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Abstract 
 
Deaton (1979) showed that if preferences are weakly separable in goods and labour and quasi-
homothetic in goods and the government imposes an optimal linear progressive tax, commodity 
taxes are redundant. Hellwig (2009) generalized the Deaton theorem by showing that the 
allocation obtained under differential commodity taxes and an arbitrary linear progressive income 
tax is Pareto-dominated by one with uniform commodity taxes and a reformed linear progressive 
income tax. We show that both the Deaton theorem and the Hellwig extension continue to apply 
if a) the government implements a piecewise linear progressive income tax and b) labour varies 
along both the intensive and extensive margins. Some extensions are considered. 
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1 Introduction

The choice of a mix of commodity and income taxes has been central to optimal tax anal-

ysis and has led to some of the most policy-relevant results in the literature. Of particular

importance are the circumstances under which optimal commodity taxes should be uni-

form, in which case they can be subsumed in the income tax system so are theoretically

redundant.1 The study of the optimal structure of commodity taxes goes back at least as

far as the classic paper by Ramsey (1927). He showed for a representative-agent setting

that if revenue requirements are infinitesimal or preferences are quadratic, optimal com-

modity taxes should be chosen to reduce commodity demands in the same proportion. If

preferences are additive and quasilinear in labour, optimal commodity tax rates should be

inversely proportional to demand elasticities so will not generally be uniform. The modern

analysis of the case for uniform commodity taxes began with Corlett and Hague (1953) who

showed in a representative-agent model that higher commodity tax rates should be levied

on goods that are most complementary with leisure. Sandmo (1976) showed in this context

that commodity taxes should be uniform if preferences are weakly separable in goods and

leisure and homothetic in goods.

The analysis of the structure of commodity taxes in a heterogeneous-agent setting began

with Atkinson and Stiglitz (1976). They added multiple goods to the optimal income

tax model of Mirrlees (1971) in which individuals differ by wage rates but have the same

preferences over goods and labour or leisure. The Atkinson-Stiglitz theorem showed that if

preferences are weakly separable in goods and leisure and if the government levies an optimal

nonlinear income tax, commodity tax rates should be uniform. Although this is a powerful

theorem, it only holds if the government imposes an optimal nonlinear income tax. Laroque

(2005) and Kaplow (2006) generalized the Atkinson-Stiglitz theorem. They showed that if

preferences are weakly separable in leisure and goods, the equilibrium allocation obtained

when the government imposes an arbitrary nonlinear income tax and differential commodity

taxes is Pareto dominated by a system of uniform, possibly zero, commodity taxes and a

reformed nonlinear income tax. This result, along with the Atkinson-Stiglitz theorem, was

enough to persuade the Mirrlees Review (2011) that VAT tax rates in the UK should be

1Even with uniform commodity taxes, one may want a mix of income and commodity taxes to mitigate

against tax evasion (Boadway, Marchand and Pestieau, 1994).
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uniform.2

Implementing an optimal nonlinear income tax is demanding, and the literature has

often resorted to linear progressive taxation (Sheshinski, 1972; Atkinson, 1973). This is

both much simpler to administer and qualitatively similar to the pattern of marginal tax

rates obtained by simulations of optimal income taxation (Mirrlees, 1970; Tuomala, 1990).

Deaton (1979) studied a model with possibly differential commodity taxes and a lump-

sum transfer and showed that optimal commodity taxes are uniform—and therefore linear

progressive taxation is optimal—if preferences are weakly separable in leisure and goods and

quasi-homothetic in goods. Parallel to the Laroque and Kaplow extensions of the Atkinson-

Stiglitz theorem, Hellwig (2009) generalized the Deaton theorem to show that the allocation

obtained under an arbitrary linear progressive taxation and differential commodity taxation

is Pareto-dominated by another allocation with uniform commodity taxes and a reformed

linear progressive tax.3

Our purpose is to generalize the Deaton theorem and the Hellwig extension in two

directions both of which add realism to the setting. First, we let labour supply decisions

vary along both extensive and intensive margins, in effect combining the intensive-margin

optimal tax approach of Mirrlees (1971) with the extensive-margin approach of Diamond

(1980) and Saez (2002). This allows us to take into consideration the empirically important

participation decision and its effect on optimal commodity and income taxation. Second,

we assume that the income tax is piecewise linear thereby reflecting the form of income tax

used in most countries. Our main focus will be on the circumstances under which uniform

commodity taxation—or a uniform VAT— is optimal. The characterization of the optimal

piecewise linear income tax is of secondary interest, although we shall derive the optimal

income tax structure as part of our analysis.

Our main results are as follows. First, the Deaton theorem generalizes to the case of

piecewise linear income taxation and extensive margin labour supply. If piecewise linear

tax rates are set optimally and if preferences are weakly separable in goods and leisure and

quasi-homothetic in goods, optimal commodity taxes are uniform. Second, the analogue of

2The Mirrlees Review recognized that preferences might not be separable, but they argued that deviations

from separability were not likely to nullify the benefits of a uniform VAT.
3Hellwig (2009) used homogeneous preferences in his proof, but he subsequently noted in Hellwig (2010)

that the proof also goes through with quasi-homothetic preferences.
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the Hellwig extension also applies. If preferences satisfy the Deaton conditions, an allocation

resulting from an arbitrary piecewise linear income tax and differential commodity taxes is

Pareto-dominated by an allocation with uniform commodity taxes and a reformed piecewise

linear progressive income tax.

In addition, we note a number of extensions to the main results. First, the Deaton

theorem and the Hellwig extension continue to apply if the piecewise linear income tax has

more than two tax brackets. Second, if preferences are quasi-homothetic in a subset of

goods, optimal commodity tax rates will be uniform for goods in the subset, but not other

goods. Third, we argue that the main results continue to hold if some taxpayers are at the

kink of the budget constraint in income-consumption space. However, they will not apply if

some taxpayers make no purchases of some goods because they are at a boundary. We also

show that, contrary to Deaton (1979), the Deaton theorem does not hold when preferences

are heterogeneous such that the slopes of Engel curves are the same for all individuals, but

the intercepts are not.

2 A model with intensive and extensive margins and piece-

wise linear income taxation

We adopt the simplest assumptions necessary to derive our results. There are m goods,

denoted by xj for j = 1, · · · ,m which are produced by a linear technology using only

labour ` as an input. Individuals differ in two dimensions: their skill in producing output

as reflected in their wage rate, and a fixed cost of participating in the labour market. The

latter is in addition to the cost of supplying labour while working. There are ni individuals

of type-i where i = 0, · · · , N and
∑

i>0 n
i = 1.4 Type-0’s are unable to work and some

workers of types i > 1 choose not to work. Thus, non-participants will include individuals

of all types. Those type-i individuals who choose to work earn a wage rate of wi per unit

of hours worked, where wi > wi−1 and w0 = 0. Individuals of a given wage-type also differ

in their fixed utility cost of participating in the labour force denoted by αi, where αi is

distributed on [αi, αi] with density F i(αi) and cumulative distribution f i(αi). Note that

4We follow the convention of using superscripts to indicate individual types, including the income tax

bracket of the individual’s income, and subscripts to refer to goods and partial derivatives
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the distribution of the costs of participation can differ among types, although this plays no

essential role in our analysis.

Individuals make their labour market decisions in sequence. First they decide whether

to participate in the labour market. Then, if they choose to participate, they decide how

much labour ` to supply and how much of each of the m goods to consume. They are paid

wi for each unit of labour they supply so their labour income is y = wi`, and they consume

(x1, · · · , xm) financed by their after-tax or disposable income. They also bear the fixed cost

of participation αi. Those who do not participate earn no labour income and bear no cost

of working. Non-participants decide on the amount of each good to consume which they

finance by a transfer from the government. We assume that when the participation decision

is taken, individuals foresee the consequences of their decision in the subsequent stage. The

utility of type-i individuals who participate is given by u(x1, · · · , xm, `)−αi, and the utility

of non-participants of all types is given by u(x1, · · · , xm).

The government imposes a piecewise linear income tax with two tax brackets as well

as a set of commodity taxes on the goods. The two income tax brackets are divided by

the income level ŷ. Incomes in the first tax bracket, y 6 ŷ, are taxed at the rate t1 while

incomes above ŷ are taxed at the rate t2. All individual receive the same lump-sum transfer

a whether they are working or not. Workers with labour incomes y 6 ŷ pay t1y − a in

income tax, and those with incomes y > ŷ pay t1ŷ + t2(y − ŷ) − a. The tax liability of

non-participants is −a, which is the lump-sum transfer they receive. Disposable incomes of

individuals in the three groups are:

d0 = a, d1i = (1− t1)y1i + a, d2i = (1− t2)y2i + (t2 − t1)ŷ + a (1)

where superscripts 0, 1i and 2i refer from now on to non-participants, workers of type i

with incomes in the first tax bracket, and workers of type i with incomes in the second tax

bracket.

Without loss of generality producer prices of the m goods are normalized to unity, while

consumer prices are qj = 1 + τj , where τj is the commodity tax on good j. In our analysis,

we begin with uniform commodity taxes and then study whether perturbing one of the

taxes can improve welfare. Deaton’s theorem will apply if no perturbation starting from

uniformity increases social welfare. Since proportional commodity taxes can be replicated

by adjustments to the income tax, we can normalize the initial commodity taxes on all
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goods to be zero. We then perturb the commodity tax on good xk, τk. For notational

simplicity, we assume that τk = τ . For all j 6= k, τj = 0 in what follows. We investigate

conditions under which τ = τk = 0 in the optimum. Overall, the government chooses the

tax parameters (a, t1, t2, ŷ, τ). The choice of ŷ does not affect our main results so we take

it as given.5

2.1 Individual behaviour

Once the participation decision is taken, all individuals choose their consumption of the m

goods, and participants choose how much labour to supply. We characterize the behaviour

first of non-participants and then of participants in each of the two tax brackets. The

outcome is a set of indirect utility functions in government policy variables and their prop-

erties. These then allow us to characterize the participation decision and to determine how

it is affected by tax policy. For simplicity, we assume that incomes are increasing in wage

rates. That implies that there will be a cut-off income level—and therefore wage level—

such that all workers below that income level are in the first tax bracket while all above are

in the second. We further assume that no workers choose the income level ŷ separating tax

brackets. We return to this assumption later.

2.1.1 Choice of consumption and labour supplies

We begin by characterizing the choices made by non-participants and participants after

the participation decision has been taken. Subsequently, we characterize the participation

decision.

Non-participants

Non-participants maximize their utility u(x1, · · · , xm) subject to the budget constraint (1+

τ)xk +
∑

j 6=k xj = d0 = a. This yields the set of uncompensated demands x0 =
(
x01(1 +

5Deaton (1979) does not formally include a linear progressive income tax in his model. Instead, the

government chooses a set of commodity tax rates and a lump-sum transfer. If optimal commodity taxes

are uniform, optimal policy is equivalent to a linear progressive income tax. We have included a linear

income tax explicitly in our approach since part of our focus is extending the Deaton result to a setting with

piecewise linear progressive income taxation.
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τ, a), · · · , x0m(1 + τ, a)
)

and indirect utility v0(τ, a) where v0a is their marginal utility of

income and v0τ = −v0ax0k by Roy’s theorem.

