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Participation Decisions

Abstract

Deaton (1979) showed that if preferences are weakly separable in goods and labour and quasi-
homothetic in goods and the government imposes an optimal linear progressive tax, commodity
taxes are redundant. Hellwig (2009) generalized the Deaton theorem by showing that the
allocation obtained under differential commodity taxes and an arbitrary linear progressive income
tax is Pareto-dominated by one with uniform commodity taxes and a reformed linear progressive
income tax. We show that both the Deaton theorem and the Hellwig extension continue to apply
if a) the government implements a piecewise linear progressive income tax and b) labour varies
along both the intensive and extensive margins. Some extensions are considered.
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1 Introduction

The choice of a mix of commodity and income taxes has been central to optimal tax anal-
ysis and has led to some of the most policy-relevant results in the literature. Of particular
importance are the circumstances under which optimal commodity taxes should be uni-
form, in which case they can be subsumed in the income tax system so are theoretically
redundant.! The study of the optimal structure of commodity taxes goes back at least as
far as the classic paper by Ramsey (1927). He showed for a representative-agent setting
that if revenue requirements are infinitesimal or preferences are quadratic, optimal com-
modity taxes should be chosen to reduce commodity demands in the same proportion. If
preferences are additive and quasilinear in labour, optimal commodity tax rates should be
inversely proportional to demand elasticities so will not generally be uniform. The modern
analysis of the case for uniform commodity taxes began with Corlett and Hague (1953) who
showed in a representative-agent model that higher commodity tax rates should be levied
on goods that are most complementary with leisure. Sandmo (1976) showed in this context
that commodity taxes should be uniform if preferences are weakly separable in goods and

leisure and homothetic in goods.

The analysis of the structure of commodity taxes in a heterogeneous-agent setting began
with Atkinson and Stiglitz (1976). They added multiple goods to the optimal income
tax model of Mirrlees (1971) in which individuals differ by wage rates but have the same
preferences over goods and labour or leisure. The Atkinson-Stiglitz theorem showed that if
preferences are weakly separable in goods and leisure and if the government levies an optimal
nonlinear income tax, commodity tax rates should be uniform. Although this is a powerful
theorem, it only holds if the government imposes an optimal nonlinear income tax. Laroque
(2005) and Kaplow (2006) generalized the Atkinson-Stiglitz theorem. They showed that if
preferences are weakly separable in leisure and goods, the equilibrium allocation obtained
when the government imposes an arbitrary nonlinear income tax and differential commodity
taxes is Pareto dominated by a system of uniform, possibly zero, commodity taxes and a
reformed nonlinear income tax. This result, along with the Atkinson-Stiglitz theorem, was

enough to persuade the Mirrlees Review (2011) that VAT tax rates in the UK should be

'Even with uniform commodity taxes, one may want a mix of income and commodity taxes to mitigate

against tax evasion (Boadway, Marchand and Pestieau, 1994).



uniform.2

Implementing an optimal nonlinear income tax is demanding, and the literature has
often resorted to linear progressive taxation (Sheshinski, 1972; Atkinson, 1973). This is
both much simpler to administer and qualitatively similar to the pattern of marginal tax
rates obtained by simulations of optimal income taxation (Mirrlees, 1970; Tuomala, 1990).
Deaton (1979) studied a model with possibly differential commodity taxes and a lump-
sum transfer and showed that optimal commodity taxes are uniform—and therefore linear
progressive taxation is optimal—if preferences are weakly separable in leisure and goods and
quasi-homothetic in goods. Parallel to the Laroque and Kaplow extensions of the Atkinson-
Stiglitz theorem, Hellwig (2009) generalized the Deaton theorem to show that the allocation
obtained under an arbitrary linear progressive taxation and differential commodity taxation
is Pareto-dominated by another allocation with uniform commodity taxes and a reformed

linear progressive tax.?

Our purpose is to generalize the Deaton theorem and the Hellwig extension in two
directions both of which add realism to the setting. First, we let labour supply decisions
vary along both extensive and intensive margins, in effect combining the intensive-margin
optimal tax approach of Mirrlees (1971) with the extensive-margin approach of Diamond
(1980) and Saez (2002). This allows us to take into consideration the empirically important
participation decision and its effect on optimal commodity and income taxation. Second,
we assume that the income tax is piecewise linear thereby reflecting the form of income tax
used in most countries. Our main focus will be on the circumstances under which uniform
commodity taxation—or a uniform VAT— is optimal. The characterization of the optimal
piecewise linear income tax is of secondary interest, although we shall derive the optimal

income tax structure as part of our analysis.

Our main results are as follows. First, the Deaton theorem generalizes to the case of
piecewise linear income taxation and extensive margin labour supply. If piecewise linear
tax rates are set optimally and if preferences are weakly separable in goods and leisure and

quasi-homothetic in goods, optimal commodity taxes are uniform. Second, the analogue of

2The Mirrlees Review recognized that preferences might not be separable, but they argued that deviations

from separability were not likely to nullify the benefits of a uniform VAT.
3Hellwig (2009) used homogeneous preferences in his proof, but he subsequently noted in Hellwig (2010)

that the proof also goes through with quasi-homothetic preferences.



the Hellwig extension also applies. If preferences satisfy the Deaton conditions, an allocation
resulting from an arbitrary piecewise linear income tax and differential commodity taxes is
Pareto-dominated by an allocation with uniform commodity taxes and a reformed piecewise

linear progressive income tax.

In addition, we note a number of extensions to the main results. First, the Deaton
theorem and the Hellwig extension continue to apply if the piecewise linear income tax has
more than two tax brackets. Second, if preferences are quasi-homothetic in a subset of
goods, optimal commodity tax rates will be uniform for goods in the subset, but not other
goods. Third, we argue that the main results continue to hold if some taxpayers are at the
kink of the budget constraint in income-consumption space. However, they will not apply if
some taxpayers make no purchases of some goods because they are at a boundary. We also
show that, contrary to Deaton (1979), the Deaton theorem does not hold when preferences
are heterogeneous such that the slopes of Engel curves are the same for all individuals, but

the intercepts are not.

2 A model with intensive and extensive margins and piece-

wise linear income taxation

We adopt the simplest assumptions necessary to derive our results. There are m goods,
denoted by x; for j = 1,---,m which are produced by a linear technology using only
labour ¢ as an input. Individuals differ in two dimensions: their skill in producing output
as reflected in their wage rate, and a fixed cost of participating in the labour market. The
latter is in addition to the cost of supplying labour while working. There are n! individuals
of type-i where ¢ = 0,---, N and Zi>0 n' = 1.* Type-0’s are unable to work and some
workers of types ¢ > 1 choose not to work. Thus, non-participants will include individuals
of all types. Those type-i individuals who choose to work earn a wage rate of w® per unit
of hours worked, where w® > w*~! and w° = 0. Individuals of a given wage-type also differ
in their fixed utility cost of participating in the labour force denoted by o', where o' is

distributed on [of, @] with density F?(a’) and cumulative distribution f*(a?). Note that

4We follow the convention of using superscripts to indicate individual types, including the income tax

bracket of the individual’s income, and subscripts to refer to goods and partial derivatives



the distribution of the costs of participation can differ among types, although this plays no

essential role in our analysis.

Individuals make their labour market decisions in sequence. First they decide whether
to participate in the labour market. Then, if they choose to participate, they decide how
much labour ¢ to supply and how much of each of the m goods to consume. They are paid
w' for each unit of labour they supply so their labour income is y = w'¢, and they consume
(1, , ) financed by their after-tax or disposable income. They also bear the fixed cost
of participation . Those who do not participate earn no labour income and bear no cost
of working. Non-participants decide on the amount of each good to consume which they
finance by a transfer from the government. We assume that when the participation decision
is taken, individuals foresee the consequences of their decision in the subsequent stage. The
utility of type-i individuals who participate is given by u(z1,- -+ , Zm, ) — af, and the utility

of non-participants of all types is given by u(z1, -, Zm).

The government imposes a piecewise linear income tax with two tax brackets as well
as a set of commodity taxes on the goods. The two income tax brackets are divided by
the income level g. Incomes in the first tax bracket, y < ¢, are taxed at the rate ¢; while
incomes above g are taxed at the rate to. All individual receive the same lump-sum transfer
a whether they are working or not. Workers with labour incomes y < ¢ pay t1y — a in
income tax, and those with incomes y > g pay 19 + t2(y — §) — a. The tax liability of
non-participants is —a, which is the lump-sum transfer they receive. Disposable incomes of

individuals in the three groups are:
d=a d'=00-t)y"+a, d=10—-t)y* +(ta—t1)j+a (1)

where superscripts 0, 1¢ and 2i refer from now on to non-participants, workers of type
with incomes in the first tax bracket, and workers of type ¢ with incomes in the second tax

bracket.

