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We consider a two-period overlapping generations model in which
individual voters differ by age and by productivity. In such a setting, a
redistributive Pay-As-You-Go system is politically sustainable, even when
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depends on the difference between population growth and interest rate
and on the redistributiveness of the benefit rule.
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4 Lqwurgxfwlrq

Wkh ghwhuplqdwlrq ri vrfldo vhfxulw| ehqh�wv dqg frqwulexwlrq udwhv lv riwhq

vwxglhg lq pdmrulw| yrwlqj prghov1 Wklv dssurdfk zdv lqlwldwhg e| Eurzqlqj

+4<:8,/ zkr frqvlghuv d vrflhw| zkhuh shrsoh rqo| gl�hu dffruglqj wr djh1

Zlwklq wkdw iudphzrun/ wkh ghflvlyh yrwhu lv wkh phgldq djh lqglylgxdo1 Wkh

yrwlqj htxloleulxp wkhq ohdgv wr dq h{fhvvlyh vrfldo vhfxulw| exgjhw1

Lw lv pruh dqg pruh uhfrjql}hg wkdw wkh srolwlfdo irufhv lqyroyhg lq wkh

ghedwh rq vrfldo vhfxulw| fdqqrw eh uhsuhvhqwhg dorqj wkh vlqjoh djh d{lv1

Wkhuh duh rwkhu glphqvlrqv/ sduwlfxoduo| wkdw ri lqfrph dqg/ pruh vshfli0

lfdoo|/ lqfrph khwhurjhqhlw| zlwklq jhqhudwlrqv1 Wkh lqfrph glphqvlrq lv

olnho| wr eh lpsruwdqw zkhq wkh vrfldo vhfxulw| v|vwhp uhglvwulexwhv qrw

rqo| iurp |rxqjhu wr roghu jhqhudwlrqv/ dv wkh sd|0dv0|rx0jr +SD\J, v|v0

whp riwhq grhv/ exw dovr iurp kljk wr orz zdjh zrunhuv1 Lq rwkhu zrugv/

lqwurgxflqj gl�huhqwldo hduqlqj fdsdflwlhv lv sduwlfxoduo| lpsruwdqw zkhq

wkh ehqh�w uxoh lv uhglvwulexwlyh udwkhu wkdq dfwxduldoo| idlu1

Wkh yrwlqj rxwfrph dovr ghshqgv rq wkh dowhuqdwlyhv dydlodeoh iru wkh

�qdqflqj ri rog djh frqvxpswlrq1 Frqvlghu wkh k|srwkhwlfdo fdvh zkhuh sul0

ydwh vdylqjv duh qrw dydlodeoh1 Wkhq/ doo lqglylgxdov yrwh iru d srvlwlyh

wd{ udwh= wkh rog ehfdxvh lw ghwhuplqhv wkhlu ehqh�w ohyho dqg wkh |rxqj

wr hqvxuh wkhpvhoyhv vrph frqvxpswlrq gxulqj uhwluhphqw1 Krzhyhu/ zkhq

sulydwh vdylqjv duh dydlodeoh dqg zkhq wkhlu udwh ri uhwxuq lv kljkhu wkdq

wkdw r�huhg e| wkh vrfldo vhfxulw| v|vwhp/ lqglylgxdov zloo yrwh djdlqvw vr0

fldo vhfxulw|1 Wklv fdq rffxu iru dw ohdvw wkuhh uhdvrqv1 Iluvw/ li wkh vrfldo

vhfxulw| v|vwhp lv ri wkh SD\J w|sh/ dqg wkh udwh ri lqwhuhvw lv kljkhu wkdq

wkh udwh ri srsxodwlrq jurzwk/ sulydwh vdylqj lv pruh dwwudfwlyh/ dw ohdvw iru

d |rxqj zrunhu1 Vhfrqg/ li wkh sd|uroo wd{ lpsolhv vrph ghdgzhljkw orvv/ rqh
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pd| jhw wkh vdph eldv1 Ilqdoo|/ li wkh vrfldo vhfxulw| v|vwhp lv uhglvwulexwlyh/

wkrvh zkr sd| iru uhglvwulexwlrq/ qdpho| zrunhuv zlwk hduqlqjv deryh wkh

dyhudjh ohyho/ zloo suhihu sulydwh vdylqj1 Frqyhuvho|/ zrunhuv zlwk orzhu wkdq

dyhudjh hduqlqj fdsdflwlhv ehqh�w iurp uhglvwulexwlrq1 Frqvhtxhqwo|/ wkh|

pd| yrwh lq idyru ri vrfldo vhfxulw|/ hyhq zkhq wkhuh duh vrph glvwruwlrqv

dqg zkhq wkh udwh ri lqwhuhvw lv kljkhu wkdq wkh udwh ri srsxodwlrq jurzwk1

Lq wklv sdshu/ zh dgrsw d vwhdg| vwdwh vhwwlqj zlwk jlyhq udwhv ri lqwhuhvw

dqg srsxodwlrq jurzwk1 Zh dovr dvvxph wkdw wkh ehqh�w uxoh lv jlyhq1 Vrph

frxqwulhv/ odehoohg Elvpdufnldq/ vxfk dv Jhupdq| ri Iudqfh/ r�hu uhsodfh0

phqw udwlrv wkdw duh vwdeoh dfurvv lqfrph ohyhov/ zkhuhdv rwkhuv/ odehoohg

Ehyhulgjhdq/ vxfk dv Fdqdgd ru wkh Qhwkhuodqgv/ whqg wr kdyh uhsodfhphqw

udwlrv wkdw idoo dv lqfrph lqfuhdvhv1 Wdeoh 4 looxvwudwhv wklv glvwlqfwlrq iru <

frxqwulhv1

Wdeoh4= Vl}h dqg uhglvwulexwlyhqhvv ri vrfldo vhfxulw|

Kdoi ri Dyhudjh Wzlfh Uhjlph- Vshqglqj dv (

dyhudjh lqfrph dyhudjh ri JGS

Fdqdgd :9 77 58 EH 817

Iudqfh ;7 ;7 :6 EL 4518

Jhupdq| :9 :5 :8 EL 451;

Lwdo| 436 +427{, <3 ;7 +6{, EL 4819

Mdsdq :: 89 76 PL 919

Qhwkhuodqgv :6 76 58 EH 815

Qhz ]hdodqg :8 6; 4< EH 817

XN :5 83 68 PL 717

XVD 98 88 65 PL 719

-EL= Elvpdufnldq> EH= Ehyhulgjhdq> PL= pl{hg1

Vrxufh= Mrkqvrq +4<<;,
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Wkh dvvxpswlrq wkdw wkh ehqh�w uxoh lv jlyhq lpsolhv wkdw zh duh frq0

fhqwudwlqj rq rqh vshfl�f dvshfw ri wkh sureohp1 Lq rwkhu zrugv/ rxu prgho

lv phdqw wr eh d exloglqj eorfn lq d pruh dpelwlrxv vhwxs/ hqfrpsdvvlqj

d eurdghu udqjh ri ghflvlrq yduldeohv1 Wklv lv d phdqlqjixo dssurdfk/ iru

lqvwdqfh/ li wkh ghflvlrq surfhvv lv lqkhuhqwo| vhtxhqwldo1 Rqh pd| qrwh

wkdw zkloh wkh uhglvwulexwlyh fkdudfwhu ri d v|vwhp +l1h1/ lwv pruh ru ohvv

Elvpdufnldq ru Ehyhulgjhdq ghvljq, dqg lwv vl}h duh erwk hvvhqwldo ihdwxuh

ri d uhwluhphqw v|vwhp/ wkh| duh qrw h{dfwo| v|pphwulf1 Lwv uhglvwulexwlyh

fkdudfwhu lv/ wr d odujh h{whqw/ dq lqwhjudo sduw ri wkh yhu| gh�qlwlrq ri wkh

v|vwhp lq lwvhoi1 Elvpdufnldq v|vwhpv rq wkh rqh kdqg dqg Ehyhulgjhdq

v|vwhpv rq wkh rwkhu kdqg/ lpso| vshfl�f lqvwlwxwlrqdo dqg dgplqlvwudwlyh

duudqjhphqwv zklfk fdqqrw eh ryhuwxuqhg lq wkh vkruw uxq1 Lq frxqwulhv olnh

Jhupdq| dqg Iudqfh/ wkh Elvpdufnldq v|vwhp lv e| qrz vrolgo| dqfkruhg lq

wkh wudglwlrqv1 Iru wkh XN/ rq wkh rwkhu kdqg/ wkh wudglwlrq lv Ehyhulgjhdq1

Lq wkh frqfoxglqj vhfwlrq/ zh eulh | glvfxvv wkh fkrlfh ri wkh ehqh�w uxoh

dw dq hduolhu/ �frqvwlwxwlrqdo�/ vwdjh1 Ghflvlrqv dw wklv vwdjh fdq eh pdgh

hlwkhu e| d zhoiduh pd{lpl}lqj dxwkrulw| ru wkurxjk d yrwlqj surfhgxuh1 Lq

hlwkhu fdvh/ ghflvlrqv lq wkh �uvw vwdjh zloo eh frqwlqjhqw rq wkh lqgxfhg rxw0

frph lq wkh vhfrqg vwdjh1 Frqvhtxhqwo|/ wkh fkdudfwhul}dwlrq ri wkh rxwfrph

iru dq| jlyhq ehqh�w uxoh/ lv d qhfhvvdu| vwhs lq wkh dqdo|vlv1 Rqh ri wkh lq0

whuhvwlqj revhuydwlrqv wkdw fdq eh ghulyhg iurp dqdo|}lqj wkh frqvwlwxwlrqdo

ghflvlrqv lv wkdw/ hyhq iurp d sxuh Udzovldq ylhzsrlqw/ lw pd| eh rswlpdo

wr dgrsw d ehqh�w uxoh wkdw lv qrw �wrr uhglvwulexwlyh�1 Lqwhuhvwlqjo|/ wkh

ohvv uhglvwulexwlyh wkdq rwkhuzlvh rswlpdo ehqh�w uxoh lv qrw +ru qrw rqo|,

dgrswhg wr plwljdwh oderu pdunhw glvwruwlrqv exw dovr wr lqgxfh d pdmrulw|

wr rsw iru jhqhurxv uhwluhphqw ehqh�wv1

Iroorzlqj Eurzqlqj +4<:8,/ prvw ri wkh vxevhtxhqw olwhudwxuh dvvxphv
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wkdw lqglylgxdov gl�hu rqo| lq djh dqg irfxvhv xsrq vlpsoh pdmrulw| yrwlqj