Participants in the first tax bracket

For type-i individuals in the first tax bracket, the budget constraint is (1+τ)xk+
∑

j 6=k xj =

d1i = (1− t1)wi`1 + a. Maximizing u(x1, · · · , xm, `) subject to this constraint yields the set

of uncompensated demands, x1 =
(
x11(1 + τ, (1− t1)wi, a), · · · , x1m(1 + τ, (1− t1)wi, a)

)
, and

labour supply, `1
(
1 + τ, (1− t1)wi, a

)
. Indirect utility is v1

(
τ, (1− t1)wi, a

)
where v1ia is the

marginal utility of income and the envelope theorem gives

v1iτ = −v1ia x1ik , and v1i(1−t1)wi = v1ia `
1i. (2)

Expenditure minimization yields the set of compensated demand and labour supply

functions given by x̃11
(
1 + τ, (1 − t1)wi, ū

)
, · · · , x̃1m

(
1 + τ, (1 − t1)wi, ū

)
and ˜̀1

(
1 + τ, (1 −

t1)w
i, ū
)
. The expenditure function is e1

(
1 + τ, (1 − t1)wi, ū

)
= (1 + τ)x̃1ik +

∑
j 6=k x̃

1i
j −

(1 − t1)wi ˜̀1i and will be equal to a at the optimum. Applying Shephard’s lemma gives

e1i(1+τ) = x̃1ik and e1i(1−t1)w = −˜̀1i. We can also derive the Slutsky equation for labour

supply by noting that in the optimum compensated and uncompensated labour supplies

are identical:

˜̀1
(
1 + τ, (1− t1)wi, ū

)
= `1

(
1 + τ, (1− t1)wi, e(1 + τ, (1− t1)wi, ū)

)
.

Differentiating with respect to τ and (1− t1)wi, we obtain the Slutsky equations:

`1iτ = ˜̀1i
τ − `1ia x1ik and `1i(1−t1)wi = ˜̀1i

(1−t1)wi + `1ia `
1i. (3)

Participants in the second tax bracket

The budget constraint of type-i individuals in the second tax bracket is (1+τ)xk+
∑

j 6=k xj =

d2i = (1 − t2)w
i`2 + (t2 − t1)ŷ + a. Maximizing u

(
x1, · · · , xm, `2

)
subject to this con-

straint yields the set of uncompensated demands, x2 =
(
x21(1 + τ, (1 − t2)wi, (t2 − t1)ŷ +

a), · · · , x2m(1+τ, (1−t2)wi, (t2−t1)ŷ+a)
)
, labour supply, `2

(
1+τ, (1−t2)wi, (t2−t1)ŷ+a

)
,

and indirect utility, v2
(
τ, (1− t2)wi, (t2 − t1)ŷ + a

)
, where the envelope theorem gives

v2iτ = −v2ia x2ik , v2i(1−t2)wi = v2ia `
2i, v2ia = v2i(t2−t1)ŷ. (4)
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Expenditure minimization by a type-i individual yields the set of compensated demands,

x̃21
(
1 + τ, (1− t2)wi, ū

)
, · · · , x̃2m

(
1 + τ, (1− t2)wi, ū

)
, labour supply, ˜̀2

(
1 + τ, (1− t2)wi, ū

)
,

and the expenditure function, e2
(
1 + τ, (1− t2)wi, (t2 − t1)ŷ, ū

)
= (1 + τ)x̃2ik +

∑
j 6=k x̃

2i
j −

(1− t2)wi ˜̀2i − (t2 − t1)ŷ. Applying Shephard’s lemma yields

e2i(1+τ) = x̃2ik , e2i(1−t2)wi = −˜̀2i, e2i(t2−t1)ŷ = −1. (5)

At the optimum, e2
(
1 + τ, (1 − t2)w

i, (t2 − t1)ŷ, ū
)

= a. To derive the relevant Slutsky

equations, note that in the optimum we have:

˜̀2
(
1 + τ, (1− t2)wi, ū

)
= `2

(
1 + τ, (1− t2)wi, (t2 − t1)ŷ + e(1 + τ, (1− t2)wi, (t2 − t1)ŷ, ū)

)
.

Differentiating with respect to τ , (1− t2)wi and (t2 − t1)ŷ, and using (5) gives:

`2iτ = ˜̀2i
τ + `2ia x

2i
k , `2i(1−t2)wi = ˜̀2i

(1−t2)wi + `2ia `
2i, `2i(t2−t1)ŷ + `2ie e(t2−t1)ŷ = 0. (6)

2.1.2 Participation decisions

As mentioned, to determine how individuals of different wage rates allocate themselves

to the first and second income tax bracket, we assume that income yi is increasing in

skill-type regardless of income bracket. A sufficient condition for this to be the case is

that optimal labour supply is increasing in skill-type or, equivalently, that the substitution

effect of an increase in the wage rate dominates the income effect. Otherwise, we require

that the elasticity of labour supply not to be too negative.6 For a given piecewise linear

income tax schedule, it is possible that y1i is greater or less than y2i, but in either case this

assumption ensures that the individual of skill-type i + 1 earns more, that is, y1i+1 > y1i

and y2i+1 > y2i. Consequently, if an individual earns yi which is less (more) than some

cut-off ŷ all individuals with a wage less (greater) than wi will also earn less (more) than

ŷ. We use ı̂ to denote a fictional skill level associated with this cut-off income and assume

that no individual earns exactly ŷ.

All workers of skill-type i < ı̂ choose to earn income in the first income tax bracket,

yi < ŷ, and all those of skill-type i > ı̂ choose to earn income in the second income tax

6Differentiating income, y = w`, with respect to w yields d(w`)/dw = ` + w`w = `(1 + w`w/`) which is

positive provided w`w/` > −1.
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bracket, yi > ŷ, that is,

v1
(
τ, (1− t1)wi

)
> v2

(
τ, (1− t2)wi, (t2 − t1)ŷ + a

)
∀i < ı̂

v1
(
τ, (1− t1)wi

)
< v2

(
τ, (1− t2)wi, (t2 − t1)ŷ + a

)
∀i > ı̂

We now characterize the participation decisions for individuals in the two tax brackets.

Individuals of skill-type i < ı̂

These individuals will participate if v1
(
τ, (1 − t1)wi, a

)
− αi > v0(τ, a). For the marginal

type−i participant in the first tax bracket, the cost of participation is:

α̂1
(
τ, (1− t1)wi, a

)
= v1

(
τ, (1− t1)wi, a

)
− v0(τ, a)

where

α̂1i
τ = v1iτ − v0τ = −v1ia x1ik + v0ax

0
k, α̂1i

(1−t1)wi = v1i(1−t1)wi = v1ia `
1i, α̂1i

a = v1ia − v0a.

The number of type-i participants in the first tax bracket will then be given by h1(τ, (1 −

t1)w
i, a) = niF i

(
α̂1(τ, (1− t1)wi, a)

)
where

h1iτ = (v1iτ − v0τ )nif i(α̂1i) = (−v1ia x1ik + v0ax
0
k)n

if i(α̂1i),

h1i(1−t1)wi = v1i(1−t1)win
if i(α̂1i) = v1ia `

1inif i(α̂1i), h1ia = (v1ia − v0a)nif i(α̂1i). (7)

Income effects on participation arise in this model because the value of an additional

dollar of disposable income depends on whether an individual is participating or not in the

labour market. Given income effects, we have the following relationship

v0a`
1inif i(α̂1i) = h1i(1−t1)wi − `1ih1ia (8)

where the left-hand side of (8) can be interpreted as the compensated change in participation

from a change in the after-tax wage rate. Assuming no income effects on participation

implies that ha = 0 or v1ia = v0a and consequently the compensated change in participation

is equal to the uncompensated change. With income effects, this is no longer the case and

what matters for efficiency is the compensated change in participation with respect to the

after-tax wage. For later use, we can rewrite (8) in terms of elasticities, where η is the

income elasticity of participation and σ̃ and σ are the compensated and uncompensated

elasticities of participation defined with respect to the after-tax wage

σ̃1i = σ1i − η1i (1− t1)w
i`1i

a
. (9)
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Individuals of skill-type i > ı̂

Similarly, these individuals will participate provided v2
(
τ, (1− t2)wi, (t2 − t1)ŷ + a

)
− αi >

v0(τ, a). The marginal type−i participant in the second tax bracket satisfies

α̂2
(
τ, (1− t2)wi, (t2 − t1)ŷ + a

)
= v2

(
τ, (1− t2)wi, (t2 − t1)ŷ + a

)
− v0(τ, a)

where

α̂2i
τ = v2iτ − v0τ = −v2ia xik + v0ax

0
k, α̂2i

(1−t2)wi = v2i(1−t2)wi = v2ia `
2i,

α̂2i
(t2−t1)ŷ = v2i(t2−t1)ŷ = v2ia , α̂2i

a = v2ia − v0a.

The number of type-i participants in the second tax bracket will be h2
(
τ, (1 − t2)wi, (t2 −

t1)ŷ + a
)

= niF i
(
α̂2(τ, (1− t2)wi, (t2 − t1)ŷ + a)

)
where

h2iτ = (v2iτ − v0τ )nif i(α̂2i) = (−v2ia x2ik + v0ax
0
k)n

if i(α̂2i),

h2i(1−t2)wi = v2i(1−t2)win
if i(α̂2i) = v2ia `

2inif i(α̂2i),

h2i(t2−t1)ŷ = v2i(t2−t1)ŷn
if i(α̂2i) = v2ia n

if i(α̂2i), h2ia = (v2ia − v0a)nif i(α̂2i). (10)

Using (10), we can again obtain an expression for the compensated change in participation

with respect to the after-tax wage and the corresponding elasticities as

v0a`
2inif i(α̂2i) = h2i(1−t2)wi − `2ih2ia ⇒ σ̃2i = σ2i − η2i (1− t2)w

i`2i

a
. (11)

For later use, we also note the following relationship:

v0an
if i(α̂2i) = h2i(t2−t1)ŷ − h

2i
a

where we can interpret the left-hand side as the compensated change in participation with

a change in (t2 − t1)ŷ and define the following compensated elasticity

χ̃2i = χ2i − η2i (t2 − t1)ŷ
a

(12)

where χ is the elasticity of participation with respect to (t2 − t1)ŷ.7

The number of non-participants is h0 = n0 +
∑

i<ı̂(n
i − h1i) +

∑
i>ı̂(n

i − h2i) = 1 −∑
i<ı̂ h

1i−
∑

i>ı̂ h
2i. This includes all type-0 individuals as well as those of types i > 1 who

choose not to participate.

