includes all past variables and all time—t
variables except e;,. The identification of the control function w;, = M; " (m;,, k;;, l;;,3;;) remains
the same because Mt_l(-) continues to be a function of the same variables.
In the second step, the revenue function is written as:

@:1(rit,zit) :ft(xit)+Mt_1(xit:Zit)+eit' (57)

Model also belongs to the class of transformation models studied by Chiappori et al.| (2015).
Therefore, by applying the nonparametric identification of a transformation model and using
the first-order condition for the material, we can identify ¢,(-) and f,(-) up to scale and location
from the conditional distribution of r;, given (x;,,2;,) under the assumptions similar to those
for Proposition [2| As an additional complication, the first-order condition includes expectation
with respect to e,. Therefore, we first identify the distribution of e, to derive the first-order
condition. Appendix[A.4] provides a proof.

Because of the i.i.d. shock e;,, the realized value of 890:1(1“1-“2“)/ odr, no longer equals
the markup. We identify the markup from the cost minimization, following Hall| (1988) and
De Loecker and Warzynski (2012). As shown in Appendix [A.4] the equation for the markup u,,

becomes

_ dfi(x;)/omy,

 exp(p} +my,)/ exp (ri; — ;)

The difference from the original Hall-De Loecker-Warzynski markup equation is
exp (r;, —e;,) instead of exp(#;,) = exp(r;, —e¢;). While 7, = ¢,(x,,2,) in is a deter-
ministic function of (x,,z,), r, —e, is generally not. Therefore, the markups are different across

it

firms even after being conditioned on (x,, z,).

4 Concluding Remarks

The current study developed constructive nonparametric identification of the production func-
tion from revenue data. Our method simultaneously addresses two fundamental identification
issues raised in the literature since Marschak and Andrews| (1944)—namely, correlations be-
tween inputs and TFB and biases from markup heterogeneity when revenue is used as output.

Under standard assumptions, when revenue is modeled as a function of output (rather than a
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mere proxy for output), various economic objects can be identified from revenue data. We plan

in an ongoing, follow-up research to estimate these objects from an actual dataset.
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A Online Appendix (Not for Publication)

A.1 Identification of Demand Function
A.1.1 Proof for Proposition [6]

The proof for Proposition [6| uses the following result of Matsuyama and Ushchevi (2017).

Theorem A.1. (Matsuyama and Ushchev, 2017, Remark 3 and Proposition 1). Consider a
mapping s(Y) := (s;(Y;), ...,sy(Yy)) from Rﬂ\r’ to ]R]i, which is differentiable almost everywhere, is

normalized by
N

Zsi(Y;") =1, (A.1)

i=1

for some point Y* := (Y, ..., Yy) and satisfies the following conditions
SIYY; < s:(Y:) for i =1,..,N,
slf(Y;)s;.(Yj) >0fori,j=1,...,N, (A.2)
for all Y such that Zivzl s;(Y;) = 1. Then, (1) for any such mapping, there exists a unique monotone,

convex, continuous, and homothetic rational preference that generates the HSA demand system

described by

o Y; .
P=—s;| —= | fori=1,.,N,
Y \A(Y)

where ® := Zivzl P,Y; and A(Y) is obtained by solving
N

2. (Aé{ ): '

i=1

(2) This homothetic preference is described by a utility function U which is defined by

3

i=

N Y;/A(Y) s, (E)
InU(Y) = InA(Y) + Z J AT (A.3)

where c is a constant.

Matsuyama and Ushchev| (2017) proved (1) from the Antonelli’s integrability theorem. See
their paper for the proof. Matsuyama and Ushchev| (2017) provides a proof for (2) for the case
of direct demand functions instead of inverse demand functions considered here. So we will

provide the proof for (2) in the following proof for Proposition [ (b).
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Proof for Proposition [6]

Proof. (a) We construct S,(Y;/A,(Y,2,),%;,) and A,(Y,,z,) as is explained in the main text. Fix
z, = (21,,...,2y,) and time t. For Y € %, define A(Y) := A,(Y, z,) and s(Y) := (s;(¥}), ..., sy (Vi)
such that 5,(Y;) = S,(Y;, 2;,).