dqg wkh phgldq yrwhu rxwfrph1 Vhyhudo yduldwlrqv rq wkh Eurzqlqj prgho

kdyh ehhq frqvlghuhg> vhh P|ohv +4<<8, iru d vxuyh|1 Zkloh wkhvh vwxglhv

kdyh surgxfhg gl�huhqw vshfl�f uhvxowv/ wkh ixqgdphqwdo frqfoxvlrq uhpdlqv

wkh vdph= pdmrulw| yrwlqj whqgv wr |lhog ryhuvshqglqj rq vrfldo vhfxulw|1

Dprqj wkh prvw uhsuhvhqwdwlyh yduldwlrqv/ ohw xv phqwlrq Kx +4<;5, zkr

frqvlghuv xqfhuwdlqw| ri ehqh�wv uhfhlswv/ Erdgzd| dqg Zlogdvlq +4<;<,

zkr lqwurgxfh dq h{solflw fdslwdo pdunhw/ dqg Yhdoo +4<;9, zkr dvvxphv

lqwhujhqhudwlrqdo dowuxlvp1

Dpruh gudvwlf ghsduwxuh iurpEurzqlqj*v vhwwlqj lv surylghg e| Wdehoolql

+4<<3,1 Kh dvvxphv wkdw lqglylgxdov duh dowuxlvwlf +fkloguhq wrzdugv sduhqwv

dqg sduhqwv wrzdugv fkloguhq, dqg lqwurgxfhv gl�huhqfhv lq lqfrph dv d

vhfrqg vrxufh ri khwhurjhqhlw|/ dorqj zlwk wkh wudglwlrqdo djh gl�huhqfhv1

Dqrwkhu vshfl�f ihdwxuh ri klv prgho lv wkdw wkhuh lv qr frpplwphqw wr suh0

vhuyh sdvw ghflvlrqv lq wkh ixwxuh1 Wkh pdlq uhvxow lv wkdw lq vxfk d vhwwlqj/

d frdolwlrq ri wkh |rxqj srru dqg wkh uhwluhg pd| vxvwdlq d srvlwlyh wd{ udwh1

Lq rxu sdshu/ wkhuh duh dovr wzr vrxufhv ri khwhurjhqhlw|1 Krzhyhu/ wkhuh

lv qr dowuxlvp dqg zh uhwxuq wr wkh frqyhqwlrqdo frpplwphqw dvvxpswlrq1

Lqglylgxdo yrwhuv gl�hu qrw rqo| dffruglqj wr djh exw dovr dffruglqj wr sur0

gxfwlylw|1 Lq rxu vhwwlqj/ phglxp zdjh zrunhuv/ udwkhu wkdq wkh orzhvw zdjh

rqhv/ mrlq wkh uhwluhhv wr irup d pdmrulw| dqg yrwh iru d srvlwlyh ohyho ri

vrfldo vhfxulw|1 Ixuwkhupruh/ wklv ohyho lv riwhq lq h{fhvv ri wkh rqh zklfk

pd{lpl}hv olihwlph zhoiduh1 Wkh pdmrulw| htxloleulxp ohyho lv dovr vkrzq wr

ghshqg rq wkh gl�huhqfh ehwzhhq srsxodwlrq jurzwk dqg lqwhuhvw udwh dqg

rq wkh uhglvwulexwlyhqhvv ri wkh ehqh�w uxoh1

7



5 Wkh prgho

Frqvlghu d vpdoo rshq rqh vhfwru hfrqrp| zlwk jlyhq lqwhuhvw udwh/ u|1 Dw

hdfk shulrg ri wlph w/ wzr jhqhudwlrqv ryhuods= O| zrunhuv dqg O|3� uhwluhhv/

zlwk O| @ O|3� +4 . q|,/ zkhuh q| lv wkh udwh ri srsxodwlrq jurzwk1 Lqglylg0

xdov gl�hu lq wzr zd|v= wkh jhqhudwlrq wkh| ehorqj wr dqg wkhlu zdjh z/ d

frqwlqxrxv yduldeoh zlwk vxssruw ^z
3

> zn`/ phdq z dqg phgldq z6 ? z1

Lqglylgxdo oderu vxsso| lv jlyhq dqg qrupdol}hg wr 41

Wkh shqvlrq ehqh�wv dq lqglylgxdo hduqlqj z h{shfwv wr uhfhlyh lv s|n�+z,1

Zh dvvxph wkdw s|n�+z, frqvlvwv ri wzr sduwv= d frqwulexwru| sduw zklfk lv

gluhfwo| uhodwhg wr lqglylgxdo hduqlqj/ z/ dqg d qrqfrqwulexwru| sduw zklfk

ghshqgv rq dyhudjh hduqlqjv/ z1 Zlwk d Sd|0Dv0\rx0Jr +SD\J, vfkhph/

wkh dyhudjh uhwxuq ri wkh vrfldo vhfxulw| v|vwhp lv jlyhq e| wkh srsxodwlrq

jurzwk udwh1 Wkhvh surshuwlhv |lhog wkh iroorzlqj h{suhvvlrq iru s|n�+z,=

s|n�+z, @ +4 . q|n�, � |n� +�z . +4� �,z, = +4,

Wkh sdudphwhu � lv wkh Elvpdufnldq idfwru/ wkdw lv wkh iudfwlrq ri shqvlrq

ehqh�wv wkdw lv uhodwhg wr frqwulexwlrqv> zh dvvxph 3 � � � 41 Zkhq

� @ 4/ wkh shqvlrq vfkhph lv sxuho| Elvpdufnldq ru frqwulexwru|> zkhq

� @ 3/ shqvlrq ehqh�wv duh xqlirup dqg wkh vfkhph lv Ehyhulgjhdq1 Ilqdoo|/

wkurxjkrxw wkh sdshu/ zh dvvxph g|qdplf h!flhqf|= u| A q| A 3>;w1

Zh �uvw dqdo|}h wkh rswlpdo vdylqj ghflvlrq ri d zrunlqj lqglylgxdo

eruq lq shulrg w zlwk hduqlqj z1 Kh lv vxemhfw wr d sd|uroo wd{ � | dqg

h{shfwv wkh ixwxuh wd{ udwh wr eh � |n� zkhq rog1 Kh fdq wkhq doorfdwh klv

glvsrvdeoh lqfrph ehwzhhq frqvxpswlrq f| dqg vdylqj v|1 Zkhq kh uhwluhv

klv frqvxpswlrq g|n� lv htxdo wr wkh jurvv uhwxuq ri klv vdylqj/ +4 . u|n�, v|/

dqg d shqvlrq s|n�1 Irupdoo|/ kh vroyhv wkh iroorzlqj surjudp=

pd{

rDf
X| @ x +f|, . �x +g|n�, +5,
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vxemhfw wr=

z +4� � |, @ f| . v| +6,

dqg

g|n� @ +4 . u|n�, v| . s|n�+z,= +7,

Lq +5,/ x +=, lv vwulfwo| frqfdyh dqg � � 4 lv d idfwru ri wlph suhihuhqfh1

Ohw � ghqrwh wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq f| dqg g|n�1 Zh dvvxph

wkurxjkrxw wkh sdshu wkdw � lv frqvwdqw dqg wkdw � ? 4/ zklfk phdqv wkdw

wkhuh lv qrw pxfk vxevwlwxwlrq lq frqvxpswlrq/ d zlgho| dffhswhg dvvxps0

wlrq1 Wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/ Uo +{, @ �{x
�� +{, @x� +{, lv

wkxv dovr frqvwdqw dqg htxdo wr % @ 4@�1 Ilqdoo|/ zh uhvwulfw vdylqjv wr eh

qrq qhjdwlyh14

Wkh �uvw0rughu frqglwlrq dvvrfldwhg wr dq lqwhulru vroxwlrq ri v| lv wkh

iroorzlqj=

�x
�+f|, . �x�+g|n�,+4 . u|n�, @ 3= +8,

Ghqrwlqj v
�
| � 3 wkh rswlpdo ydoxh ri v|/ zh fdq gh�qh wkh +lqgluhfw, xwlolw|

ixqfwlrq ri dq lqglylgxdo zlwk lqfrph z dv=

Y| +� |> � |n�> z, @ x
�
z +4� � |,� v

�

|

�
. �x

�
+4 . u|n�, v

�

|
. s|n� +z,

�
= +9,

Zh qrz ghwhuplqh wkh vwhdg| vwdwh pdmrulw| yrwlqj htxloleulxp wd{ udwh1

Zh frqvlghu � dv jlyhq> wkh sureohp lv wkhuhiruh xqlglphqvlrqdo dqg/ xqghu

wkh frqglwlrq wkdw suhihuhqfhv duh vlqjoh0shdnhg/ wkh phgldq yrwhu wkhruhp/

zklfk hqvxuhv wkh h{lvwhqfh ri d Frqgrufhw zlqqhu/ dssolhv1 Lqglylgxdov yrwh

iru � eholhylqj wkdw wkh ydoxh ri � fkrvhq e| wkh pdmrulw| zloo krog iru hyhu15

4Doorzlqj qhjdwlyh vdylqjv zrxog jhqhudwh h{wuhph vroxwlrqv1 \rxqj shrsoh lq idyru