7With a linear progressive income tax system, there is only a single income bracket and χ̃ = χ = 0.
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2.2 The government problem

The government maximizes an additive social welfare function in individual utilities subject

to a budget constraint with no public expenditures for simplicity. Our methodology is to

evaluate the social welfare effects of a change in τ starting at τ = 0 and assuming the

government is choosing income tax parameters a, t1 and t2 optimally.8 Let W
(
v0(τ, a)

)
be the social utility of a non-participating individual, while for participants of type i in

the first tax bracket, social utility is W
(
v1i(·) − αi

)
and in the second tax bracket it is

W
(
v2i(·)− αi

)
. We assume that the same social utility function applies to all participants

and non-participants, and is concave.9

Social welfare is the sum of social utilities and can be written:

h0W
(
v0(τ, a)

)
+
∑
i<ı̂

ni
∫ α̂1i

αi

W
(
vi
(
τ, (1− t1)wi, a

)
− αi

)
dF i(αi)

+
∑
i>ı̂

ni
∫ α̂2i

αi

W
(
v2
(
τ, (1− t2)wi, (t2 − t1)ŷ + a

)
− αi

)
dF i(αi) (13)

where the first term includes non-participants and the last two terms includes workers in

the first and second tax brackets respectively. Income and commodity tax revenues must

equal the lump-sum transfer, so the government’s budget constraint is:

a = t1
∑
i<ı̂

h1
(
τ, (1− t1)wi, a

)
wi`1

(
1 + τ, (1− t1)wi, a

)
+(t1 − t2)

∑
i>ı̂

h2
(
τ, (1− t2)wi, (t2 − t1)ŷ, a

)
ŷ (14)

+t2
∑
i>ı̂

h2
(
τ, (1− t2)wi, (t2 − t1)ŷ, a

)
wi`2

(
1 + τ, (1− t2)wi, (t2 − t1)ŷ + a

)
+τ

(
h0x0k(1+τ, a)+

∑
i<ı̂

h1ix1k
(
1+τ, (1−t1)wi, a

)
+
∑
i>ı̂

h2ix2k
(
1+τ, (1−t2)wi, (t2−t1)ŷ+a

))
.

8We could also derive an optimality condition on the break-point ŷ as in Apps, Van Long and Rees

(2014). While this would be useful for fully characterizing the optimal piecewise linear income tax, we do

not need this condition for deriving our results on extending the Deaton theorem.
9Assuming identical social utility functions is not innocuous as it gives social weight to the cost of working.

This assumption does not, however, affect our main results. We could also assume social utility applies only

to v(·) and obtain the same results.

10



The government maximizes (13) subject to (14). Denote the Lagrangian expression for this

problem as L(a, t1, t2, τ). The first-order conditions on a, t1 and t2 evaluated at τ = 0 are

as follows, where λ is the Lagrangian multiplier on (14):

La
∣∣
τ=0
≡ h0W ′0v0a+

∑
i<ı̂

niv1ia

∫ α̂1i

αi

W ′1idF
i(αi)+

∑
i>ı̂

niv2ia

∫ α̂2i

αi

W ′2idF
i(αi)+λ

(
t1
∑
i<ı̂

h1ia w
i`1i

+t1
∑
i>ı̂

h2ia ŷ + t2
∑
i>ı̂

h2ia (wi`2i − ŷ) + t1
∑
i<ı̂

h1iwi`1ia + t2
∑
i>ı̂

h2iwi`2ia − 1

)
= 0, (15)

Lt1
∣∣
τ=0
≡ −

∑
i<ı̂

ni
∫ α̂1i

αi

W ′1iv
1i
(1−t1)wiw

idF i(αi)−
∑
i>ı̂

ni
∫ α̂2i

αi

W ′2iv
2i
a ŷdF

i(αi)

+λ

(∑
i<ı̂

h1iwi`1i +
∑
i>ı̂

h2iŷ − t1
∑
i<ı̂

h1i(1−t1)wiw
i`1iwi − t1

∑
i<ı̂

h1iwi`1i(1−t1)wiw
i

−t1
∑
i>ı̂

h2i(t2−t1)ŷŷŷ − t2
∑
i>ı̂

h2i(t2−t1)ŷ(w
i`2i − ŷ)ŷ − t2

∑
i>ı̂

h2iwi`2ia ŷ

)
= 0, (16)

Lt2
∣∣
τ=0
≡
∑
i>ı̂

ni
∫ α̂2i

αi

W ′2i
(
v2i(1−t2)wi(−wi)+v2ia ŷ

)
dF i(αi)+λ

(∑
i>ı̂

h2i(wi`2i−ŷ)

+t1
∑
i>ı̂

(
h2i(1−t2)wi ŷ(−wi) + h2i(t2−t1)ŷŷŷ

)
− t2

∑
i>ı̂

h2i(1−t2)wi(w
i`2i − ŷ)wi

+t2
∑
i>ı̂

h2i(t2−t1)ŷ(w
i`2i − ŷ)ŷ + t2

∑
i>ı̂

h2iwi
(
`2ia ŷ − wi`2i(1−t2)wi

))
= 0. (17)

Define the average social marginal value of an additional unit of income to each type as

β0 = W ′(v0)v0a, β1i =
niv1ia
h1i

∫ α̂1i

αi

W ′(v1i − αi)dF i(αi) for i < ı̂,

β2i =
niv2ia
h2i

∫ α̂2i

αi

W ′(v2i − αi)dF i(αi) for i > ı̂

and the average net social marginal values of an additional unit of income (when τ = 0) as

b0 =
β0

λ
, b1i =

β1i

λ
+
t1w

i`1ih1ia
h1i

+ t1w
i`1ia for i < ı̂,

b2i =
β2i

λ
+

(
t2(w

i`2i − ŷ) + t1ŷ
)
h2ia

h2i
+ t2w

i`2ia for i > ı̂. (18)

11



Using these definitions and the fact that the population is normalized to unity, we can

rewrite the first-order condition on a given by (15) as h0b0 +
∑

i<ı̂ h
1ib1i +

∑
i>ı̂ h

2ib2i = 1,

or

h0(1− b0) = −
∑
i<ı̂

h1i(1− b1i)−
∑
i>ı̂

h2i(1− b2i). (19)

Using the definitions (18), the envelope expressions (2) and (4), the derivatives of the

participation functions (7) and (10), and the Slutsky equations (3) and (6), we can rewrite

the first-order conditions on t1 in (16) and t2 in (17) evaluated at τ = 0 as:

Lt1
∣∣
τ=0

=
∑
i<ı̂

h1i(1− b1i)wi`1i − t1
∑
i<ı̂

v0an
if i(α̂1i)wi`1iwi`1i − t1

∑
i<ı̂

h1iwiwi ˜̀1i(1−t1)wi

+
∑
i>ı̂

h2i(1− b2i)ŷ − t2
∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)ŷ − t1

∑
i>ı̂

v0an
if i(α̂2i)ŷŷ = 0, (20)

Lt2
∣∣
τ=0
≡
∑
i>ı̂

h2i(1− b2i)(wi`2i − ŷ)− t1
∑
i>ı̂

v0an
if i(α̂2i)ŷ(wi`2i − ŷ)

−t2
∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)(wi`2i − ŷ)− t2

∑
i>ı̂

h2iwiwi ˜̀2i(1−t2)wi = 0. (21)

Next, take the derivative of the government’s Lagrangian expression with respect to τ

at τ = 0:

Lτ
∣∣
τ=0
≡ h0W ′0v0τ+

∑
i<ı̂

ni
∫ α̂1i

αi

W ′1iv
1i
τ dF

i(αi)+
∑
i>ı̂

ni
∫ α̂2i

αi

W ′2iv
2i
τ dF

i(αi)+λ
(
h0x0k+

∑
i<ı̂

h1ix1ik

+
∑
i>ı̂

h2ix2ik +t1
∑
i<ı̂

h1iτ w
i`1i+t1

∑
i>ı̂

h2iτ ŷ+t2
∑
i>ı̂

h2iτ (wi`2i−ŷ)+t1
∑
i<ı̂

h1iwi`1iτ +t2
∑
i>ı̂

h2iwi`2iτ

)
which can be rewritten using (2)–(10), (15) and (18) as:

1

λ
Lτ
∣∣
τ=0
≡
∑
i<ı̂

h1i
(
1− b1i

)
(x1ik − x0k) +

∑
i>ı̂

h2i
(
1− b2i

)
(x2ik − x0k)

−t1
∑
i<ı̂

v0a(x
1i
k − x0k)nif i(α̂1i)wi`1i − t1

∑
i>ı̂

v0a(x
2i
k − x0k)nif i(α̂2i)ŷ (22)

−t2
∑
i>ı̂

v0a(x
2i
k − x0k)nif i(α̂2i)(wi`2i − ŷ) + t1

∑
i<ı̂

h1iwi ˜̀1iτ + t2
∑
i>ı̂

h2iwi ˜̀2iτ .

In the following section, we assume as in Deaton (1979) that preferences are weakly sep-

arable in labour and goods and quasi-homothetic in the latter. We show that the expression

in (22) equals zero when the government sets a, t1 and t2 optimally so (19), (20) and (21)

are satisfied.
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3 Generalization of the Deaton theorem to piecewise linear

taxation and extensive margin

Suppose preferences are separable in goods and labour, so

u(x1, · · · , xm, `) = u
(
φ(x1, · · · , xm), `

)
.

Assume that the sub-utility function in goods φ(·) is quasi-homothetic (that is, homothetic

to some point in commodity space, not necessarily the origin). We refer to these as Deaton

preferences in what follows. Following Deaton (1979), quasi-homotheticity implies that we

can write the indirect sub-utility function as:10

φ
(
x1(1 + τ, d), · · · , xm(1 + τ, d)

)
= µ(1 + τ) + ψ(1 + τ)d (23)

where, recall, consumer prices are qk = 1 + τ and qj = 1 for j 6= k and we have suppressed

the latter prices as arguments of µ(·) and ψ(·) for ease of notation. Disposable incomes d

are given by (1) above.

By Roy’s theorem, uncompensated demands for good k can be written:

xk = −µτ (1 + τ) + ψτ (1 + τ)d

ψ(1 + τ)
≡ ρk(1 + τ) + γk(1 + τ)d, (24)

where µτ and ψτ are the derivatives of µ(·) and ψ(·) with respect to τ , or equivalently

1 + τ , the consumer price of good k. For ease of notation, in (24) we define ρk(1 + τ) =

−µτ (1 + τ)/ψ(1 + τ) and γk(1 + τ) = −ψτ (1 + τ)/ψ(1 + τ). Note that the Engel curve

for xk is linear with the same slope γk(1 + τ) for all participating and non-participating

individuals.

We can rewrite (22) for the case of Deaton preferences by developing expressions for

x1ik − x0k, x2ik − x0k, ˜̀1i
τ and ˜̀2i

τ . Substituting the definitions of disposable income for non-

participants and participants in (1) into (24), we obtain Lemma 1.