Without loss of generality producer prices of the m goods are normalized to unity, while
consumer prices are ¢; = 1 + 7;, where 7; is the commodity tax on good j. In our analysis,
we begin with uniform commodity taxes and then study whether perturbing one of the
taxes can improve welfare. Deaton’s theorem will apply if no perturbation starting from
uniformity increases social welfare. Since proportional commodity taxes can be replicated

by adjustments to the income tax, we can normalize the initial commodity taxes on all



goods to be zero. We then perturb the commodity tax on good zj, 7. For notational
simplicity, we assume that 7, = 7. For all j # k, 7; = 0 in what follows. We investigate
conditions under which 7 = 7, = 0 in the optimum. Overall, the government chooses the
tax parameters (a,ty,t2,9, 7). The choice of § does not affect our main results so we take

it as given.?

2.1 Individual behaviour

Once the participation decision is taken, all individuals choose their consumption of the m
goods, and participants choose how much labour to supply. We characterize the behaviour
first of non-participants and then of participants in each of the two tax brackets. The
outcome is a set of indirect utility functions in government policy variables and their prop-
erties. These then allow us to characterize the participation decision and to determine how
it is affected by tax policy. For simplicity, we assume that incomes are increasing in wage
rates. That implies that there will be a cut-off income level—and therefore wage level—
such that all workers below that income level are in the first tax bracket while all above are
in the second. We further assume that no workers choose the income level § separating tax

brackets. We return to this assumption later.

2.1.1 Choice of consumption and labour supplies

We begin by characterizing the choices made by non-participants and participants after
the participation decision has been taken. Subsequently, we characterize the participation

decision.

Non-participants

Non-participants maximize their utility u(x1,--- , x,,) subject to the budget constraint (1+

T)TkK + Z#k z; = d° = a. This yields the set of uncompensated demands x° = (m(l)(l +

"Deaton (1979) does not formally include a linear progressive income tax in his model. Instead, the
government chooses a set of commodity tax rates and a lump-sum transfer. If optimal commodity taxes
are uniform, optimal policy is equivalent to a linear progressive income tax. We have included a linear
income tax explicitly in our approach since part of our focus is extending the Deaton result to a setting with

piecewise linear progressive income taxation.



T,a), - ,29 (1 + 7,a)) and indirect utility v%(7,a) where v0 is their marginal utility of

income and v¥ = —v%2% by Roy’s theorem.

Participants in the first tax bracket

For type-i individuals in the first tax bracket, the budget constraint is (1+7)xg+ otk T =
d' = (1 —t1)w'f* + a. Maximizing u(x1,- - -, Tm, £) subject to this constraint yields the set
of uncompensated demands, x! = (z{(1+7, (1 —t1)w',a), -+ 2, (147, (1 —t1)w',a)), and
labour supply, £ (1 + 7, (1 —t1)w?, a). Indirect utility is v? (T, (1—ty)wt, a) where v? is the

marginal utility of income and the envelope theorem gives

i _ 1 li 1i
- = —v,'x;’, and V(-

v ligli. (2)

Expenditure minimization yields the set of compensated demand and labour supply
functions given by :i%(l +7,(1— tl)wi,ﬂ), e ,i}n(l +7,(1— tl)wi,ﬂ) and /! (1 +7,(1 -

t1)w',@). The expenditure function is e! (1 + 7, (1 — t1)w’,a) = (1 + 7)&;" + > itk :)?J1Z -

(1-— tl)witm and will be equal to a at the optimum. Applying Shephard’s lemma gives

1
e(1+7'

supply by noting that in the optimum compensated and uncompensated labour supplies

14 _ gl

(U—tyw = We can also derive the Slutsky equation for labour

_ o~
)y = Ty and e

are identical:
M1+ 7,(1—t)w' a) = (147, (1 — t)w',e(1 + 7, (1 — t1)w', a)).
Differentiating with respect to 7 and (1 — ¢;)w?, we obtain the Slutsky equations:

=0 =t and e = G G (3)

Participants in the second tax bracket

The budget constraint of type-i individuals in the second tax bracket is (1+7)x,+)_, 4 ¥ =
d¥ = (1 — to)w'? + (tz — t1)9 + a. Maximizing u(:rl, e ,xm,ﬁz) subject to this con-
straint yields the set of uncompensated demands, x* = (l’%(l + 7, (1 — t2)w', (tg — t1)9 +
a), 22, (147, (1 —t)w', (ta —tl)@}—l—a)), labour supply, ¢2 (1 +7, (1 —to)w', (t2 —tl)z)+a),

and indirect utility, v? (T, (1 —t)w’, (ty — t1)9 + a), where the envelope theorem gives

,022 21,.21 21 _ U2z€217 2 _ U2z (4)

r = Vg Tk U(l—tg)wi - Vg (t2a—t1)y"



Expenditure minimization by a type-i individual yields the set of compensated demands,
53%(1 +7, (1 — t2)wt, a), . ,a?%n(l + 7, (1 — to)w, ﬂ), labour supply, 22(1 +7, (1 — t2)w?, @),
and the expenditure function, e?(1+ 7, (1 — to)w’, (t2 — t1)9,0) = (1 + 7)Z} + Do itk jJQZ -
(1- tg)wilm — (t2 — t1)y. Applying Shephard’s lemma yields

o o 0; . o;
€litr) = Th» Qo = L Clta—tr)g = L ()
At the optimum, e*(1 + 7, (1 — t2)w’, (t2 — t1)§,4) = a. To derive the relevant Slutsky

equations, note that in the optimum we have:
C+r (- t)w' a) = C(1+7,(1—t)u', (b2 — t1)§ +e(L+7, (1~ t2)w'’, (t2 — 1), 7)).
Differentiating with respect to 7, (1 — t2)w® and (t2 — t1)9, and using (5) gives:

CF =0+ 02, Oy = Ty O g+ eyt = 0. (6)

2.1.2 Participation decisions

As mentioned, to determine how individuals of different wage rates allocate themselves
to the first and second income tax bracket, we assume that income g’ is increasing in
skill-type regardless of income bracket. A sufficient condition for this to be the case is
that optimal labour supply is increasing in skill-type or, equivalently, that the substitution
effect of an increase in the wage rate dominates the income effect. Otherwise, we require
that the elasticity of labour supply not to be too negative.® For a given piecewise linear
income tax schedule, it is possible that y'? is greater or less than y%, but in either case this
assumption ensures that the individual of skill-type i + 1 earns more, that is, y' !t > ¢!
and y%*! > 9% Consequently, if an individual earns 3 which is less (more) than some
cut-off § all individuals with a wage less (greater) than w® will also earn less (more) than
7. We use 7 to denote a fictional skill level associated with this cut-off income and assume

that no individual earns exactly 3.

All workers of skill-type ¢ < 7 choose to earn income in the first income tax bracket,

y' < ¢, and all those of skill-type i > i choose to earn income in the second income tax

SDifferentiating income, y = w¥, with respect to w yields d(wf)/dw = £+ wly, = £(1 + wly, /¢) which is
positive provided wf,, /¢ > —1.



bracket, y* > ¢, that is,
ol (7, (1 —t)w') > v (1, (L —to)w', (o —t1)§ +a) Vi<i

vl (1 —t)w') <o (r, (1 —to)uw', (o —t1)§ +a) Vi>i

We now characterize the participation decisions for individuals in the two tax brackets.