ri wkh SD\J shqvlrq v|vwhp zrxog yrwh iru d wd{ udwh ri 4 dqg zrxog uho| hqwluho| rq

eruurzlqj wr �qdqfh wkhlu suhvhqw frqvxpswlrq1
5Ru dw ohdvw iru wkh qh{w wzr shulrgv> wkh wd{ udwh lq odwhu shulrgv lv ri qr uhohydqfh

iru wkh lqglylgxdov1
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Irupdoo|/ wkh| h{shfw wkdw � |n� @ � |>;w1 Zh fdq wkxv uhpryh doo wkh wlph

vxevfulswv lq wkh iroorzlqj htxdwlrqv1

Lq wkh iroorzlqj/ zh �uvw ghulyh wkh suhihuuhg wd{ udwh ri wkh uhwluhhv dqg

wkdw ri wkh zrunhuv1 Wkhq/ wr lghqwli| wkh Frqgrufhw zlqqhu/ zh rughu wkhvh

suhihuuhg dowhuqdwlyhv1 Wkh Frqgrufhw zlqqhu lv wkh wd{ udwh vxfk wkdw kdoi

ri wkh srsxodwlrq suhihu d kljkhu wd{ udwh dqg kdoi ri wkh srsxodwlrq d orzhu

rqh1 Iru wkh wlph ehlqj/ wkhuh lv qr wd{ glvwruwlrq1 Qh{w/ zh ghulyh wkh

frpsdudwlyh vwdwlfv ri wkh pdmrulw| yrwlqj vroxwlrq zlwk uhvshfw wr vrph

sdudphwhuv ri wkh prgho/ qdpho| � dqg q1 Zh wkhq frpsduh wkh SD\J

pdmrulw| yrwlqj htxloleulxp wd{ udwh zlwk d +froohfwlyh, ixoo| ixqghg +II,

vroxwlrq/ judqwhg wkdw erwk v|vwhpv dgrsw wkh vdph ehqh�w uxoh1 Ilqdoo|/

zh vroyh wkh sureohp zkhq wd{dwlrq jhqhudwhv +txdgudwlf, glvwruwlrqv1

6 Suhihuuhg wd{ udwhv ri wkh gl�huhqw djhqwv

614 Wkh uhwluhhv

Hdfk uhwluhh kdv vrph qrq qhjdwlyh sulydwh vdylqjv/ v/ zlwk uhwxuq u1 Wkhvh

sulydwh vdylqjv duh wkh uhvxow ri sdvw ghflvlrq dqg wkh uhwluhhv kdyh qr frqwuro

ryhu lw1 Wkh rqo| yduldeoh wkh| fdq d�hfw lv wkh wd{ udwh zklfk ghwhuplqhv

wkhlu shqvlrq ohyho1 Dv wkhuh lv qr dowuxlvp/ wkhlu suhihuuhg wd{ udwh/ �-/ lv

wkh rqh zklfk pd{lpl}hv wkhlu frqvxpswlrq=

g @ +4 . u, v. +4 . q, � +�z . +4� �,z, = +:,

Wkh vroxwlrq lv jlyhq e| �
-
@ 4 iru doo uhwluhhv16 Lq zrugv/ uhwluhhv zdqw wkh

wd{ wr eh dv odujh dv srvvleoh1 Wklv lv ehfdxvh wkh fxuuhqw wd{ d�hfwv wkhlu

shqvlrq ohyho/ exw kdv qr lpsdfw rq wkhlu frqwulexwlrqv +zklfk kdyh ehhq

sdlg lq wkh suhylrxv shulrg,1

6Wklv uhvxow lv udwkhu h{wuhph exw/ lqwurgxflqj wd{ glvwruwlrqv ru vrph ghjuhh ri dowux0

lvp iurp wkh rog wr wkh |rxqj/ rqh zrxog rewdlq d ydoxh ri �- vpdoohu wkdq 41

:



615 Wkh zrunhuv

D zrunhu zlwk hduqlqj z fkrrvhv �� +z, zklfk pd{lpl}hv=

y +� >z, @ x

�
z +4� �,� v

�
�
. �x

�
+4 . u, v� . +4. q, � +�z . +4� �,z,

�

+;,

zkhuh v� � 3 lv wkh rswlpdo ohyho ri sulydwh vdylqj dqg y +� >z, @ Y +� > � >z,1

Qrwh wkdw d zrunhu zloo dozd|v eh lq idyru ri d }hur wd{ li=

4 . u A +�. +4� �,z@z,+4 . q,= +<,

Wklv phdqv wkdw wkh uhwxuq iurp sulydwh vdylqj lv kljkhu wkdq wkh uhwxuq

iurp SD\J vrfldo vhfxulw|1 Zlwkrxw wd{ glvwruwlrqv/ wkhvh uhwxuqv duh lqgh0

shqghqw ri wkh wd{ udwh1 Frqvhtxhqwo|/ d jlyhq lqglylgxdo zloo hlwkhu suhihu

d }hur wd{ udwh dqg srvlwlyh sulydwh vdylqj li +<, krogv ru d vwulfwo| srvlwlyh

wd{ udwh dqg qr sulydwh vdylqj lq wkh rssrvlwh fdvh1

Lq rwkhu zrugv/ dq lqglylgxdo suhihuv sulydwh vdylqj li klv zdjh lv kljkhu

wkdq az gh�qhg dv=

az @
4� �

�no

�n?
� �

z � z= +43,

Rqh hdvlo| fkhfnv wkdw az @ z li q @ u/ C az@Cq A 3 dqg C az@C� ? 3=

Wkh vroxwlrq wr wkh zrunhu*v sureohp lv fkdudfwhul}hg lq Sursrvlwlrq 4

zklfk lv suryhg lq wkh Dsshqgl{1

Sursrvlwlrq 4 Wkh suhihuuhg wd{ udwhv ri wkh zrunhuv kdyh wkh iroorzlqj

surshuwlhv=

+l, �� +z, @ 3 li z A az dqg �� +z, A 3 li z 9 az>

+ll,
C�� +z,

Cz
A 3 li z ? az>

+lll, Pd{ �� +z, @ �� + az, ? �- @ 4=

Wkh �uvw srlqw ri wkh sursrvlwlrq uhfdoov wkdw rqo| zrunhuv zlwk d vx!0

flhqwo| orz zdjh ohyho zdqw d srvlwlyh wd{ udwh1 Wkh vhfrqg srlqw vd|v wkdw

;



suhihuuhg wd{ udwhv duh lqfuhdvlqj zlwk lqfrph1 Wklv uhvxow dulvhv ehfdxvh wkh

lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq/ �/ lv vpdoohu wkdq rqh1 Lqwxlwlyho|/

wkh uhodwlrqvkls ehwzhhq wkh orz lqwhuwhpsrudo vxevwlwxwlrq dqg wkh surs0

huw| wkdw wkh suhihuuhg wd{ udwh lqfuhdvhv zlwk lqfrph lv hdvlo| xqghuvwrrg1

Frqvlghu/ iru h{dpsoh/ wkh h{wuhph fdvh zkhuh wkhuh lv qr vxevwlwxwlrq dw

doo= lqglylgxdov zdqw wr htxdol}h wkhlu wzr shulrgv frqvxpswlrqv1 Ehfdxvh

wkh udwh ri uhwxuq ri SD\J vrfldo vhfxulw| lv ghfuhdvlqj zlwk lqfrph/ wkh

kljk zdjh zrunhuv zrxog olnh wr wudqvihu d juhdwhu sursruwlrq ri wkhlu lqfrph

iurp wkh �uvw shulrg wr wkh vhfrqg shulrg wkdq wkh orz zdjh rqh17 Ilqdoo|/

srlqw +lll, vwdwhv wkdw wkh pd{lpdo suhihuuhg wd{ udwh ri wkh zrunhuv lv orzhu

wkdq 4/ wkh suhihuuhg wd{ udwh ri wkh uhwluhhv1 Wklv vlpso| frphv iurp wkh

idfw wkdw lqglylgxdov zdqw wr frqvxph zkhq |rxqj18

7 Wkh pdmrulw| yrwlqj vroxwlrq

Ehfdxvh wkhlu xwlolw| lv lqfuhdvlqj zlwk wkh ydoxh ri wkh wd{ udwh/ suhihuhqfhv

ri wkh uhwluhhv duh reylrxvo| vlqjoh0shdnhg1 Wkh remhfwlyh ixqfwlrq ri wkh

zrunhuv fdq hdvlo| eh vkrzq wr eh vwulfwo| frqfdyh/ zklfk lpsolhv wkdw lw lv

vlqjoh0shdnhg> vhh wkh surri ri Sursrvlwlrq 41 Wkh zrunhuv duh glylghg lqwr

wzr fodvvhv/ wkrvh suhihuulqj d }hur wd{ udwh dqg srvlwlyh vdylqjv dqg wkrvh

suhihuulqj d srvlwlyh wd{ udwh dqg qr vdylqjv1 Wkh xwlolw| ri lqglylgxdov lq wkh

�uvw jurxs ghfuhdvhv zlwk wkh wd{ udwh1 Iru wkh vhfrqg jurxs/ wkh suhihuuhg

ydoxh ri wkh wd{ udwh lv jlyhq e| dq lqwhulru vroxwlrq1

7Wkh surshuw| wkdw suhihuuhg wd{ udwhv duh lqfuhdvlqj zlwk lqfrph pd| vhhp vxusulvlqj1
Zklwklq rxu iudphzrun/ lw uhvxowv iurp wkh +uhdolvwlf, dvvxpswlrq wkdw wkh lqwhuwhpsrudo
hodvwlflw| ri vxevwlwxwlrq lv orz1 Krzhyhu/ wkh dvvxpswlrq ri d vwulfwo| sursruwlrqdo wd{
lv fuxfldo1 Li lqvwhdg zh kdg dvvxphg wkdw wkh srruhvw lqglylgxdov duh h{hpswhg iurp
wd{dwlrq/ wkh| zrxog kdyh d kljk suhihuuhg wd{ udwh/ wkhuhe| mrlqlqj wkh uhwluhhv wr vxvwdlq
d jhqhurxv vrfldo vhfxulw| v|vwhp1