10In fact, Deaton writes the indirect sub-utility function as µi(q1, · · · , qm) + ψ(q1, · · · , qm)d, where µi(·)

can vary among households. This would imply that although the slopes of all Engel curves are the same

among individuals, their intercepts are not. Equivalently, preferences for different individuals are quasi-

homothetic to different origins. As we show later, the Deaton theorem does not actually apply with these

heterogeneous preferences.
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Lemma 1 With Deaton preferences, the following expressions hold:

x1ik − x0k = γk(1− t1)wi`1i i < ı̂,

x2ik − x0k = γk
(
(1− t2)wi`2i + (t2 − t1)ŷ

)
i > ı̂.

To derive expressions for the compensated labour supply derivatives ˜̀
τ that appear in (22),

note first that applying Young’s theorem to the expenditure function e1
(
1+τ, (1−t1)wi, ū

)
=

(1 + τ)x̃1ik +
∑

j 6=k x̃
1i
j − (1− t1)wi ˜̀1i yields

∂2e1(·)

∂(1 + τ)∂
(
(1− t1)wi

) =
∂2e1(·)

∂
(
(1− t1)wi

)
∂(1 + τ)

=⇒
∂x̃1ik

∂
(
(1− t1)wi

) = −˜̀1i
τ . (25)

Second, in equilibrium the following must be satisfied for workers of types i < ı̂:

e1(1 + τ, (1− t1)wi, ū) = a,

x̃1k
(
1 + τ, (1− t1)wi, ū

)
= x1k

(
1 + τ, (1− t1)wi, e(1 + τ, (1− t1)wi, ū)

)
,

˜̀1
(
1 + τ, (1− t1)wi, ū

)
= `1

(
1 + τ, (1− t1)wi, e(1 + τ, (1− t1)wi, ū)

)
.

Substituting the expression for disposable income d1i from (1) into (24), then using the above

relationships to substitute out uncompensated demand, uncompensated labour supply and

a in the resulting expression, and differentiating with respect to the after-tax wage (1−t1)wi

yields:
∂x̃1ik

∂
(
(1− t1)wi

) = γk(1− t1)wi ˜̀1i(1−t1)wi . (26)

Combining (25) and (26), and following an identical procedure for workers of types i > ı̂,

we obtain Lemma 2.

Lemma 2 With Deaton preferences, the following expressions hold:

˜̀1i
τ = −γk(1− t1)wi ˜̀1i(1−t1)wi i < ı̂,

˜̀2i
τ = −γk(1− t2)wi ˜̀2i(1−t2)wi i > ı̂.
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Substituting the expressions from Lemmas 1 and 2 into (22) and rearranging, we obtain

Lemma 3.

Lemma 3 With Deaton preferences, the following expression holds:

1

λ
Lτ
∣∣
τ=0
≡

γk(1− t1)

(∑
i<ı̂

h1i
(
1− b1i

)
wi`1i − t1

∑
i<ı̂

v0aw
i`1inif i(α̂1i)wi`1i +

∑
i>ı̂

h2i
(
1− b2i

)
ŷ

−t1
∑
i<ı̂

h1iwiwi ˜̀1i(1−t1)wi − t2
∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)ŷ − t1

∑
i>ı̂

v0an
if i(α̂2i)ŷŷ

)

+γk(1− t2)

(∑
i>ı̂

h2i
(
1− b1i

)
(wi`2i − ŷ)− t2

∑
i>ı̂

h2iwiwi ˜̀2i(1−t2)wi

−t2
∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)(wi`2i − ŷ)− t1

∑
i>ı̂

v0an
if i(α̂2i)ŷ(wi`2i − ŷ)

)
.

Proposition 1 follows directly by substituting the first-order conditions on t1 and t2,

given by (20) and (21), into the expression in Lemma 3.

Proposition 1 With Deaton preferences and the optimal piecewise linear income tax sys-

tem in place,
1

λ
Lτ
∣∣
τ=0

= 0.

Proposition 1 applies for an incremental change in the tax of good k starting with all com-

modity taxes set to zero. Since the tax on any other good could have been changed instead,

the proposition implies that changing the tax on any good starting from zero commodity

taxes will not change social welfare. Therefore, if preferences are weakly separable in goods

and labour and quasi-homothetic in goods as in Deaton (1979), and if the government sets

the piecewise linear income tax optimally, commodity taxes are redundant. That is, the

Deaton theorem generalizes to the case with piecewise linear income taxation and extensive

labour supply decisions.
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It is worth noting that quasi-homothetic preferences have two features that capture

redistributive concerns. First, since the slopes of Engel curves can vary among goods, these

preferences are compatible with income elasticities of demand differing over goods. That

is, some goods can be necessities in the sense that their demand only rises moderately

with income, while others are luxuries whose demand increases proportionately more with

income. Second, a common way to characterize quasi-homothetic preferences in goods is by

the following sub-utility function:

φ(x1 − δ1, · · · , xm − δm)

where φ(·) is homothetic in its arguments. The arguments are demands in excess of some

minimal required amounts, δj , which can differ by goods. One might expect that the

commodity tax system would favor goods with low income income elasticities of demand

(necessities) and with high required amounts. The remarkable thing about the Deaton

theorem is that piecewise linear income taxes—which do not differentiate among goods—

suffice to achieve redistribution objectives as long as preferences over goods are quasi-

homothetic.

3.1 Optimal Income Tax Rates with Uniform Commodity Taxation

Given that the Deaton theorem generalizes to piecewise linear income taxation and extensive

labour supply decisions, the optimal tax system includes only an income tax. We now

characterize the optimal income tax rates, given uniform commodity taxation.

Consider first the case of the optimal linear progressive income tax schedule as in Deaton

(1979) but extended to allow for participation decisions. Using the above analysis, this is

equivalent to having a single income tax bracket where all individuals receive a and all

participants face a marginal tax rate t1. Setting t1 = t and suppressing the subscript for

the first income bracket, the optimal linear progressive tax rate t (when τ = 0) satisfies the

following first-order condition:

∑
i>1

hi(1− bi)wi`i − t

(∑
i>1

hi(1−t)wiw
iwi`i −

∑
i>1

`ihiaw
iwi`i +

∑
i>1

hiwi ˜̀i(1−t)wiw
i

)
= 0

where

βi =
nivia

∫ α̂i

αi W
′(vi − αi)dF i(αi)
hi

, bi =
βi

λ
+
t1w

i`ihia
hi

+ twi`ia.
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Defining ε̃i as the compensated labour supply elasticity with respect to the after-tax wage

rate and using the definition of the compensated participation elasticity given by (9), the

first-order condition on the optimal linear income tax can be rewritten as

t

1− t
=

∑
i>1(1− bi)hiwi`i∑
i>1 (ε̃i + σ̃i)hiwi`i

.

Since w0 = 0 and the average value of bi over all i ≥ 0 is one (from the first-order condition

on a), the above can be rewritten in terms of the covariance of bi and total income for all

types i ≥ 0 as
t

1− t
=

−cov(bi, hiwi`i)∑
i>1 (ε̃i + σ̃i)hiwi`i

. (27)

The optimal linear income tax rule given by (27) takes the standard form where the

numerator captures equity considerations and the denominator captures efficiency consid-

erations. With only an extensive margin labour supply decision, εi = 0 and assuming no

income effects on participation (as in Saez, 2005), (27) reduces to what the optimal par-

ticipation tax rate would be when taxes cannot be conditioned on skill type.11 Conversely,

with only an intensive margin labour supply decision, the participation elasticity is zero

and hi = ni. Eq. (27) reduces to the optimal linear income tax rule with a discrete number

of types. In this case, we could rewrite (27) using income shares defined as

si =
niwi`i∑
i≥0 n

iwi`i
where

∑
i≥0

si = 1 and s0 = 0

to obtain a similar expression as in Piketty and Saez (2012):

t

1− t
=
−cov(bi, si)∑

i>1 ε̃
isi

.

The denominator is the income share-weighted compensated elasticities of labour supply,

and can be interpreted as the elasticity of total income with respect to the net-of-tax price,

1− t.

Consider now the optimal piecewise linear income tax rates. The first-order condition

on t1 can be written as

t1
1− t1

=

∑
i<ı̂ h

1i(1− b1i)wi`1i +
∑

i>ı̂ h
2i(1− b2i)ŷ∑

i<ı̂

(
ε̃1i + σ̃1i

)
h1iwi`1i

+

∑
i>ı̂

(
χ̃2i − σ̃2i t2

(1−t2)

)
h2iŷ∑

i<ı̂

(
ε̃1i + σ̃1i

)
h1iwi`1i

(28)

11Saez (2005) assumes income taxes can be conditioned on skill-type. His expressions for the optimal

participation taxes can be obtained here by assuming marginal tax rates are conditional on skill-type, that

is ti.
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and the first-order condition on t2 can be written as

t2
1− t2

=

∑
i>ı̂ h

2i(1− b2i)(wi`2i − ŷ)∑
i>ı̂ (ε̃

2ih2iwi`2i + σ̃2ih2i(wi`2i − ŷ))
+

∑
i>ı̂ χ̃

2ih2i(wi`2i − ŷ)∑
i>ı̂ (ε̃

2ih2iwi`2i + σ̃2ih2i(wi`2i − ŷ))
.

(29)

Each optimal tax rate consists of two terms. The first term is the ratio of an equity to an

efficiency term resulting from a change in the marginal tax rate and has the standard inter-

pretation. The efficiency effect from a change in the marginal tax rate in the denominator

depends on both the compensated labour supply and compensated participation elasticities.

The equity effect from a change in the marginal tax rate reflects the fact that an increase

in t1 impacts all participants while an increase in t2 only affects participants in the second

income bracket.

The second term on the right-hand is new and is an additional efficiency term that arises

because the participation decision of those in the second income bracket is also affected by

the income tax differential, (t2−t1)ŷ.12 Consider first the common expression, χ̃2ih2iŷ, that

appears in the numerator of this term in both (28) and (29), but of opposite sign. This

expression reflects the effect a change in h2i (arising from a change in (t2 − t1)ŷ) has on

the net revenue h2i(t2− t1)ŷ. Of course, the government is levying t2 on the income earned

above ŷ by participants in the second bracket. Therefore a change in h2i affects this revenue

as captured in the second expression in the numerator of this last term in (28) and the first

expression in the numerator of this last term in (29).