Individuals of skill-type 7 < 2

These individuals will participate if v' (7, (1 — t1)w’,a) — o' > v%(7,a). For the marginal

type—i participant in the first tax bracket, the cost of participation is:

at (7', (1—t)w', a) =l (T, (1—t))w, a) —2%(7,a)

Ali o1 .0 _ i li 0.0 @ Ali _ L _ligli  a1li_,1i 0
Q' = —Up = U T VT, Ay = V(1 )wi = Va cray =y — v,

The number of type-i participants in the first tax bracket will then be given by h!(7, (1 —

t)w', a) = n'F (&' (1, (1 — t1)w’, a)) where

B = (0 = o (1) = (ol +ofa ")

Pyt = Uy (6N = ol AT, RY = @l = oD@ ()

Income effects on participation arise in this model because the value of an additional
dollar of disposable income depends on whether an individual is participating or not in the

labour market. Given income effects, we have the following relationship

Wit (a1 = h%li—tl)wi _ glipli (8)
where the left-hand side of (8) can be interpreted as the compensated change in participation
from a change in the after-tax wage rate. Assuming no income effects on participation
implies that h, = 0 or v}? = v? and consequently the compensated change in participation
is equal to the uncompensated change. With income effects, this is no longer the case and
what matters for efficiency is the compensated change in participation with respect to the
after-tax wage. For later use, we can rewrite (8) in terms of elasticities, where 7 is the

income elasticity of participation and ¢ and ¢ are the compensated and uncompensated

elasticities of participation defined with respect to the after-tax wage
.,y
Gli — Sl _ ?711'(1 —t)w'l Z‘

a

9)



Individuals of skill-type ¢ >

Similarly, these individuals will participate provided v?(7, (1 — to)w?, (t2 — t1)§ + a) — o' >

v9(7,a). The marginal type—i participant in the second tax bracket satisfies

d2 (T7 (1 - tZ)wi7 (t2 o tl)g + a’) = ,02 (T7 (1 - t2)wi7 (t2 - tl)g + a’) - UO(Tv a)

where
A2 % 0 2 i 0 G2 20 2i 42i
a2 =02 — 0 = —v2at 40029, Y gyt = V{i—ta)wi = Va £
G2 2i A2 2% 0
Xty—t1)g U(tg —t1)§ — Ya> Qg =V — Vg

The number of type-i participants in the second tax bracket will be h? (T, (1 —ta)wt, (to —
t1)9 +a) = n'F'(a3(r, (1 — ta)w', (t2 — t1)9 + a)) where

W = (2 — Q)i fi(6%) = (o2 + oad)n’ Fi(0%),
Byt = Uy’ F(67) = 2P0 (6%,
h%ZQ —t1)g :U(2t2 ) n fZ( 21) _,UQ’Lan’L( z), hgi :( 2 )n fz( z)' (10)
Using (10), we can again obtain an expression for the compensated change in participation

with respect to the after-tax wage and the corresponding elasticities as

. . o . . (1 =t g2
USEanz‘fz(sz) h%i bt — g?thz = 5,21 — 0,21 o 7721( Z)w ) (11)

For later use, we also note the following relationship:
p2i 2
W) = W~

where we can interpret the left-hand side as the compensated change in participation with

a change in (t2 — t1)y and define the following compensated elasticity

_9; : (t2 — 1)y
X22:X21_n27,( - ) (12)

where x is the elasticity of participation with respect to (to — t1)7.”
The number of non-participants is h® = n® + >, _;(n’ — ') + 3, .(n* — h%) = 1 —
> ici B =3, ; h*". This includes all type-0 individuals as well as those of types i > 1 who

choose not to participate.

"With a linear progressive income tax system, there is only a single income bracket and ¥ = x = 0.



2.2 The government problem

The government maximizes an additive social welfare function in individual utilities subject
to a budget constraint with no public expenditures for simplicity. Our methodology is to
evaluate the social welfare effects of a change in 7 starting at 7 = 0 and assuming the
government is choosing income tax parameters a, t; and to optimally.® Let W(UO(T, a))
be the social utility of a non-participating individual, while for participants of type 7 in
the first tax bracket, social utility is W (v'(-) — o) and in the second tax bracket it is
W(v%(-) — oﬂ). We assume that the same social utility function applies to all participants

and non-participants, and is concave.’

Social welfare is the sum of social utilities and can be written:

oW (1°(7, a)) + Z / (r,(1-t)w'a) —« )dFi(ai)

"‘Z / ( 2(77(1—152) ,(t2 —t1)g + a) —a)dF’( 0 (13)

where the first term includes non-participants and the last two terms includes workers in
the first and second tax brackets respectively. Income and commodity tax revenues must

equal the lump-sum transfer, so the government’s budget constraint is:

a—tlzhl (1—ty)w’, a) i€1(1+7', (1 —tl)wi,a)

l<l
+(tr —t2) Y W (r, (1= to)u', (ta — t1)§, )3 (14)
’L>Z
Ht > B (7, (1= to)w', (b2 — 1), a)w'l* (14 7, (1 — to)w’, (t2 — t1)§ + a)

i>7

+T(h0 p1+7 )+ Al (4, (1—t)w', a) + > h¥a} (147, (1—tg)w’ (tg—tl)gj—i—a)).

i< i>1

8We could also derive an optimality condition on the break-point 4 as in Apps, Van Long and Rees
(2014). While this would be useful for fully characterizing the optimal piecewise linear income tax, we do

not need this condition for deriving our results on extending the Deaton theorem.
9 Assuming identical social utility functions is not innocuous as it gives social weight to the cost of working.

This assumption does not, however, affect our main results. We could also assume social utility applies only

to v(-) and obtain the same results.
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The government maximizes (13) subject to (14). Denote the Lagrangian expression for this
problem as L(a,t1,t2, 7). The first-order conditions on a, t; and ty evaluated at 7 = 0 are

as follows, where A is the Lagrangian multiplier on (14):

EQ‘TZO =% ’U +Z ntv 11/ ledFZ +Z n*v 21/ WzldFl( _|_/\ (tl Z hlz ipli

i<i i>1 i<t

) h2 gt Y R (W = )+t Y R+t > hPwi — 1) =0, (15)

i>1 i>7 <1 i>1

Ali A 21

Ly, ‘TIO =— Zn’ / W{iv(lfftl)wiwidF"(ai)—Z n / Whw2gdF (o)
l<i gz 7,>’Z a’
+A ( DO TR =Y e et = Y R il
1<7 i>1 <2 1<
—t0 Y WG, g9 —t2 Y B, (W =) — 12y h%%?jg) =0, (16)
i>1 i>1 i>1
in
Li|,y =D 0 / Wi (Vg (") g g) dF () +A ( 3 R (wie? )
i>i at i>4
+t1 Z < 1— t2)wzy ) + h(tg —t1)g ) to Z h(1 2) 2[21' _ Q)w’
i>1 1>7
+ty D R — )t R (B — ' )) = 0. (17)
1>1 1>

Define the average social marginal value of an additional unit of income to each type as

) 7, 11 ) ) )
=W, § =" / W' (oY — of)dFi(a’) for i <1,

. Z 2Z . . .
B = h2l / W’ —a")dF'(a") for i>1

and the average net social marginal values of an additional unit of income (when 7 = 0) as

0 17 iplip 1t
o_ B0 g BT hwtlThy igli
b—)\, b = i + tiw'l,' for @ <7,
' 2i to(w' 02 — ) + t14) h2 .
b2 — BTJF (ta(w h';i” 19)ha Ftowi® for > 1. (18)
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Using these definitions and the fact that the population is normalized to unity, we can
rewrite the first-order condition on a given by (15) as h%% + 3, . h1bY + 3. h%b% =1

or

h 1 . bO Z hlz blz Z h2z b22 (19)

1<i >
Using the definitions (18), the envelope expressions (2) and (4), the derivatives of the
participation functions (7) and (10), and the Slutsky equations (3) and (6), we can rewrite
the first-order conditions on ¢; in (16) and ¢2 in (17) evaluated at 7 = 0 as:
Ly, ‘7:0 _ Z Y1 — bYo)wieli — ¢ ngnifi(dli)wigliwigli _— Z hliwiw%g e
i<? i<i i<i

TR 8 Sl P 00 Sl =0, @0

i>1 i>1 i>1

Etg = Z h22 b2@ wi — A — 1 Z,Uonzfz 21 z£21 _ g)

i>1 i>7
—ta Y win fI(E7) (W' = §) (W' = §) —ta Y PFwiwil 0 =0. (21)
i>1 i>1

Next, take the derivative of the government’s Lagrangian expression with respect to 7
at 7 =0

Lo| =W+ n / a Wil dF (o)) +) n / a ngvzidFi(a")H(h%ngZ hYizit

i<i >% 1<%
P R Y Rt 3 Rty 3 R 0 g 3 R ey 3 )
> 1<t 1>1 1> 1<i 1>
which can be rewritten using (2)—(10), (15) and (18) as:

E |T = Zhlz blz _ Zth b21 i _ l’%)

1<% >4
—t1 > _wS(ag’ — an (@ w' M — 1Y oS (@ — af)n' f1(67)g (22)
1<% 1>1
—ty Z (z2 — 2D (62 (W' — §) + Z R0 4ty Z h2w' 0%,
> 1<t >

In the following section, we assume as in Deaton (1979) that preferences are weakly sep-
arable in labour and goods and quasi-homothetic in the latter. We show that the expression
in (22) equals zero when the government sets a, t; and ¢z optimally so (19), (20) and (21)

are satisfied.

12



3 Generalization of the Deaton theorem to piecewise linear

taxation and extensive margin

Suppose preferences are separable in goods and labour, so

w(xy, -y xm, l) = u((;ﬁ(xl, e ,a:m),ﬂ).