Define %, := {Y/A(Y) : Y€ #}. Then, for all Y € %, Zf’zl s;(Y;) = 1 holds by construction
of A,(+). At the same time, for all Y that satisfies Zflzl s;(Y,) =1, A(Y) =1 holds so that Y € %,.
Therefore, %, ={YE ¥ : le.vzlsi(Yi) =1}.

Consider Y € #,. From Assumption|l|(b) and y :=InY,

a(pt (IHY,Z) =1 + adjt(lnY)z)

O< "y oIny

<1
holds. The above inequality implies

si{(Y)>0ands/ (Y)Y <s;(Y)foralliand Y

because
, exp(p,(InY,2;,)) d¢,(nY,z;,)
Sl.(Y)YZ P (Ptq) t (Ptalny t
t
:Si(Y)a(Pt (lnYN’zit).
JdlnYy

Therefore, s(Y) satisfies the inequalities in ll for all Y satisfying Zilsi(ﬁ) = 1. From
Theorem[A.1] (1), there exists a unique monotone, convex, continuous, and homothetic rational

P = ts.( Y; )
YooY A
5! (23 )
= s 3 5
. t A(Yt,zt) it

(b) The following derivation of the utility function follows the steps in [Matsuyama and

preference that generates

A

B s

<

where @, is the consumer’s budget.

Ushchev (2017). Let U,(Y,, z,) be the utility function that is homogenous of degree one with

respect to Y,. Then, the indirect utility is linear in income ®,:

o

0.2 (A

V.(P,,®,) = rr%{ax{Ut(Yt, zt)lplth <o }=

A2



where I1,(P,) is the ideal price index. The first-order condition is given by

ou, (Y,,z,) _
Y.

1

)Ltpits

where A, = 1/I1,(P,) is the Lagrange multiplier. The Roy’s identity derives the demand for firm

1as

_ 8Vt/8Pit _ d, (al'lt Pit)
“T 9v,/oe, P,\08P, 1)

From (A.4), the expenditure function is written as e,(P,, U,) = I1,(P,)U,. Applying the Shepard’s

lemma derives the demand for firm i as

(A.5)

_ de(P,U,) oM,
“T  o9p, 9P

1

U,. (A.6)

Using (A.6), A, = 1/I1, and the first-order condition, we obtain

aHtpit_YitPit_Yi AP = aUtYit
oP, I, UM, U "' 0YU’

Therefore, from (A.5)), we have

( Y; )_PnYn_aﬂt&_aUtYu
t

—’Z' - - L - - _’
A(Ytazt) " ?, op;, 11, oY, U,

which can be written as

oInU,(Y,,z,) _ 1 Y; . ) (A7)

S —7Zl
oY, Y;, I(At (Y,z) "

Let A, = A,(Y,,z,). Since U,Y,,z,) is homogeneous of degree one with respect to Y,,
oU,(Y,,z,)/2Y;, is homogenous of degree zero with respect to Y,. Therefore, it holds

O InU,(Y,/Avz) _ 0U(Yi/Auz) 1
Yy, Yy, U.(Y. /A, 2,)
_oUWuz) A
Y, U(Y,z)
:Ataant(Yt,zt)'
oYy
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Then, (A.7) becomes simplified as

a an (Yt:zt) 1 Yit
- Ay _St » @it

—.,Z
aY,, v, o\,
- dInU. (Y. /A, 2,) A_St(ﬁ,zit)
aYlt Y Af
d1nU,(Y,, S (Yie 2
PN nU,.(Y, Z) (it lt)’ (A.8)
oY, Y,

where Y, := Y,,/A, and ¥, := (171“..., ?Nt). Let c,(z;) := (c1.(2,), ..., cy(2z;)) be defined by
U,(c,(z,),z,) = 1. Then, integration of leads to

InU,(Y,,z,) = Zf ol (&: Z”) dé.

cie(z¢)