4 Generalization of the Hellwig extension

Deaton’s result is restrictive in the sense that it only applies when the optimal linear income

tax is in place. If income taxes are non-optimal, commodity taxes should in general be non-

uniform. For example, Boadway and Song (2016) show in a two-good setting with a linear

progressive income tax that if preferences satisfy the Deaton conditions, the commodity tax

rate should be higher on the good with the lowest income elasticity of demand if the marginal

income tax rate is lower than optimal, and vice versa. That assumes that the income tax

12Eqs. (28) and (29) correspond with marginal tax rates obtained by Jacquet, Lehmann and Van der

Linden (2013) for the case of optimal nonlinear income taxes when labour supply varies along both intensive

and extensive margins. Efficiency terms include both labour supply elasticities and participation elasticities

in their analysis as well.
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rate is taken as given. Hellwig (2009) demonstrates how Deaton’s result can apply when

the linear progressive tax system is not optimal as long as the government can reform

the tax parameters t and a. His analysis shows that with quasi-homothetic preferences

in goods, a differential commodity tax system combined with an arbitrary, not necessarily

optimal, linear progressive income tax is Pareto-dominated by a uniform commodity tax

system (including with zero tax rates) and a suitably reformed linear progressive tax. In this

section, we show that Hellwig’s result generalizes to our setting with piecewise linear income

taxation and both extensive- and intensive-margin labour supply variation. We illustrate

this in the simple setting used above with m goods and a discrete number of skill-types.

Suppose there is an arbitrary piecewise linear income tax and a set of differential com-

modity taxes in place. The parameters of the income tax are a, t1 and t2 as above, and

the break point between the first and second tax brackets is ŷ. Let consumer prices be

qj = (1 + τj)pj for j = 1, · · · ,m where producer prices are pj and define q = (q1, · · · , qm)

and p = (p1, · · · , pm) as the vector of consumer and producer prices, respectively.13 Differ-

ential commodity taxes are initially in place, so τj varies by good. As above, there are three

types of individuals: non-participants, workers in first tax bracket, and workers in second

tax bracket. Their respective budget constraints are:

m∑
j=1

qjx
0
j = a = d0, (30)

m∑
j=1

qjx
1i
j = (1− t1)wi`1i + a = d1i i < ı̂, (31)

m∑
j=1

qjx
2i
j = (1− t2)wi`2i + (t2 − t1)ŷ + a = d2i i > ı̂. (32)

The common utility function is separable and takes the form u
(
φ(x1, · · · , xm), `

)
.

Denote the consumption vector chosen by the three types in the initial tax setting

(status quo s) as x0(s), x1i(s) and x2i(s), and disposable incomes of participants as d1i(s)

and d2i(s). We can define the value of the subutility functions of the three types in their

optima as follows:

ω0(s) ≡ φ
(
x0(s)

)
, ω1i(s) ≡ φ

(
x1i(s)

)
, ω2i(s) ≡ φ

(
x2i(s)

)
(33)

13In the previous section, we normalized pj = 1 for all j = 1, ...m for simplicity. This was without loss of

generality. Proposition 1 holds under any arbitrary vector of producer prices for the m commodities.
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We prove the following proposition.

Proposition 2 Assume utility takes the form u
(
φ(x1, · · · , xm), `

)
with subutility φ(x) sat-

isfying the Deaton conditions. Let
(
xh(s), dh(s)

)
be the allocation of a type-h individual for

h = 0, 1i, 2i under the arbitrary piecewise linear progressive income tax system (t1, t2, a) with

differential commodity taxes τ1, · · · , τm. If consumer prices are not proportional to producer

prices, the allocation
(
xh(s), dh(s)

)
is strictly dominated by another allocation that can be

implemented by the linear progressive income tax (t̂1, t̂2, â) with consumer prices equal to

producer prices q = p.

Proof: Following Hellwig (2009), we proceed to prove the Proposition 2 in two steps.

Step 1

If consumer prices are not proportional to producer prices, there exists another feasible

allocation of consumption xh for the three types yielding the same subutility level for each

type ωh(s) that requires fewer resources. Consider the following problem for a type-h

individual, given dh(s):

min
x1,··· ,xm

m∑
j=1

pjxj s.t. φ(x) = ωh(s) (34)

where ωh(s) satisfies (33). The solution gives the allocation
(
x̂h, dh(s)

)
with the same utility

as in the initial situation above. For each type h, the above problem implies:

m∑
j=1

pj x̂
h
j <

m∑
j=1

pjx
h
j (s) (35)

That is, less resources are required to produce x̂h than the initial allocation. The same

applies for all three types of individuals, non-participants (h = 0), workers in the first tax

bracket (h = 1i) and workers in the second tax bracket (h = 2i).

Step 2

We next show that for each individual h, the allocation
(
x̂h, dh(s)

)
can be implemented

by a linear progressive income tax (t̂1, t̂2, â) with consumer prices equal to producer prices

when quasi-homothetic preferences apply. (Note that in this allocation, individuals choose

the same income or labour supply but different commodity bundles.)
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By the Deaton conditions as shown in (23) and (24), the consumption allocation obtained

from the type-h individual’s problem (34), given dh(s), satisfies:

x̂0j = ρj(p) + γj(p)a j = 1, · · · ,m, (36)

x̂1ij = ρj(p) + γj(p)
(
(1− t1)wi`1i + a

)
j = 1, · · · ,m, (37)

x̂2ij = ρj(p) + γj(p)
(
(1− t2)wi`2i + (t2 − t1)ŷ + a

)
j = 1, · · · ,m. (38)

Multiplying each of these by pj and summing over all goods, we obtain:

m∑
j=1

pkx̂
0
j =

m∑
j=1

pjρj(p) +
m∑
j=1

pjγj(p)a, (39)

m∑
j=1

pj x̂
1i
j =

m∑
j=1

pjρj(p) +
m∑
j=1

pjγj(p)a+
m∑
j=1

pjγj(p)(1− t1)wi`1i, (40)

m∑
j=1

pj x̂
2i
j =

m∑
j=1

pjρj(p) +

m∑
j=1

pjγj(p)a+

m∑
j=1

pjγj(p)
(
(1− t2)wi`2i + (t2 − t1)ŷ

)
. (41)

Consider an alternative tax system (t̂1, t̂2, â), and suppose it is related to the original

tax system as follows:

(1− t̂1) =

m∑
j=1

pjγj(p)(1− t1), (1− t̂2) =

m∑
j=1

pjγj(p)(1− t2), â =

m∑
j=1

pj
(
ρj(p) + γj(p)a

)
.

(42)

The first two expressions imply:

t̂2 − t̂1 =

m∑
j=1

pjγj(t2 − t1). (43)

Substituting (42) and (43) into (39)–(41), we obtain:

m∑
j=1

pj x̂
0
j = â, (44)

m∑
j=1

pj x̂
1i
j = (1− t̂1)wi`1i + â, (45)

m∑
j=1

pj x̂
2i
j = (1− t̂2)wi`2i + (t̂2 − t̂1)ŷ + â. (46)
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These are the same budget constraints as in (30)–(32) with the new tax system and no

commodity taxes. It shows that if type-h individuals are faced with the new tax system and

consumer prices are equal to producer prices, they can choose x̂h and the original disposable

income level dh(s). We have already shown in Step 1 that if the individuals choose this

allocation fewer resources are required and they are equally well-off as in the original tax

system. This means that the lump-sum component â can be increased to use up the extra

resources so everyone can be made better off. �

5 Extensions and limitations

Our results have been developed for the general case where labour supply is variable along

both the intensive and extensive margins and the government implements a piecewise linear

progressive tax. Obviously, the results will also apply in the special cases where a) labour

supply varies along the intensive margin only and piecewise linear income tax is in place, b)

labour supply varies along the extensive margin only and piecewise linear income taxation

is used, and c) labour varies along both margins and a linear progressive income tax applies.

In each of these cases, both the Deaton theorem and the Hellwig generalization—which were

derived for the case where labour varies along the intensive margin and a linear progressive

income tax is used—apply.

In our model, we adopted a number of simplifying assumptions for analytical conve-

nience. In this section, we consider the consequences of relaxing some of those assumptions.

In some cases, our main propositions remain intact, while for others, they do not. However,

in the latter cases, the Deaton theorem does not apply either.

5.1 Multiple tax brackets

It is straightforward to show that our results continue to apply if we increase the number

of tax brackets above two, as long as our other assumptions remain satisfied. If the optimal

multi-bracket linear progressive income tax is in place and preferences are weakly separable

in goods and labour and quasi-homothetic in goods, commodity taxes should be uniform (or

zero). Similarly, Hellwig’s generalization continues to apply. An arbitrary multi-bracket lin-

ear income tax combined with differential commodity taxes is Pareto-dominated by uniform
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commodity taxes and a suitably reformed multi-bracket linear income tax.

These results are relevant from a policy perspective. Most countries do implement a

multi-bracket linear progressive income tax. To the extent that preferences do not diverge

too much from quasi-homotheticity, uniform commodity taxes cause limited inefficiency and

save the costs of administering a differential commodity tax system.

5.2 Quasi-homotheticity in a subset of goods

Deaton extended his analysis to the case where utility is quasi-homothetic in a subset of

goods as well as being weakly separable. He showed that with optimal commodity taxes

and a lump-sum transfer in place, commodity taxes should be uniform within that subset,

but will generally be differential for goods outside that subset. We show in Appendix A

that the analogue of this is also true in the case of an optimal piecewise linear income tax

system and with both extensive and intensive labour supply decisions. In particular, the

optimal tax system will include a piecewise linear income tax, uniform commodity taxes for

goods in the quasi-homothetic subset, and differential commodity taxes for other goods.

To illustrate this, assume utility is quasi-homothetic and weakly separable in all goods

except good m, so utility can be written as u(φ(x1, · · · , xm−1), xm, `). Further, assume

that good m is taxed at rate τm, so the government chooses (a, t1, t2, τm, τ) where τ is the

tax rate on an arbitrary good k from the set (x1, · · · , xm−1) as above. We can follow the

same steps as the previous analysis to prove that the government would want to impose a

uniform commodity tax on all goods except good m as shown in Proposition 3 in Appendix

A. This analysis could be extended so that there is an arbitrary set of commodities in the

sub-utility function φ and provided the government optimally chooses both the piecewise

linear income tax system and the commodity taxes on all other goods the Deaton theorem

holds.

The Hellwig extension also extends to the case where quasi-homotheticity applies only

to a subset of goods. Suppose utility is weakly separable and quasi-homothetic in a subset of

goods k ∈ Q, so can be written u
(
φ(xQ),xN , `

)
where xQ is the vector of goods in the subset

Q and xN is the subset of the rest of the goods. We show in Appendix B that the allocation

obtained under an arbitrary piecewise linear income tax and differential commodity taxes is

Pareto-dominated by an allocation when commodity taxes on goods xQ are zero and both
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the income tax parameters and the commodity taxes in xN are suitably reformed.

5.3 Heterogeneous preferences

Deaton (1979, p. 357) stated his theorem in the following simplified form: if Engel curves

for all goods are linear and the slope of each Engel curve is the same for all individuals,

commodity taxes should be uniform if an optimal linear progressive income tax is in place.