8Rqo| iru d olqhdu xwlolw| ixqfwlrq +zklfk fruuhvsrqgv wr dq lq�qlwh lqwhuwhpsrudo hodv0
wlflw| ri vxevwlwxwlrq,/ rqh zrxog rewdlq d fruqhu vroxwlrq zlwk �

�
' �1

<



Vxpplqj xs/ d iudfwlrq 4@ +5 . q, ri flwl}hqv/ wkh uhwluhhv/ lv lq idyru ri

�- @ 41 Ixuwkhu iurp Sursrvlwlrq 4/ doo zrunhuv zlwk hduqlqjv deryh az duh

lq idyru ri d }hur wd{1 Wkh suhihuuhg wd{ udwh iru wkh zrunhuv zlwk hduqlqjv

ehorz az lqfuhdvhv zlwk z1 Wkh sur�oh ri suhihuuhg wd{ udwhv lv uhsuhvhqwhg

lq Iljxuhv 4 dqg 5 iru wkh fdvhv u @ q dqg u A q uhvshfwlyho|1 Zh fdq qrz

ghwhuplqh wkh ghflvlyh yrwhu dqg wkh pdmrulw| yrwlqj htxloleulxp wd{ udwh lv

uhsruwhg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 5 Li
U

	�

�
3

i +z,gz ? q@5 +4 . q,/ wkh pdmrulw| yrwlqj htxlole0

ulxp wd{ udwh/ �
W / lv 31 Li

U
	�

�
3

i +z, gz � q@5 +4 . q,/ wkh pdmrulw| yrwlqj

htxloleulxp wd{ udwh lv wkh udwh suhihuuhg e| wkh zrunhuv zlwk hduqlqj hz gh0

�qhg dv iroorzv= ]
	�

��

i +z, gz @
q

5 +4 . q,
= +44,

Surri1

Wkh Frqgrufhw zlqqhu lv wkh wd{ udwh vxfk wkdw rqh kdoi ri wkh wr0

wdo srsxodwlrq suhihu d kljkhu wd{ udwh dqg wkh rwkhu kdoi d orzhu wd{

udwh1 Wkh wrwdo qxpehu ri lqglylgxdov suhihuulqj d wd{ udwh kljkhu wkdq

3 lv O . O +4 . q,
U

	�

�
3

i +z,gz/ zkhuh O lv wkh qxpehu ri rog lqglylgx0

dov1 Wkh wrwdo srsxodwlrq lv O . O +4 . q, @ O +5 . q,1 Frqvhtxhqwo|/ li

O.O +4 . q,
U

	�

�
3

i +z, gz ? O +5 . q, @5/
U

	�

�
3

i +z,gz ? q@5 +4 . q,/ ohvv

wkdq rqh kdoi ri wkh wrwdo srsxodwlrq suhihu d vwulfwo| srvlwlyh wd{ udwh dqg wkh

Frqgrufhw zlqqhu lv 31 Rq wkh rwkhu kdqg/ zkhq
U

	�

�
3

i +z, gz � q@5 +4 . q,/

wkh lqglylgxdov suhihuulqj d vwulfwo| srvlwlyh wd{ udwh frqvwlwxwh pruh wkdq

rqh kdoi ri wkh wrwdo srsxodwlrq dqg wkh Frqgrufhw zlqqhu lv vwulfwo| srvl0

wlyh1 Lw lv wkh wd{ udwh suhihuuhg e| wkh lqglylgxdo zlwk lqfrph �z vxfk wkdw

wkh srsxodwlrq zkr suhihu d kljkhu wd{ udwh frqvwlwxwhv kdoi ri wkh wrwdo

srsxodwlrq=
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O. O +4 . q,

]
	�

��

i +z,gz @
O +5 . q,

5
= +45,

Vwudljkwiruzdug pdqlsxodwlrqv ohdg wr +44,1

Wkh sursrvlwlrq �uvw vwdwhv wkdw wkh pdmrulw| yrwlqj htxloleulxp wd{ udwh

lv }hur zkhq wkh qxpehu ri zrunlqj lqglylgxdov lq idyru ri d srvlwlyh wd{

udwh lv wrr orz1 Wklv pd| rffxu lq sduwlfxodu zkhq u lv odujh uhodwlyho| wr q1

Lq wklv fdvh/ wkh uhglvwulexwlyh h�hfw ri SD\J vrfldo vhfxulw| lv grplqdwhg

e| wkh kljk uhwxuq ri sulydwh vdylqj dqg hyhq wkh srruhvw ri wkh zrunhuv

pd| suhihu wr vdyh sulydwho|1 Wkh vhfrqg sduw ri wkh sursrvlwlrq vwdwhv

wkdw zkhq wkh Frqgrufhw zlqqhu lv vwulfwo| srvlwlyh/ wkh pdmrulw| frdolwlrq

frqvlvwv ri wkh uhwluhhv dqg ri wkh zrunhuv zlwk phglxp zdjhv1 Wklv uhvxow

lv uhplqlvfhqw ri Hssoh dqg Urpdqr*v +4<<9, �hqgv djdlqvw wkh plggoh�

htxloleulxp lq zklfk wkhuh lv d frdolwlrq pdgh ri wkh wdlov ri wkh lqfrph

glvwulexwlrq> vhh dovr Fdvdpdwwd hw do1 +4<<<,1 Wklv surshuw| fohduo| klqjhv

xsrq rxu dvvxpswlrq rq wkh hodvwlflw| ri vxevwlwxwlrq1 Zlwk � A 4/ suhihuuhg

wd{ udwhv zrxog eh ghfuhdvlqj zlwk lqfrph dqg wkh pdmrulw| frdolwlrq zrxog

eh frpsrvhg e| wkh uhwluhhv dqg wkh srruhvw zrunlqj lqglylgxdov1

8 Frpsdudwlyh vwdwlfv

Wkh looxvwudwlyh �jxuhv suhvhqwhg lq Wdeoh 4 vxjjhvw wkdw wkh vl}h dqg wkh

uhglvwulexwlyh fkdudfwhu ri d v|vwhp duh lqyhuvho| uhodwhg1 Sxw gl�huhqwo|/

wkh prvw jhqhurxv v|vwhpv dsshdu wr eh dovr wkrvh zklfk uhglvwulexwh wkh

ohdvw1 Wr vhh zkhwkhu wklv vw|ol}hg idfw lv frqvlvwhqw zlwk rxu prgho ohw

xv qrz vwxg| wkh lpsdfw ri wkh frqwulexwlyh sduw rq wkh htxloleulxp wd{

udwh1 Frqvlghu wkh fdvh zkhuh wkh Frqgrufhw zlqqhu lv vwulfwo| srvlwlyh1
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`

�
�

q@5

zrunhuvuhwluhhv

�z �zz6

�-

�W

! qxpehu

zn

5 . q

zdjh

Iljxuh 4= suhihuuhg wd{ udwhv zkhq u @ q

Gl�huhqwldwlqj +44, zlwk uhvshfw wr � |lhogv=

C �z

C�
@
C az

C�

i+ az,

i+ �z,
� 31 +46,

Ixuwkhupruh/ wkh �uvw0rughu frqglwlrq iru �
�/ lpsolhv=

C��

C�
+ �z +�, > �, @

� +4 . q, + �z � z, x� +g, +4�Uo +g,,

�G�

1 +47,

Nhhslqj lq plqg wkdw �z ? z dqg wkdw Uo +=, A 4/ wklv h{suhvvlrq lv srvlwlyh1

Ilqdoo|/ uhfdoolqj wkdw �
W +�, @ �

� + �z +�, > �, |lhogv=

C�
W

C�
q

@

C��

C�
n

+ �z +�, > �,.
C��

Cz
n

+ �z +�, > �,
C �z

C�
3

= +48,

Fohduo| wkh vljq ri C�W@C� lv srvlwlyh zkhq u @ q> lq wkdw fdvh wkh

lghqwlw| ri wkh ghflvlyh yrwhu grhv qrw ghshqg rq � dqg wkh vhfrqg whup

ydqlvkhv1 Wkh �uvw/ srvlwlyh/ whup wkhq ghwhuplqhv wkh vljq ri wkh h{suhvvlrq
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3

z
3

�

�

4

znz3

uhwluhhv

�zz6

�-

az

`
`
`
`
`
`
`
`

��

q@5

�z

�W

!