Since InU,(Y,,z,) =1nU,(Y,/A,,z,) =InU,(Y,,z,) —InA,, we obtain the utility function stated
in the proposition as follows:
N Yie /A (Ye.2¢)
S, (&,z;
nU,(Y, 2) =, (¥,2) + > J 2l
= cie(z¢)

(c) The homothetic preference implies that the market share P, Y;,/®, depends only on a
price vector and is independent of income. This property requires A, (Y,,z,) to be homogenous

of degree one with respect to Y, so that for any k > 0, it

S( kY;, Z) ( kY;, )_S( Yie Z)
' At (kYt’Zt), " kA (Yt’ t) ‘ At (Yt’zt), A

Let ¢ '(7;,%;,) be the identified log output and ¢:~'(7;,z;) be its true value. Since
@ (71, 2;,) is identified up to location, there is a € R such that ¢ (7, 2;,) = a + ¢ (7, 2;,)-
The identified output Y;, and the true output Y} are related as follows:

Y, = eXp(SOt_l(finzit))
=exp(a+ ¢ (i, 2i))
=exp(a)Y;.

Since ¢ (y,,2,) = ¢;(y, —a,z,) for all y, and z,,

¢, (nY,z,) =9 (nY;, —a,z,) = ¢ (In¥;,z,).
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Then, the market share function S,(Y;,,2;,) := exp (¢, (InY;,,2;)) /®, constructed from the
identified outputs agrees with the market share function S7(Y},2;,) := exp (np:‘ (ln Y,z )) /®,

it> 7t

constructed from the true outputs:

*

€Xp ((Pt (ln Yitazit)) _ €Xp ((‘0? (lnYit’Zit))

St(Yitazit) = o, o,

=5 (Y5> %)

Thus, the identified demand system does not depend on the location normalization of ¢ (+).

Since the quantity index A,(Y,, z,) is homogenous of degree one with respect to Y,,

Y @Yy ew@Yy ¥

1

AY,z,) Alexp(a)Ysz,) exp(@A(Y;z) A z,)

Let U,(Y,,z,) be the identified utility and U; (Y}, z,) be the true utility. Then, they are related as

N Yie /A (Ye,2e) S (5 . )
In Ut(YtJZt) =1HAt(Yt,Zt)+Zf =

i=1

dg,
ci(z;) 5

=a+1nA, (Y’t‘, zt) + Z
i=1

/A Yio2e *
v f a(e) g Em)

C?(Zt) g
=a+InU’(Y},z,),

where c;(z,) := (cft(zt),...,c;t(zt)) defined by U*(c;(z,),z,) = 1. Therefore, the log utility
function is identified up to the location normalization of gat_l(-). The identified utility function
is a monotonic transformation of the true utility function, which implies both utility functions

represent the same consumer preference. ]

A.2 Discrete Firm Characteristics 2,

This section proves Propositions [1| and |2| for the case that z;, is a discrete variable and have
finite support & := {2z, ...,2’}.

The following assumption modifies Assumption [1|for discrete z;,.

Assumption A.1. (a) f,(:) is continuously differentiable with respect to (m,k,l) on M X K x &L
and strictly increasing in m. (b) For every z € %, ¢,(+,2) is strictly increasing and invertible
with its inverse (,0:1(1'”,2), which is continuously differentiable with respect to ¥ on %. (c) For
every (k,l,z) € A x ¥ x %, M,(-,k,l,2) is strictly increasing and invertible with its inverse
Mt_l(m, k,1,2), which is continuously differentiable with respect to (m,k,l) on M x KX x L. (d)

g, is mean independent of x, and z, with E [&,|x,,z,] = 0.
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The following assumption modifies Assumption 4 for discrete z;,.