Equivalently, he argued that his proof of the optimality of uniform commodity taxes required

only that preferences for individual h yield an indirect sub-utility function of the following

form: v(q, dh) = µh(q) + ψ(q)dh, where q is the vector of consumer prices and dh is

disposable income. This differs from (23) since the term µh(q) can differ among individual

types. This indirect sub-utility function yields demand curves for good k, analogous to (24)

above:

xhk = −
µhqk(q) + ψqk(q)dh

ψ(q)
≡ ρhk(q) + γk(q)dh. (47)

This implies that Engel curves have the same slope for all individuals, γk(q), but different

intercepts, ρhk(q). Using these demands for xhk in our above analysis, we find that nei-

ther the Deaton theorem nor Hellwig’s extension apply either with linear progressive or

piecewise linear progressive income taxes. In other words, assuming linear Engel curves for

all goods with the same slopes across individuals is not sufficient for optimal commodity

taxes to be uniform when income taxes are set optimally. However, linear Engel curves

for all goods with the same slopes across individuals combined with common intercepts, as

quasi-homotheticity implies, is sufficient. That is, all individuals must choose consumption

allocations along the same Engel curves.

This can be seen most easily in the proof of the Hellwig extension above. The alternative

tax system (t̂1, t̂2, â) satisfied (42) for all individual types. With heterogeneous preferences,

the expression for â for a person of type h must satisfy

âh =
m∑
j=1

pj
(
ρhj (p) + γj(p)a

)
.

Since this differs among types, the alternative tax system would require changes in the

lump-sum transfer a to differ by household type which is not feasible. Thus, the Hellwig

generalization would not apply in this case.
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In fact, there is an algebraic error in Deaton’s proof as we show in Appendix C. Op-

timality of uniform commodity taxes when µh(q) varies by household does not hold in

general.

5.4 Nonlinear budget sets and corner solutions

In our analysis we assumed that all individuals chose an interior solution for their commodity

demands and labour supply. However, the use of Deaton preferences along with piecewise

linear income taxation can lead to corner solutions and multiple equilibria. There are

various possibilities.

Bunching at the income tax break point

If the piecewise linear income tax leads to a strictly concave budget constraint, some indi-

viduals may choose incomes at the kink point in which case their indifference curves may

not be tangential to the budget constraint. They may nonetheless be at an interior in their

commodity demands. For those taxpayers whose incomes are at the kink point and whose

indifference curves are not tangential to the budget line in income-consumption (disposable

income) space, the envelope theorem does not apply for changes in the marginal tax rate.

This complicates our analysis of the Deaton theorem considerably. Nonetheless, we can

infer from studying the Hellwig generalization that uniform commodity taxes should apply

at the optimum when utility functions exhibit Deaton preferences.

To see this, note that the Hellwig generalization continues to apply when some taxpayers

are at the kink point on their budget lines. The proof of the Hellwig generalization is based

on a revealed preference argument and does not require differentiability in income. That

is, Step 1 in the proof above applies for whatever incomes taxpayers choose in the initial

allocation. Step 2 then shows that the incomes chosen in the initial allocation can still

be supported after commodity taxes are abolished and the income tax suitably reformed.

Revealed preference then implies that all persons can be made better off by the reform,

given the saving in resources the move to zero commodity taxes implies.

The fact that the Hellwig generalization applies means that any tax system with differ-

ential commodity taxes cannot be optimal. This implies indirectly that the Deaton theorem
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must be satisfied.

Concave budget sets

When the budget constraint is strictly convex, bunching in the interior of the budget con-

straint will not occur, but there is a remote possibility that some worker-type will be indif-

ferent to being on either segment of the budget constraint (that is, either tax bracket). As

well, taxpayers may change their incomes discretely in response to a tax change by moving

from one tax bracket to another. (This possibility cannot arise if labour only varies along

the extensive margin since then labour incomes are fixed.) Our proof of the Deaton theo-

rem in this case is complicated by the non-convexity of the taxpayer’s problem.14 However,

as in the bunching case, the Hellwig extension remains valid when the budget constraint

is convex (i.e., the budget set is concave). Whatever income taxpayers choose is taken as

given in the proof of the Hellwig extension. That being the case, differential commodity

taxation cannot be optimal when Deaton preferences apply and the government uses an

optimal piecewise linear income tax.

Corner solutions in commodity demands

Deaton preferences implies linear Engel curves which can lead to corner solutions for some

commodity demands at low income levels. Boadway and Song (2016) considered the case

where low-income individuals choose a corner solution in a luxury good (more precisely are

constrained by not being able to buy a negative quantity). They show that the Deaton

theorem no longer applies in this case, so our generalization will not apply either. It

would be welfare-improving to differentiate commodity tax rates, although the form of

differentiation is not clearcut. Lowering the tax rate on necessity goods improves equity

but has an ambiguous effect on efficiency.

14Apps, Van Long and Rees (2014) address the problems of bunching at kink points and strictly convex

budget constraints by simulation techniques. They consider separately the case of strictly concave and

convex budget constraints and simulate the properties of the optimal piecewise linear income tax. They

have only one consumption good so their focus is solely on optimal income taxation.
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Corner solution in labour supplies

We have allowed for individuals to choose zero labour income rather than a discrete income

by choosing not to participate. Zero labour incomes can also be chosen in an intensive-

margin setting. Boadway, Cuff and Marchand (2000) show that this can occur when prefer-

ences are quasi-linear in leisure so that leisure or labour is chosen as a residual. The Hellwig

result applies in this case as long as the demands for goods are in the interior, so uniform

commodity taxes are optimal and the Deaton theorem is satisfied.

6 Concluding remarks

The Deaton theorem along with the Atkinson-Stiglitz theorem are among the most impor-

tant policy-relevant results to have come out of the optimal income tax literature. Their

relevance have been enhanced by the Hellwig extension to the Deaton theorem and the

Laroque (2005) and Kaplow (2006) extensions to the Atkinson-Stiglitz theorem. Our pur-

pose has been to increase the policy relevance of the Deaton theorem further by generalizing

it in two realistic directions. One is to allow individuals to vary their labour supply choices

along the extensive margin as well as along the intensive margin by incorporating a par-

ticipation decision of the sort used by Diamond (1980) and Saez (2002) into a Mirrleesian

optimal income tax setting. The second is to generalize the linear into tax system to a piece-

wise linear income tax with multiple tax brackets. Both of these extensions are empirically

relevant. For example, governments typically deploy piecewise linear income taxes.

Our main result is that the Deaton theorem and the Hellwig extension continue to

hold with extensive margin labour supply and piecewise linear income taxation. That is,

if preferences are weakly separable in goods and leisure, and quasi-homothetic in goods,

optimal commodity taxes should be uniform. We have also considered various extensions

and and complications. Following Deaton, we have shown that a restrictive version of the

Deaton theorem and Hellwig’s extension applies when the Deaton conditions hold for only to

a subset of goods. We have also argued that uniformity of commodity taxes should continue

to apply if some taxpayers choose income at the kink point of a concave budget constraint,

or if some are indifferent between two segments of a convex budget constraint. At the same

time, we have shown that the Deaton theorem does not hold if some individuals choose
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a corner solution in some goods, or if preferences are heterogeneous in the way Deaton

considered.

As mentioned earlier, quasi-homothetic preferences are relatively general in the sense

that they allow for different income elasticities of demand and different minimal required

levels of consumption among goods. Despite that, linear or piecewise linear progressive

income taxes are sufficient to achieve the government’s redistributive objectives without

any need to use differential commodity taxes. Moreover, the Hellwig extension to the

Deaton theorem applies as well. It is never efficient to use differential commodity taxes

to achieve redistributive objectives, for example, by favouring necessities at the expense of

luxury goods. The elimination of differential commodity taxes combined with a suitable

reform of piecewise linear income tax can be Pareto-improving. That is the relevant policy

message of our results.
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Appendix A

Deaton theorem when utility is quasi-homothetic in a subset of goods

Assume utility is quasi-homothetic in all goods except good m. Let there be a commodity

tax τm on good m and commodity tax τ on good k 6= m. The commodity taxes on all other

goods are assumed to be zero. We can show that τ = 0 in the optimum. The approach is

similar to the proof of Proposition 1. Using the first-order conditions on t1, t2, a and τm

evaluated at τ = 0, we show that ∂L/∂τ also evaluated at τ = 0 is zero.

Note first that since government policy variables now include τm, the uncompensated

and compensated demands for goods by all persons and supply of labour for participants

with incomes in the two brackets, as well as expenditure functions now include 1 + τm as an

argument. Similarly, indirect utility functions and participation functions include τm as an

argument. The envelope conditions and Slutsky equations apply with respect to changes in

τm as well.

Social welfare is now given by

h0W
(
v0(τ, τm, a)

)
+
∑
i<ı̂

ni
∫ α̂1i

αi

W
(
vi
(
τ, τm, (1− t1)wi, a

)
− αi

)
dF i(αi)

+
∑
i>ı̂

ni
∫ α̂2i

αi

W
(
v2
(
τ, τm, (1− t2)wi, (t2 − t1)ŷ + a

)
− αi

)
dF i(αi)

and the government’s budget constraint is:

a = t1
∑
i<ı̂

h1
(
τ, τm, (1− t1)wi, a

)
wi`1

(
1 + τ, 1 + τm, (1− t1)wi, a

)
+(t1 − t2)

∑
i>ı̂

h2
(
τ, τm, (1− t2)wi, (t2 − t1)ŷ, a

)
ŷ

+t2
∑
i>ı̂

h2
(
τ, τm, (1− t2)wi, (t2 − t1)ŷ, a

)
wi`2

(
1 + τ, 1 + τm, (1− t2)wi, (t2 − t1)ŷ + a

)
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+τ

(
h0x0k(1 + τ, 1 + τm, a) +

∑
i<ı̂

h1ix1k
(
1 + τ, 1 + τm, (1− t1)wi, a

)
+
∑
i>ı̂

h2ix2k
(
1 + τ, 1 + τm, (1− t2)wi, (t2 − t1)ŷ + a

))

+τm

(
h0x0m(1 + τ, 1 + τm, a) +

∑
i<ı̂

h1ix1m
(
1 + τ, 1 + τm, (1− t1)wi, a

)
+
∑
i>ı̂

h2ix2m
(
1 + τ, 1 + τm, (1− t2)wi, (t2 − t1)ŷ + a

))
.

The government maximizes social welfare subject to the budget constraint. Denote the

Lagrangian expression for this problem as L(a, t1, t2, τm, τ). The first-order condition on a

evaluated at τ = 0 is:

La
∣∣
τ=0
≡ h0W ′0v0a+

∑
i<ı̂

niv1ia

∫ α̂1i

αi

W ′1idF
i(αi)+

∑
i>ı̂

niv2ia

∫ α̂2i

αi

W ′2idF
i(αi)+λ

(
t1
∑
i<ı̂

h1ia w
i`1i

+t1
∑
i>ı̂

h2ia ŷ + t2
∑
i>ı̂

h2ia (wi`2i − ŷ) + t1
∑
i<ı̂

h1iwi`1ia + t2
∑
i>ı̂

h2iwi`2ia (48)

+τm

(
h0
∂x0m
∂a

+
∑
i<ı̂

h1i
∂x1im
∂a

+
∑
i>ı̂

h2i
∂x2im
∂a

+
∑
i<ı̂

h1ia (x1im−x0m)+
∑
i>ı̂

h2ia (x2im−x0m)

)
−1

)
= 0.