qxpehu
5 . qzrunhuv

zn
zdjh

Iljxuh 5= suhihuuhg wd{ udwhv zkhq u A q

dqg zh jhw wkh h{shfwhg srvlwlyh uhodwlrq ehwzhhq � dqg �
W1 Zkhq u ? q/

krzhyhu/ wkh vljq ri +47, lv dpeljxrxv1 Wkhuh duh qrz wzr rssrvlwh h�hfwv1

Rq wkh rqh kdqg/ zkhq � ulvhv/ wkh suhihuuhg wd{ udwh ri wkh ghflvlyh yrwhu

ulvhv1 Krzhyhu/ rq wkh rwkhu kdqg/ zkhq � fkdqjhv/ wkh lghqwlw| ri wkh

ghflvlyh yrwhu fkdqjhv dv zhoo1 Zkhq � ulvhv/ SD\J sxeolf shqvlrq ehfrphv

ohvv dwwudfwlyh wr orz zdjh zrunhuv +zkr vxssruw wklv v|vwhp,1 Vrph ri

wkhp +wkh pruh surgxfwlyh, �vzlwfk� wr wkh sulydwh vhfwru dqg wkh qhz

ghflvlyh yrwhu lv srruhu wkdq ehiruh1 Dv suhihuuhg wd{ udwhv duh lqfuhdvlqj

zlwk lqfrph/ wkh wd{ udwh fkrvhq e| wklv qhz ghflvlyh yrwhu lv vpdoohu wkdq

ehiruh1

Zh vkrxog krzhyhu qrwh wkdw/ zkhq u A q A 3/ wkh pdmrulw| yrwlqj

htxloleulxp wd{ udwh mxpsv glvfrqwlqxrxvo| wr 3 iru � kljk hqrxjk1 Wklv

frphv iurp wkh idfw wkdw/ zkhq � lv vx!flhqwo| forvh wr 4/ wkh SD\J v|vwhp

rshudwhv vr olwwoh uhglvwulexwlrq wkdw hyhq wkh srruhvw ri wkh zrunhuv grhv
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qrw �qg lw dwwudfwlyh dq|pruh dqg yrwh iru wkh dedqgrqphqw ri wkh v|vwhp1

Iroorzlqj wkh vdph dssurdfk/ rqh fdq dovr vwxg| wkh frpsdudwlyh vwdwlfv

ri C�W@Cq1 Wkh uhvxow lv dovr dpeljxrxv= wkh qhjdwlyh �gluhfw� h�hfw lqgxfhg

e| wkh ghfuhdvh lq wkh udwh ri uhwxuq ri wkh SD\J v|vwhp kdv wr eh edodqfhg

djdlqvw dq dpeljxrxv �lqgluhfw� h�hfw zklfk dulvhv ehfdxvh wkh lghqwlw| ri

wkh ghflvlyh yrwhu fkdqjhv1 Frqvhtxhqwo|/ d ghfolqh lq ihuwlolw| pd| lqghhg

uhvxow lq dq lqfuhdvh lq wkh pdmrulw| yrwlqj htxloleulxp wd{19

9 Sd|0dv0|rx0jr yhuvxv ixoo| ixqghg

Vr idu/ zh kdyh frqfhqwudwhg rq yrwlqj ryhu SD\J v|vwhpv1 Ohw xv qrz

frpsduh wkh pdmrulw| yrwlqj htxloleulxp xqghu SD\J dqg wkh htxloleulxp

wkdw dulvhv zlwk dq �htxlydohqw� ixoo| ixqghg +II, vfkhph1 Zh duh qrw frq0

fhuqhg e| wkh wudqvlwlrq iurp rqh wr wkh rwkhu1 Zh mxvw dvvxph wkdw yrwh

wdnhv sodfh lq wzr dowhuqdwlyh vwhdg| vwdwhv1 Wr pdnh wkh frpsdulvrq idlu

zh dvvxph u @ q A 3/ vr wkdw wkh dyhudjh uhwxuq lv wkh vdph xqghu erwk

v|vwhpv1 Ixuwkhupruh/ zh frqvlghu lghqwlfdo ehqh�w uxohv wr hqvxuh wkdw wkh

wzr vfkhphv rshudwh wkh vdph ghjuhh ri uhglvwulexwlrq1 Lq rwkhu zrugv/ zh

gr qrw frpsduh d uhglvwulexwlyh SD\J v|vwhp wr d wrwdoo| lqglylgxdol}hg

II v|vwhp/ dv lw lv riwhq grqh lq wkh olwhudwxuh rq wkh sulydwl}dwlrq ri vrfldo

vhfxulw|1

Wkh pdmru gl�huhqfh ehwzhhq wkh wzr v|vwhpv lv wkdw xqghu d II vfkhph/

wkh uhwluhhv kdyh qr vwdnh lq wkh yrwh1 Doo wkh ghflvlrqv zklfk duh uhohydqw iru

wkhp kdyh ehhq wdnhq lq wkh sdvw= sulydwh vdylqj/ v/ dqg froohfwlyh vdylqj

9Iru d �odujh� ghfolqh lq ihuwlolw|/ krzhyhu/ wkh wd{ udwh idoov wr }hur/ dv orqj dv wkh

frqglwlrq �
3

: �* E� n o� lv vdwlv�hg1 Wkh h{sodqdwlrq lv vlpsoh= iru ? forvh wr 3/ 	�
lv forvh wr E�3 k��* E�n o3 k�1 Pruhryhu zh nqrz wkdw 	� ghfolqhv zlwk k1 Khqfh wkh

pd{lpdo ydoxh ri 	� zkhq ? whqgv wr 3 lv �* E� n o�1 Wkhuhiruh/ li �
3

: �* E� n o�/ zh

duh vxuh wkdw wkh srruhvw lqglylgxdo grhv qrw vxssruw wkh SD\J shqvlrq v|vwhp vr wkdw

d pdmrulw| yrwhv iru wkh dedqgrqphqw ri wkh v|vwhp1
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wkurxjk shqvlrq ixqgv/ li dq|1 Uhfdoo wkdw wkh lqwhuhvw udwh/ u/ dqg wkh

Elvpdufnldq idfwru/ �/ duh dovr jlyhq1

Frqvhtxhqwo|/ rqo| wkh dfwlyh srsxodwlrq pdwwhuv iru wkh ghwhuplqdwlrq

ri wkh yrwlqj htxloleulxp1 Ixuwkhu/ suhihuuhg wd{ udwhv ri zrunhuv frqwlqxh

wr eh fkdudfwhul}hg e| Sursrvlwlrq 4 dqg wkh ghflvlyh yrwhu kdv hduqlqjv �z

vxfk wkdw= ]
�

Y�

i +z,gz @ 4@5= +49,

Lq rwkhu zrugv/ wkh |rxqj srsxodwlrq lv glylghg lqwr wzr jurxsv= wkrvh zlwk

hduqlqjv ehwzhhq �z dqg z dqg zkr zdqw d wd{ udwh kljkhu wkdq �� + �z, > dqg

wkrvh zlwk hduqlqjv ehorz �z ru deryh z zkr zdqw d orzhu wd{ udwh1 Qrwh

wkdw z6 ? z hqvxuhv wkdw pdmrulw| yrwlqj |lhogv d vwulfwo| srvlwlyh wd{ udwh1

Frpsdulqj +49, dqg +44, zkloh uhfdoolqj wkdw u @ q lpsolhv az @ z/ lw

iroorzv wkdw �z ? �z= Frqvhtxhqwo|/ wkh ghflvlyh yrwhu xqghu wkh II vfkhph

kdv d orzhu zdjh wkdq wkh ghflvlyh yrwhu xqghu wkh SD\J v|vwhp1 Wklv

ohdgv wr Sursrvlwlrq 61

Sursrvlwlrq 6 Wkh pdmrulw| yrwlqj htxloleulxp vl}h ri vrfldo vhfxulw| lv

odujhu xqghu d SD\J wkdq xqghu d II vfkhph1

Wklv uhvxow fdq eh h{sodlqhg dv iroorzv1 Zlwk d SD\J v|vwhp/ wkh uhwluhhv

idyru d sd|uroo wd{ udwh zklfk lv dv odujh dv srvvleoh1 Wkh| gr qrw kdyh wkh

pdmrulw| dqg wkh phgldq yrwhu lv d zrunhu zkr edfnv vrfldo vhfxulw| ehfdxvh

ri lwv uhglvwulexwlyhqhvv1 Qhyhuwkhohvv/ lw lv fohdu wkdw wkh yrwh ri wkh uhwluhhv

whqgv wr lqfuhdvh wkh vl}h ri wkh vrfldo vhfxulw| v|vwhp1 Zlwk d II v|vwhp/

rq wkh rwkhu kdqg/ wkh uhwluhhv gr qrw kdyh dq| ohyhudjh rq wkh zrunhuv* wd{

sd|phqwv1

Lq d vhqvh/ wkh yrwlqj xqghu SD\J dprxqwv wr jlyh wkh roghu jhqhudwlrq

d odujhu zhljkw wkdq wkh |rxqjhu rqh1 Wkh fxuuhqw |rxqj zloo eh rog lq wkh
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qh{w shulrg dqg wdnh wklv lqwr dffrxqw iru wkhlu yrwh1 Frqvhtxhqwo|/ wkh| sxw

vrph zhljkw rq rog djh frqvxpswlrq/ dv gr ri frxuvh wkh fxuuhqwo| rog1 Iluvw

shulrg frqvxpswlrq/ rq wkh rwkhu kdqg/ d�hfwv rqo| wkh fxuuhqwo| |rxqj1

Zkdw derxw vrfldo zhoiduhB Lq wkh vhwwlqj zlwk khwhurjhqrxv lqglylgxdov/

wkh frpsdulvrq lv qrw vwudljkwiruzdug dqg ghshqgv rq wkh zhoiduh ixqfwlrq

zklfk lv xvhg1 Zlwk d Udzovldq fulwhulrq II dozd|v grplqdwhv SD\J/ dv lw

jlyhv wkh ghflvlyh yrwh wr zrunhuv zlwk orzhu hduqlqjv +uhfdoo wkdw/ �z ? �z,1:

Zlwk d jhqhudo xwlolwduldq fulwhulrq/ wkh frpsdulvrq lv dpeljxrxv1

: H{whqvlrq= glvwruwlrqdu| sd|uroo wd{dwlrq

Xs wr qrz wkh wd{ v|vwhp zdv dvvxphg wr lpso| qr h!flhqf| orvv1 Ohw xv

qrz eulh | h{dplqh wkh lpsolfdwlrqv ri glvwruwlrqdu| wd{dwlrq1 Iru vlpsolf0

lw|/ zh xvh d txdgudwlf orvv ixqfwlrq vr wkdw wkh vwhdg| vwdwh uhodwlrqvkls

ehwzhhq frqwulexwlrqv dqg shqvlrqv lv qrz jlyhq e|=

s +z, @ +4 . q, � +�z. +4� ��, +4� �,z, > +4:,

zkhuh � A 3 lv wkh glvwruwlrq idfwru1 Qrwh wkdw wkh glvwruwlrq dssolhv rqo|

wr wkh qrqfrqwulexwru| sduw ri vrfldo vhfxulw|1 Lq rwkhu zrugv/ yrwhuv vhh

wkurxjk wkh exgjhwdu| yhlo dqg uhdol}h wkdw wkh iudfwlrq � ri wkhlu wd{ sd|0

phqw lv jlyhq edfn wr wkhp zlwk d uhwxuq ri q1;

:Zhoiduh ghshqgv rq +h{ dqwh, olihwlph xwlolwlhv1
;Wklv vshfl�fdwlrq lv d uhgxfhg irup ri d pruh jhqhudo +dqg frpsolfdwhg, prgho zkhuh

oderxu vxsso| lv hqgrjhqrxv1 Lqghhg wkh IRF iru dq lqwhulru ydoxh ri � zrxog eh=

3+�
� ES� n q E� n ?� Ek+n E�3 k� +��� E_� n

q

#
� E� n ?� E�3 k�

]
�.