Assumption A.2. (a) The distribution G, (-) of ) is absolutely continuous with a density function
g,(+) that is continuous on its support. (b) n, is independent of v, := (k;,1,,%.,X,_1,%,_1) € V :=
H XL XEXZX xZ. (c) x is continuously distributed on &. (d) The support §2 of w is an interval
[w,®] C Rwhere w <0and 1< @. (e) h(-) is continuously differentiable with respect to «w on Q.
(f) Theset .of, :={(x,_1,%,1) €E X XZ :0G,,, (m|v,)/3q,_, # 0 for all (m, k,1,,2,) € M %
A x ¥ x %} is nonempty for some q,_, € {k,_1,l,_1,m,_1,2,_1}. (g) Foreach (x,_,%,_1) € X X%,
it is possible to find (x,,2,) € & X & such that 3G, , (m|k,l;, 2., X._1,%,1)/dm, > 0.

A sufficient condition for Assumption[A.2] (g) is g,(n) > 0 for all n € R, under which (A.10)
below shows 3G, |, (m|k,1;, 2., X._1,%.1)/dm, > 0 holds for all (x,,z,).
The following proposition establishes the identification of M '(-).

Proposition A.1. Suppose that Assumptions [2] [3] and hold. Then, we can identify
M (m,, k,,1;,2,) up to scale and location, and identify G, (-) up to scale.

Proof. Choose normalization points (m;, k},[7) and (m},,k},[;) in Assumption [3| as well as
x;_, € & such that, for z,,2,_; € Z,
Mt_l(m* ki, 1, z0) = co(20), Mt_l(m* ki, 17, 2,) = c1(z,), and I_l(x;k_l)zt—l) =cy(221), (A9)

t0’ e’ "t t1’ e’ e’

where {cy(2,),¢1(2,), ¢2(2,_1)};, ;, e are unknown constants. Without loss of generality, let z;

in Assumption (3|be z} = z!. Thus, the normalization in Assumption [3|is imposed as
co(z') =0and c,(z') = 1.
From 7, L v,, the conditional distribution of m, given v, satisfies
G, (M v) =G, (M (my, ke, Ly 20) —he (3021, 201)) -

Taking the derivatives of G, , (m|v,) with respect to q, € {m,k,!l,} and q,_; €

{ki—1,1,—1,m._1} . The derivatives of G,, |, (m|v) are

aGmt|v[ (mt|vt) _ aMt_l(mnkt: ltﬂzt)

gy (Mt_l(mt,kt,lt,zt)—i_lt(xt_l,zt_l)), (A.10)

aq, 24,
OG,p, (Mve)  Oh(x,_1,21) - 7
ct = — ke g’l’] (Mtl(mt:kt)ltzzt)_ht (xt—l’zt—l))' (All)
aqt_l aqt—l

Using Assumption (f), we can choose q,_; € {k,_1,1,_1,m,_1,%,,} and (%,_,%,_,) € .,
such that G, |, (m|k., 1,2, %._1,%.1)/3q,_; # O for all (m,,k,1,,2,) € M X H X L x Z.
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Dividing (A.10) by (A.11)), respectively, we obtain for q, € {m,, k., [,}

aMt_l(mn kt: lt:zt) _ _a}_l (JNCt_l, gt—l) aGm[|v[ (mtlkt: Zt5ZtJ it—l’gt—l) /aqt

- = (A.12)
94, 991 8Gmt|vt (mlke, 1,2, %020,%21) /0G4
Then, from (A.9) and (A.14), we have
1=c(z")—co(z")
= M K ) M 3, 1)
__a}_l(i't—hfzt—l) " 0Gy,, (mlkf,l;",zl,a?t_l,ét_l)/amt dm
94,4 me 8Gu, (mlkt 15,20, % 1,%,4) 8q 1
and therefore identify dh (%,_;,%,_,) /2q,_, as
Oh (%, 1,2 »
(Xi_1,%:1) __3 (A.13)

qe-1°

044

where

S‘lt—l =

m % I% ~ > -1
(J “ aGmth/t(mlkt)ltyzl)xt—lazt—l)/8mt )
dm, | .

m’ aGmtlvt (mlkf, l;kal’ it—lxit—l) /aqt—l

t0

By substituting (A.13) into (A.12), we can identify M, ' (m,, k,,[,,z,)/dm, and M ' (m,, k,,1,,2,)/2q,

as

aMf_l(’Z;I:“ ) Saer Tmag (X620,
0 Mt_l(";fc’hk“ lozd) _ 8y Tog (X620, (A.14)
where
0Gy v, (Mlky, 1,2, %,_1,%_1) /O,