Assume that the sub-utility function in goods ¢(+) is quasi-homothetic (that is, homothetic
to some point in commodity space, not necessarily the origin). We refer to these as Deaton
preferences in what follows. Following Deaton (1979), quasi-homotheticity implies that we

can write the indirect sub-utility function as:'"

(b(:vl(l +7,d), (14T, d)) =p(l+7)+¢(1+7)d (23)

where, recall, consumer prices are g, = 1 + 7 and ¢; = 1 for j # k and we have suppressed
the latter prices as arguments of u(-) and v (-) for ease of notation. Disposable incomes d

are given by (1) above.

By Roy’s theorem, uncompensated demands for good k can be written:

ke +T)+ (1 +T7)d
P(1+471)

where u, and v, are the derivatives of p(-) and () with respect to 7, or equivalently

T = =pe(14+7) + 9% (1 + 7)d, (24)

1 + 7, the consumer price of good k. For ease of notation, in (24) we define pi(1 + 7) =
—u-(L+7)/p(1+ 7) and v, (1 + 7) = —¢-(1 + 7)/9(1 + 7). Note that the Engel curve
for xj is linear with the same slope 4 (1 + 7) for all participating and non-participating
individuals.

We can rewrite (22) for the case of Deaton preferences by developing expressions for
ot — 2l 22 — 2, l@ and ZZZ Substituting the definitions of disposable income for non-

participants and participants in (1) into (24), we obtain Lemma 1.

101n fact, Deaton writes the indirect sub-utility function as p’(g1,--- ,qm) + ¥ (q1, - , gm)d, where p'(-)
can vary among households. This would imply that although the slopes of all Engel curves are the same
among individuals, their intercepts are not. KEquivalently, preferences for different individuals are quasi-
homothetic to different origins. As we show later, the Deaton theorem does not actually apply with these

heterogeneous preferences.
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Lemma 1 With Deaton preferences, the following expressions hold:

ot — 2 = (1 — t)w'e" i<,

ﬂ:i’ — fng = wf((l — tg)w%% + (t2 — tl)g)) 7> 9.

To derive expressions for the compensated labour supply derivatives ?; that appear in (22),
note first that applying Young’s theorem to the expenditure function e’ (1+7‘, (1—t1)w?, H) =
(L4 7)Y + 35 85— (1= t)w'l" yields

0%el () 0%el () 856,{:"

- %kl
(1 +7)0((1 — t1)w?) (1 - t)w)I(L+7) - O((1— t1)w) e (25)

Second, in equilibrium the following must be satisfied for workers of types i < :
e(1+7,(1—t)w' a)=a,

(147,01 -t a) =z, (1+7,(1—t)w',e(l+7, (1 —t)w', 1)),
Al+r (1 —t)wa) =01+, (10— t)w' el +7, (1 — t)w', a)).

Substituting the expression for disposable income d*? from (1) into (24), then using the above
relationships to substitute out uncompensated demand, uncompensated labour supply and
a in the resulting expression, and differentiating with respect to the after-tax wage (1—t;)w?

yields: '
oz}

— = (1 - tl)wig%i (26)
6((1 — tl)uﬂ)

1—t1)wi*

Combining (25) and (26), and following an identical procedure for workers of types i > i,

we obtain Lemma 2.

Lemma 2 With Deaton preferences, the following expressions hold:

571_7' = —’Yk:(l — tl)wigg—tl)wi 1< 1,

A~

2= (1 - tg)wil%i_tz)wi i > 1.
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Substituting the expressions from Lemmas 1 and 2 into (22) and rearranging, we obtain

Lemma 3.

Lemma 3 With Deaton preferences, the following expression holds:

1
XL‘T‘TZO =
1 — tl (Z hll _ blz zglz t Z zélz zfz lz) Zflz + Z h27“ B sz) g
1<t i<i =
_tl Z hllw wzf(l tl t2 Z ,Uonzf i€2i _ A . tl Z Uonlf g@)
i<t > 1>7
ol —t2) (Z P2 (1= b9 (i ) — 0 S Rt B
>t i>7

—ty 3 et () (' — ) (' — ) — 113 o A%l - @)) .

i>1 1>7

Proposition 1 follows directly by substituting the first-order conditions on ¢; and t9,

given by (20) and (21), into the expression in Lemma 3.

Proposition 1 With Deaton preferences and the optimal piecewise linear income tax sys-

tem in place,

1
XET}TZO =0

Proposition 1 applies for an incremental change in the tax of good k starting with all com-
modity taxes set to zero. Since the tax on any other good could have been changed instead,
the proposition implies that changing the tax on any good starting from zero commodity
taxes will not change social welfare. Therefore, if preferences are weakly separable in goods
and labour and quasi-homothetic in goods as in Deaton (1979), and if the government sets
the piecewise linear income tax optimally, commodity taxes are redundant. That is, the
Deaton theorem generalizes to the case with piecewise linear income taxation and extensive

labour supply decisions.
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It is worth noting that quasi-homothetic preferences have two features that capture
redistributive concerns. First, since the slopes of Engel curves can vary among goods, these
preferences are compatible with income elasticities of demand differing over goods. That
is, some goods can be necessities in the sense that their demand only rises moderately
with income, while others are luxuries whose demand increases proportionately more with
income. Second, a common way to characterize quasi-homothetic preferences in goods is by

the following sub-utility function:
P(x1 =01, T — O)

where ¢(-) is homothetic in its arguments. The arguments are demands in excess of some
minimal required amounts, J;, which can differ by goods. One might expect that the
commodity tax system would favor goods with low income income elasticities of demand
(necessities) and with high required amounts. The remarkable thing about the Deaton
theorem is that piecewise linear income taxes—which do not differentiate among goods—
suffice to achieve redistribution objectives as long as preferences over goods are quasi-

homothetic.

3.1 Optimal Income Tax Rates with Uniform Commodity Taxation

Given that the Deaton theorem generalizes to piecewise linear income taxation and extensive
labour supply decisions, the optimal tax system includes only an income tax. We now

characterize the optimal income tax rates, given uniform commodity taxation.

Consider first the case of the optimal linear progressive income tax schedule as in Deaton
(1979) but extended to allow for participation decisions. Using the above analysis, this is
equivalent to having a single income tax bracket where all individuals receive a and all
participants face a marginal tax rate ¢;. Setting ¢t; = t and suppressing the subscript for
the first income bracket, the optimal linear progressive tax rate ¢t (when 7 = 0) satisfies the

following first-order condition:

DIEIORUER] DOUIPNETES STUUTES e e B

i>1 i>1 i>1 i>1
where B
ol [Y W (v — of)dF(of) ) i il o
,Bl: llfg x , sz%‘F%—i‘twle.
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Defining & as the compensated labour supply elasticity with respect to the after-tax wage
rate and using the definition of the compensated participation elasticity given by (9), the
first-order condition on the optimal linear income tax can be rewritten as

t Y (1= bRl
1—t Yis1 (€ + %) hiwidt

Since wY = 0 and the average value of bt over all i > 0 is one (from the first-order condition
on a), the above can be rewritten in terms of the covariance of b° and total income for all

types i > 0 as S
t . be . hiwt et
- e Rwl) 27)
L=t Y (& + 5% hiwidr

The optimal linear income tax rule given by (27) takes the standard form where the
numerator captures equity considerations and the denominator captures efficiency consid-
erations. With only an extensive margin labour supply decision, €/ = 0 and assuming no
income effects on participation (as in Saez, 2005), (27) reduces to what the optimal par-
ticipation tax rate would be when taxes cannot be conditioned on skill type.!! Conversely,
with only an intensive margin labour supply decision, the participation elasticity is zero
and h' = n'. Eq. (27) reduces to the optimal linear income tax rule with a discrete number
of types. In this case, we could rewrite (27) using income shares defined as

st = Z:;ow”fww where gs’: 1 and s°=0
to obtain a similar expression as in Piketty and Saez (2012):

t —cov (b, s%)

1—t disp €8t
The denominator is the income share-weighted compensated elasticities of labour supply,

and can be interpreted as the elasticity of total income with respect to the net-of-tax price,

1—+t.