Define the average net social marginal values of an additional unit of income when τ = 0:

b0 =
β0

λ
+ τm

∂x0m
∂a

,

b1i =
β1i

λ
+

(t1w
i`1i + τm(x1im − x0m))h1ia

h1i
+ t1w

i`1ia + τm
∂x1im
∂a

for i < ı̂, (49)

b2i =
β2i

λ
+

(
t2(w

i`2i − ŷ) + t1ŷ + τm(x2im − x0m)
)
h2ia

h2i
+ t2w

i`2ia + τm
∂x2im
∂a

for i > ı̂.

where β0, β1i and β2i are defined as before. Using these definitions and the fact that the

total population is normalized to unity, the first-order condition on a in (48) becomes:

h0(1− b0) = −
∑
i<ı̂

h1i(1− b1i)−
∑
i>ı̂

h2i(1− b2i). (50)

Using (49) and (50) as well as the analogues to the envelope expressions (2) and (4),

the derivatives of the participation functions (7) and (10), and the Slutsky equations (3)

and (6), we can write the first-order conditions on t1, t2 and τm in the government problem

evaluated at τ = 0 as:

Lt1
∣∣
τ=0
≡
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∑
i<ı̂

h1i(1− b1i)wi`1i +
∑
i>ı̂

h2i(1− b2i)ŷ − t1
∑
i<ı̂

h1iwiwi ˜̀1i(1−t1)wi − τm
∑
i<ı̂

h1i
∂x̃1im

∂(1− t1)wi
wi

−t1
∑
i<ı̂

v0an
if i(α̂1i)wi`1iwi`1i − t2

∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)ŷ − t1

∑
i>ı̂

v0an
if i(α̂2i)ŷŷ (51)

−τm
∑
i<ı̂

v0an
if i(α̂1i)(x1im − x0m)wi`1i − τm

∑
i>ı̂

v0an
if i(α̂2i)(x2im − x0m)ŷ = 0,

Lt2
∣∣
τ=0
≡
∑
i>ı̂

h2i(1−b2i)(wi`2i−ŷ)−t2
∑
i>ı̂

h2iwiwi ˜̀2i(1−t2)wi−τm
∑
i>ı̂

h2i
∂x̃2im

∂(1− t2)wi
wi

−t1
∑
i>ı̂

v0an
if i(α̂2i)ŷ(wi`2i − ŷ)− t2

∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)(wi`2i − ŷ) (52)

−τm
∑
i>ı̂

v0an
if i(α̂2i)(x2im − x0m)(wi`2i − ŷ) = 0,

Lτm
∣∣
τ=0
≡
∑
i<ı̂

h1i(1− b1i)(x1im−x0m) +
∑
i<ı̂

h2i(1− b2i)(x2im−x0m)

−t1
∑
i<ı̂

v0a(x
1i
m − x0m)nif i(α̂1i)wi`1i + t1

∑
i<ı̂

h1iwi ˜̀1iτm

−t1
∑
i>ı̂

v0a(x
2i
m − x0m)nif i(α̂2i)ŷ − t2

∑
i>ı̂

v0a(x
2i
m − x0m)nif i(α̂2i)(wi`2i − ŷ) + t2

∑
i>ı̂

h2iwi ˜̀2iτm

+τm

(
h0

∂x̃0m
∂(1 + τm)

+
∑
i<ı̂

h1i
∂x̃1im

∂(1 + τm)
+
∑
i>ı̂

h2i
∂x̃2im

∂(1 + τm)

)
(53)

−τm
(∑

i<ı̂

v0a(x
1i
m − x0m)nif i(α̂1i)(x1im − x0m) +

∑
i>ı̂

v0a(x
2i
m − x0m)nif i(α̂2i)(x2im − x0m)

)
= 0.

Similarly, take the derivative of the government’s Lagrangian expression with respect to

τ at τ = 0 and using the same procedure rewrite it as:

1

λ
Lτ
∣∣
τ=0
≡
∑
i<ı̂

h1i
(
1− b1i

)
(x1ik −x0k)+

∑
i>ı̂

h2i
(
1− b2i

)
(x2ik −x0k)

+t1
∑
i<ı̂

h1iwi ˜̀1iτ + t2
∑
i>ı̂

h2iwi ˜̀2iτ + τmh
0 ∂x̃0m
∂(1 + τ)

+ τm
∑
i<ı̂

h1i
∂x̃1im

∂(1 + τ)
+ τm

∑
i>ı̂

h2i
∂x̃2im

∂(1 + τ)

−t1
∑
i<ı̂

v0a(x
1i
k − x0k)nif i(α̂1i)wi`1i − t1

∑
i>ı̂

v0a(x
2i
k − x0k)nif i(α̂2i)ŷ (54)

−t2
∑
i>ı̂

v0a(x
2i
k − x0k)nif i(α̂2i)(wi`2i − ŷ)

−τm
∑
i<ı̂

v0an
if i(α̂1i)(x1im − x0m)(x1ik − x0k)− τm

∑
i>ı̂

v0an
if i(α̂2i)(x2im − x0m)(x2ik − x0k).
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Assume as in Deaton (1979) that preferences can be written as u
(
φ(x1, · · · , xm−1), xm, `

)
,

so goods’ demands will be given by:

x0k = ρk(1 + τ) + γk(1 + τ)
(
a− (1 + τm)x0m

)
, (55)

x1ik = ρk(1 + τ) + γk(1 + τ)
(
(1− t1)wi`1i + a− (1 + τm)x1im

)
, (56)

x2ik = ρk(1 + τ) + γk(1 + τ)
(
(1− t1)wi`2i + (t2 − t1)ŷ + a− (1 + τm)x2im

)
. (57)

Using (55)–(57), we obtain Lemma 4.

Lemma 4 With Deaton preferences in all goods j = 1, · · · ,m−1, the following expressions

hold:

x1ik − x0k = γk(1− t1)wi`1i − γk(1 + τm)(x1im − x0m) i < ı̂,

x2ik − x0k = γk
(
(1− t2)wi`2i + (t2 − t1)ŷ

)
− γk(1 + τm)(x2im − x0m) i > ı̂.

In equilibrium the following must be satisfied

e0(1 + τ, 1 + τm, ū) = a,

x̃0k
(
1 + τ, 1 + τm, ū

)
= x0k

(
1 + τ, 1 + τm, e(1 + τ, 1 + τm, ū)

)
.

Using these relationships to substitute out x0k, x
0
m and a in (55), differentiating with respect

to 1 + τm, and using e01+τm = x̃0m, we obtain:

∂x̃0k
∂(1 + τm)

= γk

(
−(1 + τm)

∂x̃0m
∂(1 + τm)

)
=

∂x̃0m
∂(1 + τ)

(58)

where the last equality follows from the symmetry of the substitution effect (Young’s theo-

rem). Following the same procedure for i < ı̂ and i > ı̂ yields

∂x̃1ik
∂(1 + τm)

= γk(1− t1)wi ˜̀1iτm − γk(1 + τm)
∂x̃1im

∂(1 + τm)
=

∂x̃1im
∂(1 + τ)

, (59)

∂x̃2ik
∂(1 + τm)

= γk(1− t2)wi ˜̀2iτm − γk(1 + τm)
∂x̃2im

∂(1 + τm)
=

∂x̃2im
∂(1 + τ)

. (60)

Since

˜̀1i
τm = − ∂x̃1im

∂((1− t1)wi)
and ˜̀2i

τm = − ∂x̃2im
∂((1− t2)wi)

by the symmetry of the substitution effect, Lemma 5 follows.
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Lemma 5 With Deaton preferences in goods j = 1, · · · ,m−1, the following relations hold:

∂x̃0m
∂(1 + τ)

= −γk(1 + τm)
∂x̃0m

∂(1 + τm)
,

∂x̃1im
∂(1 + τ)

= −γk(1− t1)wi
∂x̃1im

∂((1− t1)wi)
− γk(1 + τm)

∂x̃1im
∂1 + τm

,

∂x̃2im
∂(1 + τ)

= −γk(1− t2)wi
∂x̃2im

∂((1− t2)wi)
− γk(1 + τm)

∂x̃2im
∂(1 + τm)

.

Next, in equilibrium the following must be satisfied for workers of types i < ı̂:

e1
(
1 + τ, 1 + τm, (1− t1)wi, ū

)
= a,

x̃1k
(
1 + τ, 1 + τm, (1− t1)wi, ū

)
= x1k

(
1 + τ, 1 + τm, (1− t1)wi, e(1 + τ, (1− t1)wi, ū)

)
,

˜̀1
(
1 + τ, 1 + τm, (1− t1)wi, ū

)
= `1

(
1 + τ, 1 + τm, (1− t1)wi, e(1 + τ, (1− t1)wi, ū)

)
.

Using these relationships to substitute out x1ik , x1im, `1i and a in (56) and differentiating

with respect to the after-tax wage (1− t1)wi yields:

∂x̃1ik
∂((1− t1)wi)

= γk(1− t1)wi ˜̀1i(1−t1)wi − γk(1 + τm)
∂x̃1im

∂((1− t1)wi)

= γk(1− t1)wi ˜̀1i(1−t1)wi + γk(1 + τm)˜̀1i
τm

where the second equality follows from the symmetry if the substitution effect. Following

an identical procedure for workers of types i > ı̂, we obtain Lemma 6.

Lemma 6 With Deaton preferences in all goods j = 1, · · · ,m−1, the following expressions

hold:

˜̀1i
τ = −γk(1− t1)wi ˜̀1i(1−t1)wi − γk(1 + τm)˜̀1i

τm i < ı̂,

˜̀2i
τ = −γk(1− t2)wi ˜̀2i(1−t2)wi − γk(1 + τm)˜̀2i

τm i > ı̂.