T X;,%:) = = > ?
meges (Xes%¢) 3G, (Milke, 1,2, % 1,5:4)/0q,4

aGmtlvt (mtlkt’ lt)zt’ )th—l:gt—l) /aqt
T‘h‘lt—l(xt’zf) = ~ ~ .
aGmtlvt (mtlkt’ lt’ZtJ xt—lszt—l) /aqt—l

From and , M '(x,,2,) is written as

Mt_l(xnzt) = co(z:) + Ap(xe,2,), (A.15)
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where

Ap(x,,2,) = gqt—l {f mtqt 1(5 ke,l;,2,)ds

My

* *

k, L
+f kit (M5 S, lt,zt)ds+f Ty, (Mg, K¢8,2 )dS}
k l

From Assumption [A.2] (g), for a given point (x,_;,2,_;) € Z x %, we can find some point
(,, k., 1,,%,) € & x % such that 0Gm,p, (rht|l~<t, ft,ﬁt,xt_l,zt_l) /dm > 0. Dividing ll by

(A.10) identifies 8h (x,_;,2,_1)/3q,_, as

afl(xt—l,th) aGmtlvt (m |ktnlt;zt)xt 1,%¢— 1)/3qt 1 OMI; 1(mt’kt71t’z)
99, aGmtlvf (m |kt:lt,zt>xt 1> %~ 1)/8m om

Repeating this, we can identify dh (x,_,,2,_1)/2q,_; for all (x,_;,2,_,) € Z x %. From
and (A.13), we can write h,(x,_,,2,_,) as

}_lt(xt—l’zt—l) =y(z,-1) + Ap(x—1,21) (A.16)
with
" Bh (s, kg, 1y,
Ag(x,1,%,-1) ZZJ (5, 3tr711 SIS 1)
m*: 1 t—1
+J ! ah (mt 12 S, t lazt—l)ds+J o ah (mt 1° f 1)5 Zt—l) s,
. ok, . oL,

t—1 t—1

Therefore, we can identify M '(m, k,,,,z,) and h (X,_1,%.1) up to {co(2), ¢2(2)},co-
Define H,(z,,%2,_;) := E[A,(m,k.,1,2,) — A;(x,_1,%.1)|%:,2,-1]. To determine
{co(2), c3(2)},c o, We evaluate

0=E[n2.,2,1]
=E [Mt_l(m: kn lt:zt) _ilt (xt—lazt—l) |Zt9 Zt—l:l

= ﬁt(znzt—l) + CO(Zt) - CZ(Zt—l)

at different values of (z,,z,_,) € Z>. First, evaluating E[n,|z,,%,_;] = 0 at z, = z', and noting
that c,(z') = 0, we have
e (z1) = Ht(zl;zt—l)-

Therefore, c,(z) is identified for all z € &. Second, evaluating E [7,|2,,%,_,] =0 at z,_; = 2*,

A.8



we identify cy(z) as

CO(Zt) = Cz(zl) —ﬁt(z“zl)

=H,(z},2Y) —H,(z,,2Y).

Given that {cy(2), ¢,(2)},c. are identified, we can identified M, *(m,, k,,1,,2,) and h.(x,_1,2,)
from and (A.16).

Each firm’s TFP w;, = M '(m,, k;;, l;;, %;,) is identified up to scale and location normalization.
From E [1);|X,_1,%,,] = 0, we can identify h,(x,_1,2,_1) = E [0 |x,_1,%,] and 1;, = w;, —

h.(x;,_1,2;,_,)- Thus, we obtain the distribution of 7),, G, (1). O

Note that the proofs for Lemma [1{ and Proposition [2| do not rely on the continuity of z,.

Therefore, the exactly same proof proves the following proposition.

Proposition A.2. Suppose that Assumptions [2] [3] and 5 hold. Then, we can identify
¢ '(+) and f,(-) up to scale and location and each firm’s markup 8 ¢, *(,%;,)/dr, up to scale.