Consider now the optimal piecewise linear income tax rates. The first-order condition

on t; can be written as

. . .o . . o2t ~2i_t [
t B Zi<i hlz(l _ blz)wzgh + Zi>i h22(1 _ b27’>:l) . Zi>i <X2 — 52 (1—2t2)) h? g

l—t; >ics (€Y 4 G10) hliwieh S, (81 + 1) hliwigti

(28)

Saez (2005) assumes income taxes can be conditioned on skill-type. His expressions for the optimal
participation taxes can be obtained here by assuming marginal tax rates are conditional on skill-type, that

is t*.
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and the first-order condition on to can be written as
t _ s 2 (1 — b2) (wie? — ) . i PR (Wi — )
L=ty >, (2iR2wi (2 + 52R2 (w2 — ) PO (2R2wi (2 1 2R (Wil — )
(29)

Each optimal tax rate consists of two terms. The first term is the ratio of an equity to an

efficiency term resulting from a change in the marginal tax rate and has the standard inter-
pretation. The efficiency effect from a change in the marginal tax rate in the denominator
depends on both the compensated labour supply and compensated participation elasticities.
The equity effect from a change in the marginal tax rate reflects the fact that an increase
in t; impacts all participants while an increase in to only affects participants in the second

income bracket.

The second term on the right-hand is new and is an additional efficiency term that arises
because the participation decision of those in the second income bracket is also affected by
the income tax differential, (t2 —t1)9.12 Consider first the common expression, Y2*h?'§), that
appears in the numerator of this term in both (28) and (29), but of opposite sign. This
expression reflects the effect a change in h? (arising from a change in (t2 — t1)9) has on
the net revenue h? (ty —t1)3. Of course, the government is levying 2 on the income earned
above ¢ by participants in the second bracket. Therefore a change in h% affects this revenue
as captured in the second expression in the numerator of this last term in (28) and the first

expression in the numerator of this last term in (29).

4 Generalization of the Hellwig extension

Deaton’s result is restrictive in the sense that it only applies when the optimal linear income
tax is in place. If income taxes are non-optimal, commodity taxes should in general be non-
uniform. For example, Boadway and Song (2016) show in a two-good setting with a linear
progressive income tax that if preferences satisfy the Deaton conditions, the commodity tax
rate should be higher on the good with the lowest income elasticity of demand if the marginal

income tax rate is lower than optimal, and vice versa. That assumes that the income tax

2Eqgs. (28) and (29) correspond with marginal tax rates obtained by Jacquet, Lehmann and Van der
Linden (2013) for the case of optimal nonlinear income taxes when labour supply varies along both intensive
and extensive margins. Efficiency terms include both labour supply elasticities and participation elasticities

in their analysis as well.
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rate is taken as given. Hellwig (2009) demonstrates how Deaton’s result can apply when
the linear progressive tax system is not optimal as long as the government can reform
the tax parameters t and a. His analysis shows that with quasi-homothetic preferences
in goods, a differential commodity tax system combined with an arbitrary, not necessarily
optimal, linear progressive income tax is Pareto-dominated by a uniform commodity tax
system (including with zero tax rates) and a suitably reformed linear progressive tax. In this
section, we show that Hellwig’s result generalizes to our setting with piecewise linear income
taxation and both extensive- and intensive-margin labour supply variation. We illustrate

this in the simple setting used above with m goods and a discrete number of skill-types.

Suppose there is an arbitrary piecewise linear income tax and a set of differential com-
modity taxes in place. The parameters of the income tax are a, t; and t5 as above, and
the break point between the first and second tax brackets is . Let consumer prices be
¢j = (1 +75)p; for j =1,--- ,m where producer prices are p; and define q = (g1, , ¢m)
and p = (p1,--- , pm) as the vector of consumer and producer prices, respectively.'® Differ-
ential commodity taxes are initially in place, so 7; varies by good. As above, there are three
types of individuals: non-participants, workers in first tax bracket, and workers in second

tax bracket. Their respective budget constraints are:

m
Z qjx? =a=d", (30)
j=1
m
qu:c]l-i = (1 —t)w" +a=d" i <1, (31)
j=1
m
Y ¥ = (1 —tu'l + (- t)j+a=d"  i>i (32)
j=1
The common utility function is separable and takes the form u(gb(ml, e ,xm),ﬂ).

Denote the consumption vector chosen by the three types in the initial tax setting
(status quo s) as x°(s), x!(s) and x%(s), and disposable incomes of participants as d'*(s)
and d*(s). We can define the value of the subutility functions of the three types in their

optima as follows:

wo(s) = ¢(x0(s)), wh(s) = qﬁ(xli(s)), w2i(s) = qb(xzi(s)) (33)

13In the previous section, we normalized p; = 1 for all j = 1,...m for simplicity. This was without loss of

generality. Proposition 1 holds under any arbitrary vector of producer prices for the m commodities.
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We prove the following proposition.

Proposition 2 Assume utility takes the form u((z)(xl, e ,xm),ﬁ) with subutility ¢(x) sat-
isfying the Deaton conditions. Let (xh(s), dh(s)) be the allocation of a type-h individual for
h = 0,14, 2i under the arbitrary piecewise linear progressive income taz system (t1,ta, a) with
differential commodity tazes 1, -+ , Ty. If consumer prices are not proportional to producer
prices, the allocation (x"(s),d"(s)) is strictly dominated by another allocation that can be
implemented by the linear progressive income tax (ty,ts,a) with consumer prices equal to

producer prices q = P.

Proof: Following Hellwig (2009), we proceed to prove the Proposition 2 in two steps.
Step 1

If consumer prices are not proportional to producer prices, there exists another feasible
allocation of consumption x” for the three types yielding the same subutility level for each
type w”(s) that requires fewer resources. Consider the following problem for a type-h
individual, given d"(s):
m
zl}g}igm ij:vj s.t. B(x) = wh(s) (34)
j=1
where w”(s) satisfies (33). The solution gives the allocation (%", d"(s)) with the same utility

as in the initial situation above. For each type h, the above problem implies:
m m
“h R
> _opid) <Y pih(s) (35)
j=1 j=1

That is, less resources are required to produce x” than the initial allocation. The same
applies for all three types of individuals, non-participants (h = 0), workers in the first tax

bracket (h = 1i) and workers in the second tax bracket (h = 21).
Step 2

We next show that for each individual &, the allocation (X",d"(s)) can be implemented
by a linear progressive income tax (1,2, @) with consumer prices equal to producer prices
when quasi-homothetic preferences apply. (Note that in this allocation, individuals choose

the same income or labour supply but different commodity bundles.)
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By the Deaton conditions as shown in (23) and (24), the consumption allocation obtained

from the type-h individual’s problem (34), given d"(s), satisfies:

) =pi(P)+vi(Pla  j=1,--,m,

25" =pi(p) +v(P) (1 —t)w't" +a)  j=1,--

5 = pj(P) +7(P) (1 — t2)w'* + (82 — t1)j + )

Multiplying each of these by p; and summing over all goods, we obtain:

m m m
> ki) = pirj(P)+>_pivi(pla
=1 j=1 j=1

m ) m m m
> pidit = pipi() + > _piviPla+ Y pivi(e)(
j=1 j=1 j=1 j=1

m m m m
> piad = pipi(P)+ Y_pivi(Pla+ Y pivi(p)((1 - t2)w' > + (¢
=1 =1 =1 =1

1— ty)w'eh,

(40)

(41)

Consider an alternative tax system (fl,fg, a), and suppose it is related to the original

tax system as follows:

m
(1—+4) me (1—t1), (1—fy) = me Y1 —t2), a=Y pj(p;(P)+;(P)a).
j=1

The first two expressions imply:

m
by — 1) = Zpﬂj(tQ
j=1
Substituting (42) and (43) into (39)—(41), we obtain:

m

A0 A
ijwj -
Jj=1

ij.fju = (1 — Ltl)’wigli + d,

ij:f:?i = (1 — t)w"* + (fy — 11)9 + a.
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These are the same budget constraints as in (30)—(32) with the new tax system and no
commodity taxes. It shows that if type-h individuals are faced with the new tax system and
consumer prices are equal to producer prices, they can choose X" and the original disposable
income level d”(s). We have already shown in Step 1 that if the individuals choose this
allocation fewer resources are required and they are equally well-off as in the original tax
system. This means that the lump-sum component é can be increased to use up the extra

resources so everyone can be made better off. |

5 Extensions and limitations

Our results have been developed for the general case where labour supply is variable along
both the intensive and extensive margins and the government implements a piecewise linear
progressive tax. Obviously, the results will also apply in the special cases where a) labour
supply varies along the intensive margin only and piecewise linear income tax is in place, b)
labour supply varies along the extensive margin only and piecewise linear income taxation
is used, and c) labour varies along both margins and a linear progressive income tax applies.
In each of these cases, both the Deaton theorem and the Hellwig generalization—which were
derived for the case where labour varies along the intensive margin and a linear progressive

income tax is used—apply.

In our model, we adopted a number of simplifying assumptions for analytical conve-
nience. In this section, we consider the consequences of relaxing some of those assumptions.
In some cases, our main propositions remain intact, while for others, they do not. However,

in the latter cases, the Deaton theorem does not apply either.