�
�

�Y,�*Y�s E��_�

$
�

� E_� ' fc

zkhuh + '
U
�.

�
�

+s E��_�/ + ' �,� E�� dqg ,� E�� lv wkh rswlpdo oderxu vxsso| ri dq

lqglylgxdo zlwk surgxfwlylw| �1 Lw dsshduv fohduo| wkdw wd{ glvwruvlrqv duh dvvrfldwhg wr

wkh wklug whup ri wklv IRF1
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:14 Wkh uhwluhhv

Lw lv vwudljkwiruzdug wr vkrz wkdw wkh suhihuuhg wd{ udwh ri d uhwluhh zlwk

+sdvw, zdjh ri z lv jlyhq e|=

�
-+z, @ plq

�
4

5�
+4 .

�

4� �

z

z
,> 4

�
= +4;,

Wkh uhwluhh fkrrvh wkh wd{ udwh wkdw pd{lpl}hv klv shqvlrq xqghu wkh frq0

vwudlqw wkdw � � 41 Qrwh wkdw �
-+z, lv lqfuhdvlqj lq z1 Wklv lv ehfdxvh wd{

glvwruwlrqv duh uhodwhg wr wkh Ehyhulgjhdq sduw ri shqvlrqv1 Frqvhtxhqwo|/

srru uhwluhhv vx�hu pruh iurp d wd{ lqfuhdvh wkdq wkh ulfk1

:15 Wkh zrunhuv

Wkh sureohp ri wkh zrunhuv lv gudvwlfdoo| prgl�hg zkhq wd{ glvwruwlrqv duh

lqwurgxfhg1 Wkh udwh ri uhwxuq ri wkh SD\J v|vwhp qrz ghshqgv rq wkh

ydoxh ri wkh wd{ udwh1 Frqvhtxhqwo|/ lw lv qrz srvvleoh wkdw d jlyhq lqglylgxdo

suhihuv wkh SD\J v|vwhp wr sulydwh vdylqj iru vrph ydoxhv ri � dqg wkdw

klv suhihuhqfhv fkdqjh lq idyru ri sulydwh vdylqj iru vrph rwkhu ydoxhv1 Wklv

lqglylgxdo zloo wkhq fkrrvh d srvlwlyh wd{ udwh/ vxfk wkdw wkh udwhv ri uhwxuq

ri sxeolf shqvlrq dqg sulydwh vdylqj duh htxdol}hg/ dqg zloo vxssohphqw wkhvh

pdqgdwru| sxeolf vdylqjv zlwk sulydwh vdylqjv1 Frqvhtxhqwo|/ wkh srvvlelolw|

ri d pl{hg fkrlfh/ sxeolf shqvlrq vxssohphqwhg zlwk sulydwh vdylqjv/ fdqqrw

eh uxohg rxw dq|pruh1

Irupdoo|/ wkh suhihuuhg wd{ udwh/ �
� +z,/ dqg wkh vdylqjv/ v� +z,/ ri d

zrunhu duh wkh vroxwlrqv wr wkh iroorzlqj sureohp=

Pd{
� cr

X @ x +f, . �x +g, +4<,

vxemhfw wr=

z +4� �, @ f. v

4:



g @ +4 . u, v. +4 . q, � +�z . +4� �, +4� ��,z, +53,

dqg

� � 3> v � 3= +54,

Wkh qh{w sursrvlwlrq/ suryhg lq wkh dsshqgl{/ vwdwhv wkdw orz zdjh lqgl0

ylgxdov zdqw d srvlwlyh wd{ udwh exw qr sulydwh vdylqjv/ plggoh zdjh lqglylg0

xdov zloo pdnh d pl{hg fkrlfh/ zlwk erwk SD\J vrfldo vhfxulw| dqg sulydwh

vdylqj/ dqg wkh kljkhu zdjh lqglylgxdov zloo suhihu wr uho| rqo| rq sulydwh

vdylqj1

Sursrvlwlrq 7 +l, pd{ �
� +z, ? plq �- +z, =

Pruhryhu/ wkhuh h{lvwv d ydoxh ri z/ z�
? az +gh�qhg lq +43,,/ vxfk wkdw=

+ll, li z � z�/ �� +z, A 3/ v� +z, @ 3>

+lll, li z�
? z ? az/ �

� +z, A 3 dqg v� +z, A 3>

+ly, li z � az/ �
� +z, @ 3 dqg v� +z, A 3/

+y, li z ? z
�
/ C�� +z, @Cz A 3 dqg li z� ? z ? az/ C�� +z, @Cz ? 3=

Wkh �uvw srlqw lq Sursrvlwlrq 7 vd|v wkdw wkh pd{lpdo suhihuuhg wd{ udwh

ri wkh zrunhuv lv orzhu wkdq wkh plqlpdo suhihuuhg wd{ udwh ri wkh uhwluhhv1

Wkh xqghuo|lqj lghd lv wkh vdph dv lq wkh fdvh zlwkrxw glvwruwlrqv= zrunhuv

gr qrw zdqw wkh wd{ wr eh wrr kljk ehfdxvh lw ghfuhdvhv wkhlu �uvw shulrg

frqvxpswlrq1 Wkh rwkhu srlqwv lpso| wkdw ��+z, lv �uvw lqfuhdvlqj dqg wkhq

ghfuhdvlqj zlwk z> lw lv htxdo wr }hur zkhq z @ az1 Iru zrunhuv zlwk z ? az

vrfldo vhfxulw| lv dwwudfwlyh xs wr d fhuwdlq srlqw> lwv uhodwlyh uhwxuq lv qrz

htxdo wr +�. +4� �,+4� ��,z@z,> zklfk fdq eh orzhu wkdq 4 . u iru vrph

� = Iru zrunhuv zlwk zdjh forvh wr z
3

/ wkhuh lv qr vdylqj dqg wkh suhihuuhg

wd{ udwh lqfuhdvhv zlwk z1 Iljxuh 6 suhvhqwv wkhvh uhvxowv iru wkh fdvh zkhuh

u @ q/ vr wkdw az @ z1
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Iljxuh 6= suhihuuhg wd{ udwhv zlwk txdgudwlf wd{ glvwruwlrqv zkhq u @ q

:16 Wkh pdmrulw| yrwlqj vroxwlrq

Rqh fdq hdvlo| vkrz wkdw wkh remhfwlyh ixqfwlrq ri hdfk zrunhu lv frqfdyh

uhodwlyho| wr lwv dujxphqwv/ � dqg v1 Wkhuhiruh/ suhihuhqfhv ryhu � duh vlqjoh0

shdnhg dqg wkh phgldq yrwhu wkhruhp dssolhv1 Lq wkh qh{w sursrvlwlrq/ zh

fkdudfwhul}h wkh Frqgrufhw zlqqhu1 Iru wklv sxusrvh/ zh gh�qh z
W dv wkh

lqfrph ohyho vdwlvi|lqj �
� +z

3

, @ �
� +zW,1

Sursrvlwlrq 8 Zkhq wkh qrqfrqwulexwru| sduw ri vrfldo vhfxulw| lpsolhv

txdgudwlf glvwruwlrqv/ wkh pdmrulw| yrwlqj htxloleulxp wd{ udwh lv fkdudfwhu0

l}hg dv iroorzv=

+l, Li
U

	�

�
3

i +z,gz ? q@5 +4 . q,/ wkh pdmrulw| yrwlqj htxloleulxp wd{

udwh/ �W/ lv 31

+ll, Li
U
�
W

�3

i +z,gz � q@5 +4 . q, �
U

	�

�
3

i +z, gz/ wkh pdmrulw| yrwlqj
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htxloleulxp wd{ udwh lv wkh udwh suhihuuhg e| wkh zrunhuv zlwk hduqlqj zR