A.3 Demand Function with Unobservable Demand Shifter

We derive the demand function (55) form a representative consumer’s maximization problem.
Suppose there are I products. Let Y;, = exp(y,,) and P;, = exp(p;,) be the output and price

levels of firm i. Consider a representative consumer’s utility maximization problem:

I
max U (u(exp(&1,)Y1,,21.) 5 oo u(€xp(&Er, )Yy, 27,)) sit ZpitYit =Y,

ithi=1 i=1
where Y, is income, the upper tier utility U(-) is symmetric in its arguments and the lower
tier u(-) is common for all products. Using p;rt = p;; — &, and yl't = Yy; + &, the utility

maximization problem is rewritten as

I

max U(u (exp(¥1.),21), - u(exp(y),),21.)) s.t. Zexp (pz't)exp (yl)=v.

]
18 it}{:l i=1
The first-order condition for maximization is

L au(ew().50)

: = ",
dexp(y},) cexp ()
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where A, is the Lagrange multiplier and each firm takes A, and U’ as given under monopolistic

competition. The inverse demand function for firm i is written as:
pi't = qﬁbt(yi't)zit)'

A.4 IID Productivity Shock

A firm receives an i.i.d. shock e;, to output after choosing inputs:

Yie = fi(x;) + w; + ey,

We suppose that firm’s revenue r;, is given by

ie = 0 (Vie> 2ie) = 0 (fe (i) + i + €40, 25) (A.17)

A firm chooses m;, at time t by maximizing the expected profit conditional on the information
available at the time denoted by .4, that includes all past variables and all time t variables

except e;,:

m; = M, (w0, kip, i, 2ir)

= argH}ﬂaX E [eXp(QOt(ft(m; kic, lit) tw;+ eit:zit)) |*¢1t] - eXp(P;n +m)
me

= argmax Ee [eXp ((Pt(ft(mj kit: lit) + Wit + eitszit))] - eXp(PT + m): (A]-S)
me#

where E, is the expectation operator with respect to e.
The identification of ¢ '(-) and f,(-) in the second step uses the conditional distribution of

r, given w, := (x,,2,), beyond the conditional expectation in Assumption

Assumption A.3. The following information at time t is known: (a) the conditional distribution
G, v, (+) of m, given v,; (b) the conditional distribution G, , (r|w) of r, given w, := (x,,z.); (c)

firm’s expenditure on material exp(p]" + m;,).

A.4.1 Identification of Control Function and TFP

Since M ' (m;,, k;;, l;;,%;,) remains a function of the same set of variables, Proposition {1|holds

with the same proof.

Proposition A.3. Suppose that Assumptions [1} [3} K} and hold. Then, we can identify
M, '(m,, k., 1;,2,) up to scale and location for all (m,k,,l;,2,) € M x H x £ x % and identify
G, () up to scale.
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A.4.2 Identification of Production Function

We make the following assumption that corresponds to Assumption A1-A3 and A5-A6 in
Chiappori et al.| (2015). (Assumption[I] (b) corresponds to Assumption A4 in|Chiappori et al.
(2015).)

Assumption A.4. (a) The distribution G, (-) of e, is absolutely continuous with a density function
g.,(+) that is continuous on its support. (b) e, is independent of w, := (x,,2,.) with med(e,|w,) = 0.
(c) w, is continuously distributed on ‘W := X x %. (d) The support % of y, is an interval on R
that contains 0. (e) The set B, :={x, € X : 3G, , (r|lw.)/3q, # O for every (r,,2,) € & x Z}

is nonempty for some q, € {m,, k,,[,}.

The conditional median restriction in Assumption [A.4|(b) is location normalization. We

continue to use the first-order condition with respect to material as a restriction for identification.

Assumption A.5. The first-order condition with respect to material for the profit maximization
problem holds for all firms as follows:

a‘Pt()N’it + eit:Zit)] aft(xit)
0¥ omy,

Ee [eXP(SOt()N’it + eit’zit)) = eXP(P;n + mit): (A19)

where ¥;. 1= f.(x;;) + w;, and the expectation E, is taken with respect to e;,.

Proposition A.4. Suppose that Assumptions [I} B4} [A.3] [A.4} and[A.5] hold. Then, we can identify
<,0t_1(-), fi(:), and G, (-) up to scale and location.

Proof. Because ¢, is strictly increase in its first argument, from med(e,|w,) = 0, we can identify

¢ (xp,2) = o, (filx) + Mt_l (x1,20),2,)

= med(r,|x,,2,).
From
o (b Cxz),z) = filx) + M (x,2,), (A.20)
the error term e, is expressed as

e, =@, (ruz)— o (o (x,2.),2,). (A.21)
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Frome, 1 w, and w, := (x,,2,), the conditional distribution function G, ,,, (r.|w,) satisfies

Grtlwt(rtlwt) = Getlwt((Pt_l(r’ Zt) _ft(xt) _Mt_l (xtszt) |Wt)
=G, (¢ (nz) = filx) =M (x1,2,)). (A.22)

For q, € {m,, k,,1,}, the derivatives of (A.22) are

8Grt|wt(r lw,) d¢ (r,z,) _ -

8rt = tart t get(Lpt1(rt,zt)—ft(xt)—Mtl(Xt,Zt)), (A.23)
3G, . (rw,) df(x) oM (x,,z2) _ _

aQtt t :_( atqtt " taqtt t ge[(Lptl(rt’zt)—ft(xt)—Mtl(Xt,Zt)), (A.24)
3G, (rw,) 09 (rez)  OM ! (x,2,) _ -

8ztt t N ( taz: - taztt t get((Pt 1(rt>zt)_ft(xt)_Mt1(xtazt))'

(A.25)

Using Assumption(e), choose q, € {m,,k.,l;} and %, € B, suchthat 3G, , (r.!%.z2.)/0q, #
0 for all (r,,2,) € Z x %. Dividing (A.23) by (A.24) and (A.25) by (A.24), respectively, we

obtain

2¢ ' (rz) :_(8ft(5ct) L oM (it,zt)) OCrpw(rl%pz)/or oo
or aq, a2q, 9G, w, (relX,,2.)/9q,
a(pt_l(ruzt) _ aMt_l (')?[‘)Z[‘) _ _(aft()?t) + aMt_l (jztszt)) aGrtlwt(rtl‘itﬁzt)/azt (A 27)
0z, 9z, 24, 94, aGrt|wt(rt|inZt)/aQt’ '

forallr, € &#.
Let x}, := (m},,k},[7) and r} := ¢.(x},,2;). Then, the normalization Assumption [3|implies:
(pt_l(r;ka Zj) = Lpl-_l(qst(x;ko) Z:),Zr).
= ) M (x0)

0> “t
=0.

Integrating (A.26) with respect to r and using ¢;'(r},z}) = 0, we obtain

B . Tt 3(P_1(S,Z*)
' 1(T‘t,Zt) = Jr* #ds

t

(of(x) oM (&%)
_( 2. + 2q. S, (ro), (A.28)
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where

" 9G, , (s|x,,z¥)/or
8, (r0) :=—J Sl >0 (A.29)

— s
" aGrt|1/|/[(5|'x't)zt)/aql‘

is well-defined under Assumption [A.4{(e).

Define .
_ 2f(&) | oM (%05)

(A.30)

" 94, 94,
From (A.28) and (A.21), ¢;'(r,2}) and e, are identified up to c,, as:
0 (1 2) = ¢S (1) (A.31)
€0 = Cn[Sq (r) =S, (p(x,2))]. (A.32)