Substituting the expressions in Lemmas 4, 5, and 6 into (54), we obtain the following

1

λ
Lτ
∣∣
τ=0
≡ γk(1− t1)

(∑
i<ı̂

h1i
(
1− b1i

)
wi`1i − t1

∑
i6ı̂

v0aw
i`1inif i(α̂1i)wi`1i
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+
∑
i>ı̂

h2i
(
1− b2i

)
ŷ − t1

∑
i6ı̂

h1iwiwi ˜̀1i(1−t1)wi − t2
∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)ŷ

−t1
∑
i>ı̂

v0an
if i(α̂2i)ŷŷ − τm

∑
i<ı̂

h1i
∂x̃1im

∂(1− t1)wi
wi

−τm
∑
i<ı̂

v0an
if i(α̂1i)(x1im − x0m)wi`1i − τm

∑
i>ı̂

v0an
if i(α̂2i)(x2im − x0m)ŷ

)

+γk(1− t2)

( ∑
i>ı̂+1

h2i
(
1− b1i

)
(wi`2i − ŷ)− t2

∑
i>ı̂

h2iwiwi ˜̀2i(1−t2)wi (61)

−t2
∑
i>ı̂

v0an
if i(α̂2i)(wi`2i − ŷ)(wi`2i − ŷ)− t1

∑
i>ı̂

v0an
if i(α̂2i)ŷ(wi`2i − ŷ)

−τm
∑
i>ı̂

h2i
∂x̃2im

∂(1− t2)wi
wi − τm

∑
i>ı̂

v0an
if i(α̂2i)(x2im − x0m)(wi`2i − ŷ)

)

−γk(1 + τm)

(∑
i<ı̂

h1i(1− b1i)(x1im − x0m) +
∑
i<ı̂

h2i(1− b2i)(x2im − x0m)

−t1
∑
i<ı̂

v0a(x
1i
m − x0m)nif i(α̂1i)wi`1i + t1

∑
i<ı̂

h1iwi ˜̀1iτm

−t1
∑
i>ı̂

v0a(x
2i
m − x0m)nif i(α̂2i)ŷ − t2

∑
i>ı̂

v0a(x
2i
m − x0m)nif i(α̂2i)(wi`2i − ŷ) + t2

∑
i>ı̂

h2iwi ˜̀2iτm

+τm

(
h0

∂x̃0m
∂(1 + τm)

+
∑
i<ı̂

h1i
∂x̃1im

∂(1 + τm)
+
∑
i>ı̂

h2i
∂x̃2im

∂(1 + τm)

)

−τm
(∑

i<ı̂

v0a(x
1i
m − x0m)nif i(α̂1i)(x1im − x0m) +

∑
i>ı̂

v0a(x
2i
m − x0m)nif i(α̂2i)(x2im − x0m)

))
.

By substituting the first-order conditions on t1, t2 and τm given by (51), (52), and (53)

respectively into (61), Proposition 3 follows directly.

Proposition 3 With Deaton preferences in a subset of goods j = 1, · · · ,m−1 and both the

optimal piecewise linear income tax system and optimal commodity tax on good m in place,

it follows that
1

λ
Lτ
∣∣
τ=0

= 0.

35



Therefore, if preferences are weakly separable in goods and labour and quasi-homothetic

in a subset of goods as in Deaton (1979), and if the government sets the piecewise linear

income tax and commodity taxes on all other goods optimally, commodity taxes on the

subset of goods are redundant.

Appendix B

Hellwig extension when utility is quasi-homothetic in a subset of goods

The utility function is u
(
φ(xQ),xN , `) with sub-utility φ(xQ) quasi-homothetic. Write the

budget constraints for the three types of individuals (30)–(32) as:∑
k∈Q

qkx
0
k = a−

∑
j∈N

qjx
0
j ,

∑
k∈Q

qkx
1i
k = (1− t1)wi`1i + a−

∑
j∈N

qjx
1i
j ,

∑
k∈Q

qkx
2i
k = (1− t2)wi`2i + (t2 − t1)ŷ + a−

∑
j∈N

qjx
2i
j .

Let
(
xhQ(s),xhN (s), dh(s)

)
be the allocation for individuals h = 0, 1i, 2i when income tax

parameters are t1, t2 and a and differential commodity tax rates are τ1, · · · , τm. Let the

value of the sub-utilities of goods in Q in the initial allocation be given by the analogue of

(33):

ω0(s) ≡ φ
(
x0
Q(s)

)
, ω1i(s) ≡ φ

(
x1i
Q(s)

)
, ω2i(s) ≡ φ

(
x2i
Q(s)

)
.

We show that the allocation under this initial tax system is Pareto-dominated by one with

income tax parameters t̂1, t̂2 and â, commodity taxes τ̂j for goods j ∈ N and zero for those

in set Q. We proceed as above in two steps.

Step 1

Consider the following problem for a type-h individual, given dh(s),xhN (s):

min
xQ

∑
k∈Q

pkxk s.t. φ(xQ) = ωh(s)
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where ωh(s) is defined above. The solution gives the allocation
(
x̂hQ,x

h
N (s), dh(s)

)
with the

same utility as in the initial situation above. For each type h, the above problem implies:∑
k∈Q

pkx̂
h
k <

∑
k∈Q

pkx
h
k(s).

That is, less resources are required to produce the subset of goods x̂hQ than the initial

allocation. The same applies for all three types of individuals, non-participants (h = 0),

workers in the first tax bracket (h = 1i) and workers in the second tax bracket (h = 2i).

Step 2

We next show that for each individual h, the allocation
(
x̂hQ,x

h
N (s), dh(s)

)
can be imple-

mented by a piecewise linear progressive income tax (t̂1, t̂2, â) and commodity taxes τ̂j

for goods j ∈ N , with consumer prices equal to producer prices for goods k ∈ Q when

quasi-homothetic preferences apply to the latter.

By the Deaton conditions, the consumption allocations for goods k ∈ Q obtained from

the individuals’ expenditure minimization problem given dh(s) and xhN (s) are

x̂0k = ρk(p) + γk(p)
(
a−

∑
j∈N

qjx
0
j (s)

)
k ∈ Q,

x̂1ik = ρk(p) + γk(p)
(

(1− t1)wi`1i + a−
∑
j∈N

qjx
1i
j (s)

)
k ∈ Q,

x̂2ik = ρk(p) + γk(p)
(

(1− t2)wi`2i + (t2 − t1)ŷ + a−
∑
j∈N

qjx
2i
j (s)

)
k ∈ Q.

Multiplying each of these by pk and summing over all goods in the set Q, we obtain:∑
k∈Q

pkx̂
0
k =

∑
k∈Q

pkρk(p) +
∑
k∈Q

pkγk(p)
(
a−

∑
j∈N

qjx
0
j (s)

)
,

∑
k∈Q

pkx̂
1i
k =

∑
k∈Q

pkρk(p) +
∑
k∈Q

pkγk(p)
(

(1− t1)wi`1i + a−
∑
j∈N

qjx
1i
j (s)

)
,

∑
k∈Q

pkx̂
2i
k =

∑
k∈Q

pkρk(p) +
∑
k∈Q

pkγk(p)
(

(1− t2)wi`2i + (t2 − t1)ŷ + a−
∑
j∈N

qjx
2i
j (s)

)
.

Consider an alternative tax system
(
t̂1, t̂2, â, q̂N

)
, and suppose it is related to the original

tax system as follows:

(1− t̂1) =
∑
k∈Q

pkγk(p)(1− t1), (1− t̂2) =
∑
k∈Q

pkγk(p)(1− t2),
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â =
∑
k∈Q

pk
(
ρk(p) + γk(p)a

)
, q̂j =

∑
k∈Q

pkγk(p)qj j ∈ N.

Substituting these into the above budget constraints, we obtain:∑
k∈Q

pkx̂
0
k = â−

∑
j∈N

q̂jx
0
j (s),

∑
k∈Q

pkx̂
1i
k = (1− t̂1)wi`1i + â−

∑
j∈N

q̂jx
1i
j (s),

∑
k∈Q

pkx̂
2i
k = (1− t̂2)wi`2i + (t̂2 − t̂1)ŷ + â−

∑
j∈N

q̂jx
2i
j (s).

These are the same budget constraints as in the initial situation with the new tax system

and no commodity taxes on the subset of goods k ∈ Q. It shows that if type-h individuals

are faced with the new tax system and consumer prices are equal to producer prices for

k ∈ Q, they can choose x̂hQ and the original levels of dh(s) and xhN (s). We have shown in

Step 1 that if the individuals choose this allocation fewer resources are required and they

are equally well-off as in the original tax system. This means that the lump-sum component

â can be increased to use up the extra resources so everyone can be made better off.

Appendix C

The Deaton theorem does not hold with heterogeneous preferences

Assume following Deaton (1979) that there are a discrete number of individuals h =

1, · · · , H who differ in their wage rates. The government imposes a set of commodity

taxes t1, · · · , tm on the m goods and gives a transfer of a to all persons. With uniform

commodity taxes, this is equivalent to a linear progressive income tax.

Deaton defines the average demand for good k, xk, and the equity-weighted demand for

good k, x∗k, as follows:

xk =
1

H

∑
h

xhk , x∗k =
∑
h

λh

Hλ
xhk (62)

where

λh = θh +
θrh

1− r
.

Here, θh is the marginal social utility of a dollar to person h, so it is equivalent to our βh,

and θ is the average of the θh’s. The term rh is the marginal government revenue resulting
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from giving person h a dollar, and r is its average. So, λh is like our bh, the net social

marginal utility of a dollar to individual h.

Deaton shows that the optimal commodity tax system satisfies

m∑
j=1

skjtj = −(xk − x∗k) ∀ k

where skj is the average of the substitution effects shkj over all individuals h. If taxes are to

be uniform, so tk = τpk, we require

τsk0p0 = xk − x∗k. (63)

Following (47), with heterogeneous preferences as assumed by Deaton, the demand for

good k by individual h is:

xhk = −
µhqk(q) + ψqk(q)dh

ψ(q)
= ρhk(q) + γk(q)dh.

Deaton shows that the left-hand side of (63) is proportional to γk(q), and he claims that

the right-hand side is also proportional to γk(q) and independent of ρhk(q). In particular,

he claims that:

xk − x∗k = γk(q)(d− d∗) (64)

where d is average disposable income dh, and d∗ is the equity weighted average of dh.

However, (64) does not apply with heterogeneous preferences. To see this, use the definitions

in (62) to give:

xk =
1

H

∑
h

ρhk(q) +
γk(q)

H

∑
h

dh = ρk(q) + γk(q)d,

x∗k =
∑
h

λh

Hλ
ρhk(q) +

∑
h

λh

Hλ
γk(q)dh = ρ∗k(q) + γk(q)d∗.

So, we obtain:

xk − x∗k = ρk(q)− ρ∗k(q) + γk(q)(d− d∗). (65)

This is only equivalent to (64) if ρk(q) = ρ∗k(q), or:

1

H

∑
h

ρhk(q) =
∑
h

λh

Hλ
ρhk(q).

This will not generally be the case, so the condition for uniform commodity taxation is not

satisfied.
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A similar condition can be obtained in our model when like Deaton we assume prefer-

ences over commodities are perfectly correlated with skill and take the Deaton form with

differing intercepts for the Engel curves. Under these assumptions, we find that uniform

commodity taxation are optimal provided:∑
i≥0

ρiτ = n0b0ρ
0
τ +

∑
i<ı̂

(ni − h1i)b0iρiτ +
∑
i>ı̂

(ni − h2i)b0iρiτ +
∑
i<ı̂

h1ib1iρiτ +
∑
i>ı̂

h2ib2iρiτ

where the left-hand side expression is the average of ρiτ given the population size is unity.

The right-hand side expression is the average of bρτ where from the optimal choice of the

lump-sum transfer a the government will ensure the average value of b is unity. (That is,

H = 1, λ = b and b̄ = 1.) A sufficient condition for the above to be satisfied is if ρiτ is the

same for all individuals.
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