5.1 Multiple tax brackets

It is straightforward to show that our results continue to apply if we increase the number
of tax brackets above two, as long as our other assumptions remain satisfied. If the optimal
multi-bracket linear progressive income tax is in place and preferences are weakly separable
in goods and labour and quasi-homothetic in goods, commodity taxes should be uniform (or
zero). Similarly, Hellwig’s generalization continues to apply. An arbitrary multi-bracket lin-

ear income tax combined with differential commodity taxes is Pareto-dominated by uniform
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commodity taxes and a suitably reformed multi-bracket linear income tax.

These results are relevant from a policy perspective. Most countries do implement a
multi-bracket linear progressive income tax. To the extent that preferences do not diverge
too much from quasi-homotheticity, uniform commodity taxes cause limited inefficiency and

save the costs of administering a differential commodity tax system.

5.2 Quasi-homotheticity in a subset of goods

Deaton extended his analysis to the case where utility is quasi-homothetic in a subset of
goods as well as being weakly separable. He showed that with optimal commodity taxes
and a lump-sum transfer in place, commodity taxes should be uniform within that subset,
but will generally be differential for goods outside that subset. We show in Appendix A
that the analogue of this is also true in the case of an optimal piecewise linear income tax
system and with both extensive and intensive labour supply decisions. In particular, the
optimal tax system will include a piecewise linear income tax, uniform commodity taxes for

goods in the quasi-homothetic subset, and differential commodity taxes for other goods.

To illustrate this, assume utility is quasi-homothetic and weakly separable in all goods
except good m, so utility can be written as u(¢(x1, -+ ,Tm—1),Tm, ). Further, assume
that good m is taxed at rate 7,,, so the government chooses (a, t1,t2, T, 7) where 7 is the
tax rate on an arbitrary good k from the set (x1,---,2,,—1) as above. We can follow the
same steps as the previous analysis to prove that the government would want to impose a
uniform commodity tax on all goods except good m as shown in Proposition 3 in Appendix
A. This analysis could be extended so that there is an arbitrary set of commodities in the
sub-utility function ¢ and provided the government optimally chooses both the piecewise
linear income tax system and the commodity taxes on all other goods the Deaton theorem

holds.

The Hellwig extension also extends to the case where quasi-homotheticity applies only
to a subset of goods. Suppose utility is weakly separable and quasi-homothetic in a subset of
goods k € @), so can be written u(gf)(xQ), XN, E) where x is the vector of goods in the subset
@ and x is the subset of the rest of the goods. We show in Appendix B that the allocation
obtained under an arbitrary piecewise linear income tax and differential commodity taxes is

Pareto-dominated by an allocation when commodity taxes on goods x¢ are zero and both
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the income tax parameters and the commodity taxes in xy are suitably reformed.

5.3 Heterogeneous preferences

Deaton (1979, p. 357) stated his theorem in the following simplified form: if Engel curves
for all goods are linear and the slope of each Engel curve is the same for all individuals,
commodity taxes should be uniform if an optimal linear progressive income tax is in place.
Equivalently, he argued that his proof of the optimality of uniform commodity taxes required
only that preferences for individual h yield an indirect sub-utility function of the following
form: v(q,d") = p"(q) + ¢¥(q)d", where q is the vector of consumer prices and d" is
disposable income. This differs from (23) since the term ;"(q) can differ among individual
types. This indirect sub-utility function yields demand curves for good k, analogous to (24)

above: N .
g, (@) +¥g (q)d

Y(a)

This implies that Engel curves have the same slope for all individuals, v;(q), but different

Ty = p(a) + vi(q)d". (47)

intercepts, p’,;(q). Using these demands for $Z in our above analysis, we find that nei-
ther the Deaton theorem nor Hellwig’s extension apply either with linear progressive or
piecewise linear progressive income taxes. In other words, assuming linear Engel curves for
all goods with the same slopes across individuals is not sufficient for optimal commodity
taxes to be uniform when income taxes are set optimally. However, linear Engel curves
for all goods with the same slopes across individuals combined with common intercepts, as
quasi-homotheticity implies, is sufficient. That is, all individuals must choose consumption

allocations along the same Engel curves.

This can be seen most easily in the proof of the Hellwig extension above. The alternative
tax system ({1, 1o, @) satisfied (42) for all individual types. With heterogeneous preferences,
the expression for a for a person of type h must satisfy

m

a" =Y "pi(p}(p) +v;(p)a).

=1
Since this differs among types, the alternative tax system would require changes in the

lump-sum transfer a to differ by household type which is not feasible. Thus, the Hellwig

generalization would not apply in this case.
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In fact, there is an algebraic error in Deaton’s proof as we show in Appendix C. Op-
timality of uniform commodity taxes when p”(q) varies by household does not hold in

general.

5.4 Nonlinear budget sets and corner solutions

In our analysis we assumed that all individuals chose an interior solution for their commodity
demands and labour supply. However, the use of Deaton preferences along with piecewise
linear income taxation can lead to corner solutions and multiple equilibria. There are

various possibilities.

Bunching at the income tax break point

If the piecewise linear income tax leads to a strictly concave budget constraint, some indi-
viduals may choose incomes at the kink point in which case their indifference curves may
not be tangential to the budget constraint. They may nonetheless be at an interior in their
commodity demands. For those taxpayers whose incomes are at the kink point and whose
indifference curves are not tangential to the budget line in income-consumption (disposable
income) space, the envelope theorem does not apply for changes in the marginal tax rate.
This complicates our analysis of the Deaton theorem considerably. Nonetheless, we can
infer from studying the Hellwig generalization that uniform commodity taxes should apply

at the optimum when utility functions exhibit Deaton preferences.

To see this, note that the Hellwig generalization continues to apply when some taxpayers
are at the kink point on their budget lines. The proof of the Hellwig generalization is based
on a revealed preference argument and does not require differentiability in income. That
is, Step 1 in the proof above applies for whatever incomes taxpayers choose in the initial
allocation. Step 2 then shows that the incomes chosen in the initial allocation can still
be supported after commodity taxes are abolished and the income tax suitably reformed.
Revealed preference then implies that all persons can be made better off by the reform,

given the saving in resources the move to zero commodity taxes implies.

The fact that the Hellwig generalization applies means that any tax system with differ-

ential commodity taxes cannot be optimal. This implies indirectly that the Deaton theorem
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must be satisfied.

Concave budget sets

When the budget constraint is strictly convex, bunching in the interior of the budget con-
straint will not occur, but there is a remote possibility that some worker-type will be indif-
ferent to being on either segment of the budget constraint (that is, either tax bracket). As
well, taxpayers may change their incomes discretely in response to a tax change by moving
from one tax bracket to another. (This possibility cannot arise if labour only varies along
the extensive margin since then labour incomes are fixed.) Our proof of the Deaton theo-
rem in this case is complicated by the non-convexity of the taxpayer’s problem.'* However,
as in the bunching case, the Hellwig extension remains valid when the budget constraint
is convex (i.e., the budget set is concave). Whatever income taxpayers choose is taken as
given in the proof of the Hellwig extension. That being the case, differential commodity
taxation cannot be optimal when Deaton preferences apply and the government uses an

optimal piecewise linear income tax.

Corner solutions in commodity demands

Deaton preferences implies linear Engel curves which can lead to corner solutions for some
commodity demands at low income levels. Boadway and Song (2016) considered the case
where low-income individuals choose a corner solution in a luxury good (more precisely are
constrained by not being able to buy a negative quantity). They show that the Deaton
theorem no longer applies in this case, so our generalization will not apply either. It
would be welfare-improving to differentiate commodity tax rates, although the form of
differentiation is not clearcut. Lowering the tax rate on necessity goods improves equity

but has an ambiguous effect on efficiency.

14 Apps, Van Long and Rees (2014) address the problems of bunching at kink points and strictly convex
budget constraints by simulation techniques. They consider separately the case of strictly concave and
convex budget constraints and simulate the properties of the optimal piecewise linear income tax. They

have only one consumption good so their focus is solely on optimal income taxation.
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Corner solution in labour supplies

We have allowed for individuals to choose zero labour income rather than a discrete income
by choosing not to participate. Zero labour incomes can also be chosen in an intensive-
margin setting. Boadway, Cuff and Marchand (2000) show that this can occur when prefer-
ences are quasi-linear in leisure so that leisure or labour is chosen as a residual. The Hellwig
result applies in this case as long as the demands for goods are in the interior, so uniform

commodity taxes are optimal and the Deaton theorem is satisfied.