gh�qhg dv iroorzv= ]
�
R

�
3

i +z, gz @
q

5 +4 . q,
= +55,

+lll, Li
U
�
W

�3

i +z,gz A q@5 +4 . q,/ wkh pdmrulw| yrwlqj htxloleulxp wd{

udwh lv wkh udwh suhihuuhg e| wkh zrunhuv zlwk hduqlqjv z� ru z2 vdwlvi|lqj=

]
�
2

�
�

i +z,gz @
q

5 +4 . q,
dqg �

�
�
z
�
�
@ �

�
�
z
2
�
= +56,

Wkh surri jrhv dorqj wkh vdph olqhv dv wkh rqh ri sursrvlwlrq 5/ vr wkdw

zh gr qrw ghyhors wkh irupdo dujxphqw khuh1 Wkh lghd lv wkdw rqh pxvw

�qg d vx!flhqw qxpehu ri lqglylgxdov lq wkh zrunlqj srsxodwlrq wr irup d

pdmrulw| frdolwlrq zlwk wkh uhwluhhv dqg vxvwdlq d srvlwlyh htxloleulxp wd{

udwh1 Xqghu wkh frqglwlrq lq +l,/ wkh qxpehu ri |rxqj idyrulqj d srvlwlyh

wd{ udwh lv qrw vx!flhqw wr irup d pdmrulw| frdolwlrq zlwk wkh rog dqg wkh

SD\J shqvlrq v|vwhp lv qrw vxvwdlqdeoh lq wkh vwhdg| vwdwh1 Lq +ll,/ wkh

qxpehu ri |rxqj lqglylgxdov idyrulqj wkh SD\J vfkhph lv vx!flhqw exw wkh

|rxqj zlwk lqfrph ehwzhhq z
� dqg z2 duh qrw hqrxjk wr irup d pdmrulw|

frdolwlrq zlwk wkh rog1 Wkhuhiruh/ vrph |rxqj shrsoh zlwk lqfrph z A z2

ehorqj dovr wr wkdw pdmrulw|1 Ilqdoo|/ lq +lll,/ wkhuh duh hqrxjk shrsoh lq wkh

lqwhuydo
�
z
�> z2

�
dqg zrunhuv zlwk lqfrph z A z2

ehorqj wr wkh plqrulw| lq

idyru ri d orzhu wd{ udwh wkdq �
�
�
z
�
�
@ �

�
�
z
2
�
1 Lw lv wkhq fohdu wkdw wkh

vhw ri zrunhuv zkr mrlq wkh uhwluhhv wr irup d pdmrulw| lq idyru ri d srvlwlyh

wd{ udwh lv gl�huhqw iurp zkdw lw zdv zlwkrxw glvwruwlrq1 Lq sduwlfxodu/ zkhq
U

	�

�
3

i +z,gz lv qrw forvh wr q@5 +4 . q,/ wkrvh zlwk hduqlqjv htxdo ru mxvw

ehorz az gr qrw ehorqj wr wkdw pdmrulw|1
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; Frqfoxglqj frpphqwv

Wkurxjkrxw wkh sdshu/ wkh pruh ru ohvv Elvpdufnldq ihdwxuh ri wkh vrfldo

vhfxulw| v|vwhp zdv frqvlghuhg dv jlyhq1 D qdwxudo h{whqvlrq ri rxu dqdo|vlv

zrxog eh wr vwxg| wkh ghwhuplqdwlrq ri �1 D srvvleoh dssurdfk lv wr dvvxph

wkdw wkh ehqh�w irupxod lv ghwhuplqhg e| d zhoiduh pd{lpl}lqj dxwkrulw|

dw d �uvw/ frqvwlwxwlrqdo vwdjh1 Wklv dssurdfk lv lq olqh zlwk wkh vhtxhqwldo

qdwxuh ri wkh ghflvlrq surfhvv dooxghg wr lq wkh lqwurgxfwlrq1 Lw kdv ehhq

dgrswhg e| Fdvdpdwwd hw do1 +4<<;, exw zlwklq d gl�huhqw frqwh{w/ qdpho|

vrfldo lqvxudqfh1 Lq wkdw sdshu wkh fkrlfh ri wkh Elvpdufnldq sdudphwhu/

�/ lv pdgh dw wkh frqvwlwxwlrqdo ohyho xsrq wkh h{shfwdwlrq wkdw wkh sd|uroo

wd{ lv ghwhuplqhg odwhu wkurxjk pdmrulw| yrwlqj1 Rqh ri wkh pdlq uhvxowv lv

wkdw d srvlwlyh Elvpdufnldq sdudphwhu fdq eh ghvludeoh/ hyhq wkrxjk zlwk

ixoo frqwuro ri � dqg � / wkh frqvwlwxwlrqdo sodqqhu zrxog vhw � htxdo wr }hur1

Wklv uhvxow dulvhv ehfdxvh wkh uhglvwulexwlyh fkdudfwhu ri wkh v|vwhp kdv dq

lpsdfw rq lwv srolwlfdo vxssruw1 Vshfl�fdoo|/ zkhq � lv srvlwlyh/ wkh ghflvlyh

yrwhu fkrrvhv d wd{ udwh wkdw �wv ehwwhu wkh suhihuhqfhv ri wkh orz zdjh

lqglylgxdov1 D Udzovldq frqvwlwxwlrqdolvw fdq wkhq idyru vxfk d srvlwlyh �

Dowhuqdwlyho|/ rqh frxog frqvlghu d vhwwlqj zkhuh erwk � dqg � duh fkrvhq

e| pdmrulw| yrwlqj1 Lq wklv wzr0glphqvlrqdo froohfwlyh fkrlfh sureohp/ d

Frqgrufhw zlqqhu grhv qrw jhqhudoo| h{lvw1 Wkhuhiruh/ rqh pxvw jlyh pruh

vwuxfwxuh wr wkh srolwlfdo surfhvv1 Vrph h{dpsohv/ djdlq iru wkh frqwh{w ri

vrfldo lqvxudqfh/ fdq eh irxqg lq Fdvdpdwwd +4<<<,/ zkr vwxglhv vhtxhqwldo

yrwlqj surfhgxuhv/ ru lq Gh Grqghu dqg Khqgulfnv +4<<;,/ zkr vwxg| +wzr

sduwlhv, hohfwrudo frpshwlwlrq1

Dqrwkhu h{whqvlrq lv wr vwxg| wkh surshuwlhv ri rxu vhwwlqj rxw ri wkh

vwhdg| vwdwh1 Lq sduwlfxodu/ lw lv lqwhuhvwlqj wr vwxg| wkh wudqvlwlrq iroorzlqj

54



wkh rffxuuhqfh ri d vkrfn olnh/ iru h{dpsoh/ d vxgghq gurs lq ihuwlolw| ru

lq surgxfwlylw|1 Lq vxfk d vhwwlqj/ wkh lvvxh ri yrwlqj lv pruh frpsoh{ dqg

ghshqgv yhu| pxfk rq krz h{shfwdwlrqv duh iruphg1 Dovr/ wkh ghjuhh ri

uhglvwulexwlyhqhvv fdq eh yhu| lpsruwdqw zkhq orrnlqj dw vrfldo vhfxulw|

uhirupv1 Lw lv riwhq revhuyhg wkdw wkh uhvlvwdqfh wr fkdqjh e| yhvwhg lqwhuhvwv

lv uhodwhg wr hqwlwohphqwv irxqghg rq wkh frqwulexwru| sduw ri vrfldo vhfxulw|1

Lq rwkhu zrugv/ wkh fkrlfh ri � kdv dq h�hfw rq srolwlfdo vxssruw lq wkh vwhdg|

vwdwh exw dovr rq srolwlfdo uhvlvwdqfh rxw ri vwhdg| vwdwh zkhq uhirupv duh

frqwhpsodwhg1 Exw wklv lv fohduo| dqrwkhu vwru|1

Uhihuhqfhv

^4` Erdgzd|/ U1 dqg G1 Zlogdvlq/ +4<;<,/ D phgldq yrwhu prgho ri vrfldo

vhfxulw|/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 63/ 63:05;1

^5` Eurzqlqj/ H1 N1/ +4<:8,/ Zk| wkh vrfldo lqvxudqfh exgjhw lv wrr odujh

lq d ghprfudf|/ Hfrqrplf Hqtxlu|/ 46/ 6:606;;1

^6` Fdvdpdwwd/ J1/ +4<<<,/ Wkh srolwlfdo hfrqrp| ri vrfldo surwhfwlrq dqg

uhglvwulexwlrq/ SkG glvvhuwdwlrq1

^7` Fdvdpdwwd/ J1/ K1 Fuhphu dqg S1 Shvwlhdx/ +4<<<,/ Srolwlfdo vxvwdlq0

delolw| dqg wkh ghvljq ri vrfldo lqvxudqfh/ Mrxuqdo ri Sxeolf Hfrqrplfv/

iruwkfrplqj1

^8` Frqgh Uxl}/ M1L1 dqg Y1 Jdodvvr/ +4<<<,/ �Srvlwlyh dulwkphwlf ri wkh

zhoiduh vwdwh�/ plphr/ Xqlyhuvlgdg Fduorv LLL gh Pdgulg1

^9` Gh Grqghu/ Sk1 dqg M1 Klqgulfnv/ +4<<;,/ Wkh srolwlfdo hfrqrp| ri

wdujhwlqj/ Sxeolf Fkrlfh/ <8/ 4::05331
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^:` Hssoh/ G1 dqg U1 Urpdqr/ +4<<9,/ Sxeolf surylvlrq ri sulydwh jrrgv/

Mrxuqdo ri Srolwlfdo Hfrqrp|/ 437/ 8:0;71

^;` Kx/ V1 F1/ +4<;5,/ Vrfldo vhfxulw|/ pdmrulw| yrwlqj dqg g|qdplf h!0

flhqf|/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 56/ 59<05;:1

^<` Mrkqvrq/ S1/ +4<<;,/ Shqvlrq surylvlrq dqg shqvlrqhu*v lqfrphv lq 43

RHFG frxqwulhv/ LVI/ xqsxeolvkhg1

^43` P|ohv/ J1/ +4<<8,/ Sxeolf Hfrqrplfv/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^44` Wdehoolql/ J1/ +4<<3,/ D srvlwlyh wkhru| ri vrfldo vhfxulw|/ QEHU Zrun0

lqj Sdshu &65:51

^45` Yhdoo/ P1 U1/ +4<;9,/ Sxeolf shqvlrqv dv rswlpdo vrfldo frqwudfwv/ Mrxu0

qdo ri Sxeolf Hfrqrplfv/ 64/ 56:0841
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Dsshqgl{