Because e, is idenpendent of z, and x,, we can identify the distribution of é, := e,/c,, as
Gét(t) = Pr(Sqt(rt) _Sqt(¢(xtyzzk)) S tlxtazf) from " .
Let y, := o (r,27) = f (x,) + M, (x,27) + ¢,. Then, (A.31) implies
-1 *
o, (r,z)
R A ) (A.33)

m m

Since S, (-) is an increasing function, there exists its inverse function D(-) := Sq‘l(-) such that:
t

o9 (y,27) 1
ry = %(J’pzf) =D, (ﬁ) and LLSER = _D; (&) (A.34)
From y, —e, = f (x,) + M, (x,,2) = ¢ (¢ (x,,27),2}), (A.33) implies
—1 * *
Yo . 9 (@(x,20),2]) .
T = =5 (6 5). (A.35)

From (A.34) and (A.35)), the expectation term in the first-order condition (A.31)) for a firm
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with (x,,z}) times c,, can be written as:

0¢(y:,2;
cmE, [eXP(sot(yt, t))L)]

=c,,E, [exp (Dt (Z—t)) ClD; (Z—t)] from ((A.34))
=E, [exp (Dt (Sq[(¢(xt,z’:)) + ét)) D] (Sqt(d)(xt,z;‘)) + ét)] from
[ (0,5, 9tz + )DL 5, (B +2) 06,0

:;T(xt) (A.36)

where T(x,) is identified because D,(-), Sy, (-), ¢(-), and G; (-) are already identified.
From (A.36)), the first-order condition (A.31) for a firm with (x,,z;) becomes

Tlx) 9felxr) _

exp(p;" + m,). (A.37)
¢, Jm,

Evaluating (A.37) at (X,,z}) and substituting it into (A.30)), we identify c,, as

(%) oM, (%.,2})
T()”ct)—exp(p’t”+n~1t) amt .

Given that c,, is identified, we identify ¢, '(r,,2}) from || e, from ll and f,(-) as

c

m —

fx) =@ (P(x,20),2) — M (x,,27).

Finally, we identify d ¢, '(r,,2,)/ 9z, from (A.27) as

8(,0:1(rt,zt) (5‘ft(xt) oM ()”ct,zt)) 3G, ,(1l%,,2,)/ 0%, N oM, (X, 2,)
0z, 24, 24, aGrt|wt(rt|3~Ct:zr)/aQt 9z, ‘

and ¢ '(r,,z,) as:
B 890:1(]"“5)
——ds

¢ (rz) = (Pt_l(rt’zj) +f Jz,

*
2t

A.4.3 Identification of Markup

Because of the i.i.d. shock e;,, the first-order condition (A.19) includes the expectation with

respect to e;,. Thus, the identified value of 8¢ ' (r;,2;)/dr; no longer equals the markup.
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Instead, we obtain the markup from the cost minimization, following|Hall| (1988) and De Loecker
and Warzynskil (2012).
Consider a cost minimization problem of producing exp(¥;,) unit of output:

Ce(Fie» kies i) = mnilnexp(p;" +m) s.t. exp(f,(m, k;., ;) + ;) = exp(¥;,). (A.38)

The first-order condition is

o O0f(x
Aicexp(§i,) J;tr(n 2

= exp(p}" + m;,) (A.39)

t

where A;, is the Lagrange multiplier and interpreted as the marginal costs. Using the cost
function (A.38), we write the profit maximization problem:

H)},aXE [exp (¢, (Fir + i, 2:)) |Z ] — C(Fies ki, L) (A.40)
jt

The first-order condition for (A.40) is

2o (¥ + eit)zit)] _ 0C(Fie> kirs L)
0 Yie Ot

E.[ex0 (0.0 + e5) = 2o (Fi). (A4D
Substituting (A.41) into (A.39) obtains the first-order condition (A.19) for the profit maxi-

mization problem (A.18]). Therefore, the problem (A.40) and the problem (A.18) achieve the
identical maximized profit.

From (A.19) and (A.41)), the marginal cost A;, is expressed as

~ 09 (Firteir,zic
E, [eXp(%(J’it + e, Zit)) %]

exp (yit _eit)
3fe(xie
exp(p! +m;,)/ L)

€xp (yit - eit)

Then, the markup becomes

exp(pit) — aft(xit)/amit
Air exp(pf" +m;, )/ exp(r;, — eit)’

which is identified given our identification of J f,(x;,)/dm;, and e;,.
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