6 Concluding remarks

The Deaton theorem along with the Atkinson-Stiglitz theorem are among the most impor-
tant policy-relevant results to have come out of the optimal income tax literature. Their
relevance have been enhanced by the Hellwig extension to the Deaton theorem and the
Laroque (2005) and Kaplow (2006) extensions to the Atkinson-Stiglitz theorem. Our pur-
pose has been to increase the policy relevance of the Deaton theorem further by generalizing
it in two realistic directions. One is to allow individuals to vary their labour supply choices
along the extensive margin as well as along the intensive margin by incorporating a par-
ticipation decision of the sort used by Diamond (1980) and Saez (2002) into a Mirrleesian
optimal income tax setting. The second is to generalize the linear into tax system to a piece-
wise linear income tax with multiple tax brackets. Both of these extensions are empirically

relevant. For example, governments typically deploy piecewise linear income taxes.

Our main result is that the Deaton theorem and the Hellwig extension continue to
hold with extensive margin labour supply and piecewise linear income taxation. That is,
if preferences are weakly separable in goods and leisure, and quasi-homothetic in goods,
optimal commodity taxes should be uniform. We have also considered various extensions
and and complications. Following Deaton, we have shown that a restrictive version of the
Deaton theorem and Hellwig’s extension applies when the Deaton conditions hold for only to
a subset of goods. We have also argued that uniformity of commodity taxes should continue
to apply if some taxpayers choose income at the kink point of a concave budget constraint,
or if some are indifferent between two segments of a convex budget constraint. At the same

time, we have shown that the Deaton theorem does not hold if some individuals choose
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a corner solution in some goods, or if preferences are heterogeneous in the way Deaton

considered.

As mentioned earlier, quasi-homothetic preferences are relatively general in the sense
that they allow for different income elasticities of demand and different minimal required
levels of consumption among goods. Despite that, linear or piecewise linear progressive
income taxes are sufficient to achieve the government’s redistributive objectives without
any need to use differential commodity taxes. Moreover, the Hellwig extension to the
Deaton theorem applies as well. It is never efficient to use differential commodity taxes
to achieve redistributive objectives, for example, by favouring necessities at the expense of
luxury goods. The elimination of differential commodity taxes combined with a suitable
reform of piecewise linear income tax can be Pareto-improving. That is the relevant policy

message of our results.
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Appendix A

Deaton theorem when utility is quasi-homothetic in a subset of goods

Assume utility is quasi-homothetic in all goods except good m. Let there be a commodity
tax 7, on good m and commodity tax 7 on good k # m. The commodity taxes on all other
goods are assumed to be zero. We can show that 7 = 0 in the optimum. The approach is
similar to the proof of Proposition 1. Using the first-order conditions on t1, t2, @ and 7,

evaluated at 7 = 0, we show that 0L£/07 also evaluated at 7 = 0 is zero.

Note first that since government policy variables now include 7;,, the uncompensated
and compensated demands for goods by all persons and supply of labour for participants
with incomes in the two brackets, as well as expenditure functions now include 1+ 7, as an
argument. Similarly, indirect utility functions and participation functions include 7,,, as an
argument. The envelope conditions and Slutsky equations apply with respect to changes in

T as well.

Social welfare is now given by
&li
ROW (0°(7, T, @) + Zn’/ W(Ui (7, T (1 —t1)w', @) — o/)dFi(ai)
i<t o
&22‘
+3 n/ W<v2 (7, s (1 — ta), (£ — t1)i) + @) — ai)dFi(ai)
i>4 o

and the government’s budget constraint is:

a=1t Z h! (7’, T (1 = t1) w0, a)w’[l(l + 7,1+ T, (1 — )0, a)

i<i
+(t1 - t2) Z h2 (7—7 Tm,) (1 - tQ)wiv (t2 - tl)ga a)yA
i>i
+to Z B2 (7, T (L= )0’ (ta — t1)9, @) w' € (1 + 7,1 + T, (1 — to)w', (ta — t1)9 + a)

>
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—|—T(h0$g(1+7,1+7'm, —}—Zhl” 1+7,14 7, (1 tl)wi,a)

1<

+Zh2’ 147, 1+Tma(1_t2)wia(t2_tl)g_{_a))

i>1

—|—Tm(h0139n(1—|—7',1—|—7'm, —G—Zhh (14, 1—|—Tm,(1—t1)wi,a)
i<?

—{—Z hQiZU,Qn(l + 7,14+ 7, (1 — tz)wi, (tg — tl)y) + CL)> .
1>7
The government maximizes social welfare subject to the budget constraint. Denote the
Lagrangian expression for this problem as £(a,t1,t2, T, 7). The first-order condition on a

evaluated at 7 = 0 is:

Ea‘T:O = hO ’U +an 17,/ thFZ +an 21/ WdeFZ( +)\ (tlzhl’b Zgll

<2 1>7 1<%
> RSt Y hE (W =)+t Y RMw 4ty B w2 (48)
i>7 i>1 i<? i>7
4+ hO 8x0 Z hh 8$ Z h21 +Z hlz z +Z h21 z “1l=o0
" da da ’
1< i>7 1< i>7
Define the average net social marginal values of an additional unit of income when 7 = 0:
50 axo
== —m
A T da ’
) ,Bli (t wt oLt 4T ( i _ 4.0 ))hlz o Ol . .
bl = T n;zh mll e 4 twll 7, 8(7 for i <1, (49)
PP (ta(w' 0P =) + g+ T — @) B 23 O
p2i — ﬁT + ( 2( 9) IZ% m (T, m)) a +t2wl€¢211 T g;n for 7> 1.

where 3%, 8% and 5% are defined as before. Using these definitions and the fact that the
total population is normalized to unity, the first-order condition on a in (48) becomes:
RO(1 =) = = “RM(1— ") = > ¥ -0, (50)
1<i >
Using (49) and (50) as well as the analogues to the envelope expressions (2) and (4),
the derivatives of the participation functions (7) and (10), and the Slutsky equations (3)

and (6), we can write the first-order conditions on ¢, t3 and 7, in the government problem

evaluated at 7 = 0 as:

Etl ‘TZO =
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Similarly, take the derivative of the government’s Lagrangian expression with respect to

7 at 7 = 0 and using the same procedure rewrite it as:

7— e Z hlz blz i +Z h2z bZz i_ 0

)
1<t i>1
+t Zhlz ’éh—i—t th zg?z_’_ hO '%m Zhlz Ba: Zth 8ZE
1 2 Tm Tm Tm 1+T
i<i i>1
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Assume as in Deaton (1979) that preferences can be written as u(qﬁ(m, Ce Tme1), T, Z),

so goods’ demands will be given by:
2 = pr(L+7) + (1 +7) (a = (1 +7m)an,), (55)
2y = pe(1+7) + (1 +7) (1= t)w'e" +a — (1 + 7)), (56)
i = pe(L+7) + (L +7) (1= t)w'l + (2 —t1)§ +a— (L+7)zp,).  (57)
Using (55)—(57), we obtain Lemma 4.

Lemma 4 With Deaton preferences in all goods j = 1,--- ,m—1, the following expressions

hold:

x}j — :cg =%(1— tl)w’fli — (1l + Tm)(:c,lg — x?n) 1< 1,

o = o = (1= )0 4 (12— 1)3) 1+ ) —al) i

In equilibrium the following must be satisfied
(147,14 7,1) = a,

P14+ 71+70) =) (L4+ 7,1+ 7, e(1+ 7,1 + 7, @)).

Using these relationships to substitute out 932, 29 and a in (55), differentiating with respect

to 1 4+ 7, and using e[l)+7m = 70 , we obtain:

070, > 0z

14+ 7m) - (58)

oz
Cy = (g 901 +7)

(1 + 1,
where the last equality follows from the symmetry of the substitution effect (Young’s theo-

rem). Following the same procedure for ¢ < ¢ and i > i yields

~1i ~1i ~1i
o0z, 0%, 0%,

= (1= )W Y — (1 + 7 - 59
o1 47y~ T W, = T G T = Bty (59)
8%%} 04 8122 85&22
—— = (1 —t)w"ls — (1 + T m__ = m__, 60
o1+ 7y~ T R, = ) 5y = B ) (60)
Since y i
oo O g oo 9

O((1 = ty)w?) I((1 — ta)w?)

by the symmetry of the substitution effect, Lemma 5 follows.
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Lemma 5 With Deaton preferences in goods j = 1,--- ,m—1, the following relations hold:

ory, (147 ozl
a1 +7) T+ 1)
ozl ;. Ozl ozl
al+7) —(1 —t1)w (A —t)w) V(1 + Tm)m,
o0z% , 0x% 0z%
S DAl Tr e e St S O sy ¢

Next, in equilibrium the following must be satisfied for workers of types ¢ < i:
1 1)
e (1+T,1+Tm,(1 —t1)w ,u) =a,

L+ 7,1+ 7, (1 —t)w',0) = 2, (L+ 7,1+ 7, (1 — t)w's (1 + 7, (1 — t1)w', @),
(L4714 T, (L= t)wh @) = (1 + 7,1 + 7o, (1 — t1)w' e(1+ 7, (1 — t1)w', @)).
Using these relationships to substitute out z}, 21t ¢! and a in (56) and differentiating

with respect to the after-tax wage (1 — ¢1)w’ yields:
~1i ~1i
8((18—561];)101) = (1 — t1)wigg,tl)wi — (1 + Tm)a((la—x?;)uﬂ)
= (1 - tl)wigg_tl)wi + V(1 + 7)) 1

where the second equality follows from the symmetry if the substitution effect. Following

an identical procedure for workers of types i > 7, we obtain Lemma 6.

Lemma 6 With Deaton preferences in all goods j = 1,--- ,m—1, the following expressions

hold:

272'Z = _716(1 - tz)wig%i—tz)wi - 7k(1 + Tm)ggfn i >4

Substituting the expressions in Lemmas 4, 5, and 6 into (54), we obtain the following

%ET‘T:() = (1 — 1) (Z R (1 — bY) wiehi — ngwi€1z‘nifz‘(d1i)wi£1i

i< 1<
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By substituting the first-order conditions on t1, to and 7, given by (51), (52), and (53)
respectively into (61), Proposition 3 follows directly.

Proposition 3 With Deaton preferences in a subset of goods j = 1,--- m—1 and both the

optimal piecewise linear income tax system and optimal commodity tax on good m in place,

it follows that
1
XET}TZO =0
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Therefore, if preferences are weakly separable in goods and labour and quasi-homothetic
in a subset of goods as in Deaton (1979), and if the government sets the piecewise linear
income tax and commodity taxes on all other goods optimally, commodity taxes on the

subset of goods are redundant.

Appendix B

Hellwig extension when utility is quasi-homothetic in a subset of goods

The utility function is u(@(xq),xn,£) with sub-utility ¢(xq) quasi-homothetic. Write the
budget constraints for the three types of individuals (30)-(32) as:

Y el —a— 3 g5,

keQ JEN
Z ary = (1 —t)w" 4 a — Z qjle-i,
ke@ JEN
Z et = (1 — t)w 0 + (to — t1)j +a — Z qjx?i.
keQ JEN

Let (x}é(s), xk(s),d"(s)) be the allocation for individuals h = 0, 14, 2i when income tax
parameters are t1, to and a and differential commodity tax rates are 7,---,7,,. Let the

value of the sub-utilities of goods in () in the initial allocation be given by the analogue of
(33):
L(5) = o(x0(5), W) =0(x5(),  W(s) = d(x5(s))-

We show that the allocation under this initial tax system is Pareto-dominated by one with
income tax parameters 1, to and @, commodity taxes 7; for goods j € N and zero for those

in set (). We proceed as above in two steps.

Step 1
Consider the following problem for a type-h individual, given d"(s), xR (s):

II}}éIl Zpkl“k: s.t. d(xq) = w(s)
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where w”(s) is defined above. The solution gives the allocation (XQ, xh(s),d"(s)) with the
same utility as in the initial situation above. For each type h, the above problem implies:

D okl <> prii(s)

ke@ ke

That is, less resources are required to produce the subset of goods )222 than the initial
allocation. The same applies for all three types of individuals, non-participants (h = 0),

workers in the first tax bracket (h = 17) and workers in the second tax bracket (h = 2i).
Step 2

We next show that for each individual h, the allocation (XQ,XN( s),d"(s)) can be imple-
mented by a piecewise linear progressive income tax (tl,tg,a) and commodity taxes 7;
for goods j € N, with consumer prices equal to producer prices for goods k € ) when

quasi-homothetic preferences apply to the latter.
By the Deaton conditions, the consumption allocations for goods k € () obtained from
the individuals’ expenditure minimization problem given d”(s) and x% (s) are

= @)+ w®) (0= Y qal(s)) ke,

JEN
i = pe(e) + () (1wt 0= Y giali(s))  keq,
JEN

i3 = pe(p) + 1 (P) <(1 — to)w' l* + (ts —t1)j + a — Z qjx?i(s)> keq.
JEN

Multiplying each of these by pg and summing over all goods in the set (), we obtain:

D ki) = pror(®) + D prk(p) (a -3 W?(S)),

ke@Q ke@ ke@ JEN
> okdi = pepr(P) + > prvk(p) ((1 —t)w'l +a—" qj'ﬂfgl'i(s)>,
ke@Q ke@Q ke@Q JEN
>omid = > peor(®) + 3 () (1= 2w o+ (12— 1) +a— Y g0%i(s)).
keQ keQ keQ jeN

Consider an alternative tax system (fl, ta,d,q N), and suppose it is related to the original

tax system as follows:

(1—1t) mek (1—t1), (1—tg) = mek (1 —ty),
keqQ keQ
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a=Y pr(pe(P) +w@)a), 4= prw(P)g jEN.

ke@ ke@
Substituting these into the above budget constraints, we obtain:
D omdh =a—)  qal(s),
keq JEN
dopdi = (L —E)w't +a— Y ga(s),
keq JEN
D iy = (=)'t + (fa —h)g+a— Y 7 (s)
keQ JEN

These are the same budget constraints as in the initial situation with the new tax system
and no commodity taxes on the subset of goods k& € Q. It shows that if type-h individuals
are faced with the new tax system and consumer prices are equal to producer prices for
k € @, they can choose f(’é and the original levels of d"(s) and x%(s). We have shown in
Step 1 that if the individuals choose this allocation fewer resources are required and they
are equally well-off as in the original tax system. This means that the lump-sum component

a can be increased to use up the extra resources so everyone can be made better off.

Appendix C

The Deaton theorem does not hold with heterogeneous preferences

Assume following Deaton (1979) that there are a discrete number of individuals h =
1,---,H who differ in their wage rates. The government imposes a set of commodity
taxes t1,--- ,t;, on the m goods and gives a transfer of a to all persons. With uniform

commodity taxes, this is equivalent to a linear progressive income tax.

Deaton defines the average demand for good k, T, and the equity-weighted demand for

good k, 7, as follows:

1 h A
Tp = — xr, Tr = —=x 62
k=g Eh k k Eh Ik (62)
where _
M= gh 4 erhf.
1-—7

Here, 6" is the marginal social utility of a dollar to person h, so it is equivalent to our 3",

and 6 is the average of the #"’s. The term 7" is the marginal government revenue resulting
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from giving person h a dollar, and 7 is its average. So, A" is like our b", the net social

marginal utility of a dollar to individual A.

Deaton shows that the optimal commodity tax system satisfies
m
ngjtj = —(fk - 1‘;;) vV k
j=1

where 35 is the average of the substitution effects SZ]- over all individuals h. If taxes are to

be uniform, so tp = Tpg, we require
TSkODO = T — TF,. (63)

Following (47), with heterogeneous preferences as assumed by Deaton, the demand for

good k by individual h is:

g (@) + Yo (@)d”
Y(q)

Deaton shows that the left-hand side of (63) is proportional to vx(q), and he claims that

zp = = pp(a) + y(q)d".

the right-hand side is also proportional to 7;(q) and independent of pZ(q). In particular,

he claims that:
Ty, — xj, = y(a)(d — d) (64)
where d is average disposable income d”, and d* is the equity weighted average of d”.

However, (64) does not apply with heterogeneous preferences. To see this, use the definitions

in (62) to give:

7= 22> o) + AU St = 5 () + ()
h

: AP AP . )
gp= —=pi(@) + ) ﬁ%(fﬁdh = pi(q) + vk(q)d*.
h h

So, we obtain:

Tk — o = pr(a) = pr(a) + (@) (d = d°). (65)
This is only equivalent to (64) if py(q) = pj.(q), or:

1 N DU
TDNLCIEDY (@)
h

h
This will not generally be the case, so the condition for uniform commodity taxation is not

satisfied.
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A similar condition can be obtained in our model when like Deaton we assume prefer-
ences over commodities are perfectly correlated with skill and take the Deaton form with
differing intercepts for the Engel curves. Under these assumptions, we find that uniform
commodity taxation are optimal provided:

i>0 i<i i>7 i<i i>i
where the left-hand side expression is the average of pi given the population size is unity.
The right-hand side expression is the average of bp, where from the optimal choice of the
lump-sum transfer a the government will ensure the average value of b is unity. (That is,

H =1, A=band b=1.) A sufficient condition for the above to be satisfied is if pi is the

same for all individuals.
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