D Dsshqgl{ 4= surri ri sursrvlwlrq 4

Iluvw revhuyh wkdw vrph vwudljkiruzdug dojheud lv vx!flhqw wr vkrz wkdw y +� >z,

lv d frqfdyh ixqfwlrq ri � 1 Wr suryh +l,/ rqh gl�huhqwldwhv y +� >z, dw � @ 3=

Cy

C�

�
�
�
�
�'f

@ �zx� +f, . � +4 . q, +�z . +4� �,z,x� +g, = +57,

Dw � @ 3/ hyhu|rqh vdyhv1 Khqfh/ vxevwlwxwlqj +8, lq wkh suhylrxv h{suhvvlrq/ zh

rewdlq=

Cy

C�

�
�
�
�
�'f

@ x
� +f,

�
+4 . q,

+4 . u,
+�z . +4� �,z,� z

�
= +58,

Wklv h{suhvvlrq lv juhdwhu wkdq 3 l� z � az1 Wkhuhiruh/ rqo| wkhvh lqglylgxdov zloo

kdyh d vwulfwo| srvlwlyh suhihuuhg wd{ udwh1

Wr suryh +ll,/ ohw*v zulwh wkh �uvw0rughu frqglwlrq rq � iru dq lqglylgxdo zlwk

lqfrph z ? az=

�zx� +f, . � +4 . q, +�z . +4� �,z, x� +g, @ 3= +59,

Gl�huhqwldwlqj wklv h{suhvvlrq zlwk uhvshfw wr z/ zh rewdlq=

C��

Cz
@

� +4 . q, +4� �, �
�
x� +g, +4� %,

G�

> +5:,

zkhuh G� ? 3 lv wkh vhfrqg0rughu ghulydwlyh ri y +� >z, zlwk uhvshfw wr � 1 Fohduo|/

xqghu rxu dvvxpswlrq wkdw � ? 4/ wkh suhihuuhg wd{ udwh ri lqglylgxdov zlwk lqfrph

ehorz az lv lqfuhdvlqj zlwk z1

Wr suryh +lll,/ zh qrwh wkdw wkh IRF Cy@C� @ 3 iru z � az lpsolhv wkdw

zrunhuv zlwk ohvv wkdq euhdn0hyhq ohyho ri hduqlqjv rssrvh wrr kljk d wd{ udwh

ehfdxvh lw ghfuhdvhv wkhlu �uvw shulrg frqvxpswlrq1 Lqghhg/ zkhq � $ 4/ x
� +f,$

.4 zkhuhdv wkh olplw ri x
� +g, lv �qlwh/ zklfk lpsolhv wkdw wkh IRF fdqqrw eh

vdwlv�hg1
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E Dsshqgl{ 5= surri ri sursrvlwlrq 7

Wkh �uvw0rughu frqglwlrqv dvvrfldwhg wr wkh surjudp ri d zrunlqj lqglylgxdo duh=

�zx� +f, . � +4 . q, +�z . +4� �,z +4� 5��,,x� +g, . �� @ 3 +5;,

dqg

�x
� +f, . � +4 . u,x� +g, . �r @ 3 +5<,

zkhuh �� dqg �r duh wkh Odjudqjh pxowlsolhuv uhvshfwlyho| dvvrfldwhg wr wkh qrq0

qhjdwlylw| frqvwudlqwv rq � dqg v1

Wr vroyh wkh surjudp/ zh kdyh wr frqvlghu gl�huhqw fdvhv/ ghshqglqj rq zklfk

frqvwudlqw elqgv1

Fdvh 4= �� @ �r @ 3

Lq wklv �uvw fdvh/ qrqh ri wkh qrqqhjdwlylw| frqvwudlqwv elqg/ zklfk phdqv wkdw

zh kdyh dq lqwhulru vroxwlrq iru erwk � dqg v1 Vxevwlwxwlqj +5<, lqwr +5;,/ zh

rewdlq=

�
� +z, @

+4 . q, +�z . +4� �,z,�z +4 . u,

5� +4� �,z +4 . q,
= +63,

D qhfhvvdu| dqg vx!flhqw frqglwlrq iru �� +z, wr eh srvlwlyh lv wkdw z ? az @

+4. q, +4� �,z@ ++4 . u,� � +4 . q,,1 Doo wkh shrsoh zlwk hduqlqjv deryh wklv

wkuhvkrog zloo kdyh d suhihuuhg wd{ udwh ri 3 dqg zloo fkrrvh wr uho| h{foxvlyho| rq

sulydwh vdylqjv1 Iru shrsoh zlwk zdjh orzhu wkdq az zkr vdyh sulydwho|/ zh kdyh=

C��

Cz
@

� +4 . q,� +4 . u,

5� +4� �,z +4 . q,
? 3= +64,

Frqvhtxhqwo|/ suhihuuhg wd{ udwhv duh ghfuhdvlqj zlwk lqfrph1

Xvlqj +5<,/ zh rewdlq=

Cv� +z,

Cz
@ �

�
�

�
4� �

�
�
. z

Y�
�

Y�

�
x

�� +f,

x�� +f, . +� +4 . u,,2 x�� +g,
�
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� +4 . u,
�
Y�
�

Y�
+4 . q, +�z . +4� �,z, . � +4 . q, ��

�
x

�� +g,

x�� +f, . +� +4 . u,,2 x�� +g,

@
� ++4 . q, +�z . +4� �,z,�z +4 . u,,

� +4� �,z
= +65,

Wklv h{suhvvlrq lv srvlwlyh iru lqglylgxdov zlwk zdjh ehorz az1 Wkh ixqfwlrq v� +z,

lv wkxv lqfuhdvlqj1 Pruhryhu/ iurp +5<,/ lw lv qhjdwlyh iru z vx!flhqwo| forvh wr

3 dqg srvlwlyh iru z vx!flhqwo| forvh wr az1 Wkhuhiruh/ wkhuh h{lvwv d ydoxh ri z/

z
�
/ vxfk wkdw hdfk lqglylgxdo zlwk lqfrph deryh wklv ydoxh kdv d vwulfwo| srvlwlyh

vdylqj dqg iru shrsoh zlwk lqfrph ehorz z�/ wkh frqvwudlqw v � 3 lv elqglqj1

Wr vxp xs/ zh kdyh irxqg wkdw doo wkh shrsoh zlwk hduqlqjv ehwzhhq z�
dqg az

kdyh dq lqwhulru vroxwlrq iru erwk � dqg v1 Wkhvh vroxwlrqv duh uhvshfwlyho| jlyhq

e| +63, dqg +5<,1 Wkh rwkhu lqglylgxdov kdyh hlwkhu d srvlwlyh suhihuuhg wd{ udwh

zlwk qr vdylqjv ru srvlwlyh vdylqjv dqg d }hur suhihuuhg wd{ udwh1 Zh zloo dqdo|}h

wkhvh wzr fdvhv rqh diwhu wkh rwkhu1

Fdvh 5= �� @ 3> �r A 3

Dv vkrzq ehiruh/ lqglylgxdov zlwk hduqlqjv ohvv wkdq z� zloo fkrrvh d vwulfwo|

srvlwlyh wd{ udwh dqg qr vdylqjv1 Wkh ydoxh ri wkh rswlpdo wd{ udwh lv jlyhq e| wkh

frqglwlrq +5;,1

Fdvh 6= �� A 3> �r @ 3

Wkh ulfkhu lqglylgxdov +wkrvh zlwk hduqlqjv deryh az, zloo uho| h{foxvlyho| rq

vdylqjv zklfk ydoxh lv jlyhq e| +5<,1

Lq rughu wr ghwhuplqh wkh pdmrulw| yrwlqj vroxwlrq/ zh pxvw nqrz krz wkh

suhihuuhg wd{ udwhv ydu| zlwk lqfrph iru lqglylgxdov ehorz z�1 Zh rewdlq iurp +5;,

wkdw=

C�
�

Cz
@

+4� %, +�� +4 . q, x� +g,� x� +f,,� � +4� �,��� 2 +4 . q,2zx�� +g,

�G�

=

+66,
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Iru wkhvh shrsoh zkr gr qrw vdyh sulydwho|/ zh nqrz iurp +5<, wkdw x� +f, A

� +4 . u,x� +g, zklfk lpsolhv wkdw x� +f, A �� +4 . q,x� +g,1 Khqfh/ zkhq % A 4/

wklv h{suhvvlrq lv srvlwlyh/ vr wkdw suhihuuhg wd{ udwhv duh lqfuhdvlqj zlwk lqfrph1

Ilqdoo| zh vkrz wkdw wkh pd{lpdo suhihuuhg wd{ udwh ri wkh zrunhuv lv orzhu

wkdq wkh plqlpdo suhihuuhg wd{ udwh ri wkh uhwluhhv1 Wkh pd{lpdo suhihuuhg wd{ udwh

ri wkh zrunhuv lv=

�
�

�
z

�

�
@

+4 . q,
�
�z

�

. +4� �,z
�
� z

�

+4 . u,

5� +4� �,z +4 . q,
/ +67,

dqg/ dvvxplqj dq lqwhulru vroxwlrq/ wkh plqlpdo suhihuuhg wd{ udwh ri wkh uhwluhhv

lv=

�
-+z

3

, @
4

5�

�
4.

�

4� �

z
3

�z

�
1 +68,

Wkhuhiruh/ wkh frqglwlrq iru wkh pd{lpdo suhihuuhg wd{ udwh ri wkh zrunhuv ehlqj

kljkhu wkdq wkh plqlpdo suhihuuhg wd{ udwh ri wkh uhwluhhv lv ��
�
z

�

�
A �

-+z
3

,/

z

�

+� +4 . q,� +4 . u,, � �z
3

+4 . q, A 31 Nqrzlqj wkdw � +4 . q, ? 4 . u/

wklv lv lpsrvvleoh1 Khqfh wkh uhvxow1

5:


