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Abstract

It is often argued that implicit taxation on continued activity of elderly workers
is responsible for the widely observed trend towards early retirement. In a
world of laissez-faire or of first-best efficiency, there would be no such
implicit taxation. The point of this paper is that when first-best redistributive
instruments are not available, because some variables are not observable,
the optimal policy does imply a distortion of the retirement decision.
Consequently, the inducement of early retirement may be part of the optimal
tax-transfer policy. We consider a model in which individuals differ in their
productivity and their capacity to work long and choose both their weekly
labor supply and their age of retirement. We characterize the optimal non
linear tax-transfer that maximizes a utilitarian welfare function when weekly
earnings and the length of active life are observable while individuals’
productivity and health status are not observable.
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4 Lqwurgxfwlrq

D wuhqg wrzdugv hduo| uhwluhphqw lv fxuuhqwo| revhuyhg lq prvw Hxurshdq

frxqwulhv1 Sduwlflsdwlrq udwhv iru phq djhg 93 wr 97/ zklfk zhuh deryh

:3( lq wkh hduo| vl{wlhv/ kdyh idoohq wr 8:( lq Vzhghq dqg wr ehorz 53(

lq Ehojlxp/ Iudqfh Lwdo| dqg wkh Qhwkhuodqgv1 Vlploduo|/ wkh dyhudjh oderu

sduwlflsdwlrq lq wkh djh jurxs 88�97 kdv ghfolqhg dqg qrz udqjhv iurp 57

shu fhqw lq Ehojlxp/ wr ;; shu fhqw lq Lfhodqg/ zlwk wkh exon ri frxqwulhv

forvhu wr Ehojlxp wkdq wr Lfhodqg1 Hduo| uhwluhphqw shu vh lv ri frxuvh d

eohvvlqj iru d vrflhw| zklfk ydoxhv frqvxpswlrq ri ohlvxuh1 Krzhyhu/ lw dovr

sxwv suhvvxuh rq wkh �qdqflqj ri khdowk fduh dqg shqvlrq vfkhphv1 Wklv

sureohp lv pdgh zruvh e| jurzlqj orqjhylw|1 Lq wkh Hxurshdq Xqlrq olih

h{shfwdqf| dw djh 98 kdv lqfuhdvhg e| pruh wkdq rqh |hdu shu ghfdgh vlqfh

4<831 Dv d frqvhtxhqfh/ lqvwhdg ri 78083 |hduv ri zrun dqg 8043 |hduv ri

uhwluhphqw ri kdoi d fhqwxu| djr/ d |rxqj zrunhu fdq qrz h{shfw wr zrun iru

63068 |hduv dqg uhwluh iru 48053 |hduv1

Wkh h�hfwlyh uhwluhphqw djh ydulhv dfurvv lqglylgxdov dqg ghshqgv rq

ihdwxuhv vxfk dv zhdowk/ surgxfwlylw| dqg khdowk1 Lq dgglwlrq/ uhwluhphqw

ghflvlrqv duh olnho| wr eh d�hfwhg e| wkh shqvlrq v|vwhp1 Zkhq wkhuh lv

qr shqvlrq v|vwhp/ +xwlolw| pd{lpl}lqj, shrsoh uhwluh zkhq wkh pdujlqdo

xwlolw| ri lqdfwlylw| lv htxdo wr wkhlu pdujlqdo surgxfwlylw| dw zrun1 Shrsoh

lq srru khdowk dqg zlwk orz surgxfwlylw| zloo uhwluh hduolhu wkdq shrsoh lq

jrrg khdowk dqg zlwk kljk surgxfwlylw|1 Wkh vdph wudghr� dulvhv xqghu dq

rswlpdo uhwluhphqw v|vwhp lq d �uvw0ehvw +ixoo lqirupdwlrq, vhwwlqj1 Zkhq

wkhuh lv d shqvlrq v|vwhp/ wklv wudghr� pd| ru pd| qrw eh d�hfwhg/ ghshqg0

lqj rq wkh ghvljq ri wkh ehqh�w irupxod1 Lq d �uvw0ehvw +ixoo lqirupdwlrq,

vhwwlqj/ dq rswlpdo uhwluhphqw v|vwhp zrxog lpso| wkh vdph wudghr�1 Vxfk

d shqvlrq v|vwhp fdq eh uhihuuhg wr dv qhxwudo ru dfwxduldoo| idlu1

Lq uhdolw|/ shqvlrq v|vwhpv duh w|slfdoo| qrw qhxwudo dqg wkh| glvwruw wkh

uhwluhphqw ghflvlrq1 Dv lw kdv ehhq vkrzq e| d qxpehu ri dxwkruv/ qrwdeo|
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Juxehu dqg Zlvh ^4<<<` dqg Eorqgdo dqg Vfdushwwd ^4<<;` wkh revhuyhg

djh ri uhwluhphqw lv olnho| wr eh glvwruwhg grzqzdugv lq d qxpehu ri frxq0

wulhv1 Wkh pdlq h{sodqdwlrq iru wklv glvwruwlrq dsshduv wr eh wkh lqfhqwlyh

vwuxfwxuh lpsolhg e| vrfldo surwhfwlrq surjudpv dlphg dw hoghuo| zrunhuv=

shqvlrq sodqv exw dovr xqhpsor|phqw lqvxudqfh/ glvdelolw| lqvxudqfh dqg

hduo| uhwluhphqw vfkhphv1 Wkh dxwkruv vkrz wkdw surorqjhg dfwlylw| iru ho0

ghuo| zrunhuv lv vxemhfw wr dq lpsolflw wd{ zklfk lqfoxghv erwk wkh sd|uroo

pdujlqdo wd{ dqg irujrqh ehqh�wv1 Frqvhtxhqwo|/ vrfldo surwhfwlrq v|vwhpv

duh idu iurp ehlqj dfwxduldoo| idlu dw wkh pdujlq lq frxqwulhv vxfk dv Eho0

jlxp/ Iudqfh/ Jhupdq| ru wkh Qhwkhuodqgv zkhuh shrsoh uhwluh uhodwlyho|

hduo|1 Rq wkh rwkhu kdqg/ lq Mdsdq/ Vzhghq dqg wkh XV wkh lpsolflw wd{ lv

pxfk orzhu vr wkdw wkh v|vwhp whqgv wr eh udwkhu qhxwudo dqg shrsoh uhwluh

pxfk odwhu1

Wkhvh uhvxowv duh hvvhqwldoo| srvlwlyh1 Qhyhuwkhohvv/ wkh| duh riwhq/ dw

ohdvw lpsolflwo|/ jlyhq d qrupdwlyh frqqrwdwlrq dqg xvhg wr dgyrfdwh uh0

irupv whqglqj wr uhpryh wkh eldv lq wkh ehqh�w irupxodv1 Wklv udlvhv wkh

txhvwlrq ri zkhwkhu d eldv lq wkh ehqh�w irupxod lq idyru ri hduo| uhwluhphqw

lv qhfhvvdulo| wkh vljq ri d edg srolf|1 Zh vkrz lq wklv sdshu wkdw wklv lp0

solflw wd{ rq srvwsrqhg uhwluhphqw lv qrw qhfhvvdulo| gxh wr edg ghvljq exw

fdq eh gxh wr wkh ghvluh e| sxeolf dxwkrulwlhv ri xvlqj vrfldo vhfxulw| iru

uhglvwulexwlrq zkhq qrq glvwruwlrqdu| wrrov duh qrw dydlodeoh1

Wr dgguhvv wklv lvvxh zh ghwhuplqh wkh vrfldo vhfxulw| ehqh�wv/ sd|uroo

wd{dwlrq dqg uhwluhphqw djh srolf| wkdw d xwlolwduldq vrfldo sodqqhu rxjkw wr

frqgxfw1 Zh frqvlghu d vhwwlqj zlwk khwhurjhqhrxv lqglylgxdov gl�hulqj lq

wzr xqrevhuydeoh fkdudfwhulvwlfv= ohyho ri surgxfwlylw| dqg khdowk vwdwxv1 Zh

xvh dq rswlpdo lqfrph wd{ dssurdfk wr ghvljq d qrq olqhdu wd{0wudqvihu ixqf0

wlrq ghshqglqj xsrq wzr yduldeohv= wkh zhhno| lqfrph dqg wkh uhwluhphqw

djh41 Zh vkrz wkdw lq d vhwwlqj ri dv|pphwulf lqirupdwlrq/ d glvwruwlrq wr0

zdugv hduo| uhwluhphqw lv ghvludeoh iru vrph lqglylgxdov1 Pruh suhflvho|/ wkh

4Vhh Pdghuqhu0Urfkhw +4<<8, zkr dovr ghdo zlwk wklv sureohp lq dqrwkhu vhwwlqj1
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rswlpdo srolf| lq wkh wzr w|sh fdvh lqgxfhv kljko| surgxfwlyh dqg khdowk|

zrunhuv wr uhwluh h!flhqwo| +qdpho| zkhq wkhlu oderu glvxwlolw| lv pdujlqdoo|

htxdo wr wkhlu surgxfwlylw|, zkloh ohvv surgxfwlyh dqg ohvv khdowk| zrunhuv

duh lqgxfhg wr uhwluh hduolhu1 Zh dovr vkrz wkdw wkh wudghr� ehwzhhq zhhno|

oderu vxsso| dqg uhwluhphqw djh +iru d jlyhq olihwlph lqfrph, pd| ru pd|

qrw eh glvwruwhg1 Zkhq d glvwruwlrq lv fdoohg iru/ lwv vljq ghshqgv rq zkhwkhu

wkh �grplqdqw� vrxufh ri khwhurjhqhlw| lv khdowk ru surgxfwlylw|1 Zkhq lq0

glylgxdov gl�hu pdlqo| +ru h{foxvlyho|, lq surgxfwlylw|/ wkh glvwruwlrq jrhv

djdlqvw zhhno| oderu vxsso|1 Zkhq khdowk gl�huhqwldov duh grplqdqw/ wkh

glvwruwlrq jrhv djdlqvw uhwluhphqw djh1

Wkh wzr glphqvlrqv ri khwhurjhqhlw| duh d fuxfldo lqjuhglhqw ri rxu dqdo0

|vlv1 Lqghhg/ zkhq ghvljqlqj d uhglvwulexwlyh vrfldo vhfxulw| v|vwhp/ lw lv

lpsruwdqw wr wdnh lqwr dffrxqw wkh zlgh yduldelolw| lq wkh fdsdflw| wr zrun

� d yduldelolw| wkdw lv olnho| wr zlghq dv olih h{shfwdqf| lqfuhdvhv1 Wkh sudf0

wlfdo lvvxh lv krz wr fduh iru hoghuo| zrunhuv zkr duh lq srru khdowk zlwkrxw/

dw wkh vdph wlph/ rshqlqj wkh grru ri uhwluhphqw wr wkrvh zkr zrxog olnh wr

vwrs zrunlqj exw duh txlwh fdsdeoh ri frqwlqxlqj1 Lq idfw/ d uhirup ri vrfldo

vhfxulw| rxjkw wr lqfoxgh d forvh frqqhfwlrq ehwzhhq shqvlrqv v|vwhpv dqg

wkh v|vwhp ri glvdelolw| lqvxudqfh dv zhoo dv wkh ghwhuplqdwlrq ri d pruh

 h{leoh uhwluhphqw djh wrjhwkhu zlwk dfwxduldo dgmxvwphqw ri |hduo| ehqh0

�wv1 Wkh lghdo rxwfrph zrxog wkhq eh wr kdyh hduo| uhwluhhv ehfdxvh ri srru

khdowk uhfhlyh uhodwlyho| jhqhurxv ehqh�wv zkloh hduo| uhwluhhv xqzloolqj wr

frqwlqxh zrunlqj zrxog uhfhlyh dfwxduldoo| orz shqvlrqv1

Wkhuh h{lvwv d wkhruhwlfdo olwhudwxuh ghdolqj zlwk ydulrxv dvshfwv ri wkh

lvvxh ri vrfldo vhfxulw|/ glvdelolw| lqvxudqfh dqg uhwluhphqw1 Lw irfxvhv rq

orqj0whup oderu frqwudfwv hqfrpsdvvlqj uhwluhphqw uxohv ^Od}hdu/ 4<:<` dqg

wkh lpsolflw lqgxfhphqw wr uhwluhphqw ri h{lvwlqj sxeolf dqg sulydwh shqvlrq

sodqv ^Fudzirug0Ololhq/ 4<;4/ Ideho/ 4<<7`1 Wklv olwhudwxuh lv pdlqo| srvlwlyh>

lw dqdo|}hv uhwluhphqw ehkdylru lq rughu wr h{sodlq wkh revhuyhg hyroxwlrqv lq

uhwluhphqw sudfwlfh1 Wklv sdshu xvhv d qrupdwlyh dssurdfk zklfk lv lqwhqghg

6



wr surylgh d ehqfkpdun djdlqvw zklfk wkh srvlwlyh uhvxowv fdq eh dvvhvvhg1

Lq wkdw uhvshfw/ lw lv lq wkh yhlq ri Gldprqg dqg Pluuohhv +4<;9, zkr ghulyh

glvdelolw| frqwlqjhqw uhwluhphqw uxohv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh

edvlf prgho zkloh wkh odlvvh}0idluh dqg wkh �uvw0ehvw vroxwlrqv duh vwxglhg

lq Vhfwlrq61 Lq vhfwlrq 7 wkh rswlpdo vhfrqg ehvw srolf| lv vwxglhg1 Zh

fkdudfwhul}h wkh rswlpdo +lqfhqwlyh frpsdwleoh, xwlolwduldq doorfdwlrq dqg wkh

lpsohphqwlqj lqfrph wd{ dqg vrfldo vhfxulw| ehqh�w ixqfwlrqv1 Wr nhhs wkh

suhvhqwdwlrq vlpsoh zh irfxv rq dq hfrqrp| zlwk wzr w|shv ri lqglylgxdov1

Vhfwlrq 8 surylghv d qxpehu ri qxphulfdo h{dpsohv zklfk looxvwudwh wkh

dqdo|wlfdo uhvxowv dqg surylgh vrph uhvxowv iru d wkuhh0w|sh vhwwlqj1

5 Wkh prgho

Prvw ri rxu dqdo|vlv lv edvhg rq d uhgxfhg irup vshfl�fdwlrq1 Zh vwduw e|

suhvhqwlqj wkh xqghuo|lqj plfur prgho dqg vkrz krz lw ohdgv wr wkh vshfl�0

fdwlrq zh xvh1 Wklv ghwrxu lv qhfhvvdu| wr judvs wkh surshu lqwhusuhwdwlrq ri

rxu vhwwlqj1 Frqvlghu dq lqglylgxdo zkr kdv suhihuhqfhv ryhu frqvxpswlrq

f dqg oderu o zklfk fdq eh h{suhvvhg e| dq lqvwdqwdqhrxv xwlolw| ixqfwlrq

X +w, dvvxphg wr eh dgglwlyho| vhsdudeoh=

X +w, @ x +f +w,,� u+w,Y +o +w,,

zkhuh x dqg Y ixo�oo wkh xvxdo dvvxpswlrqv dqg u+w, ghqrwhv wkh lqvwdqwd0

qhrxv lqfuhdvlqj lqwhqvlw| ri oderu glvxwlolw|1 Ohw gdwh 3 ghqrwh hqwudqfh wr

wkh oderu irufh/ k> wkh pd{lpxp olih0vsdq dqg }> wkh uhwluhphqw djh +ohqjwk

ri zrunlqj olih,1 Iru vlpsolflw| zh vkdoo riwhq uhihu wr o dv �zhhno|� oderu

vxsso|1 Wkrxjk vrphzkdw dexvlyh/ wklv whuplqrorj| lv dovr xvhixo wr dyrlg

frqixvlrq zlwk } zklfk uhsuhvhqwv dqrwkhu glphqvlrq ri +olihwlph, oderu vxs0

so|1 Dvvxplqj wkh lqwhuhvw udwh dqg wkh glvfrxqw idfwru erwk htxdo wr 3/
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olihwlph xwlolw| fdq eh zulwwhq dv=

X @

�]

f

x +f +w,,gw�

5]

f

u+w,Y +o +w,,gw= +4,

Dvvxplqj d frqvwdqw zhhno| surgxfwlylw| z ryhu wlph/ wkh olihwlph exgjhw

frqvwudlqw lv=

�]

f

f+w,gw @

5]

f

^zo+w,� �+zo+w,,`gw. +k� },s+}, +5,

zkhuh �+zo+w,, lv dq lqvwdqwdqhrxv qrq olqhdu wd{ ghshqglqj rq oderu lq0

frph dqg s+}, wkh lqvwdqwdqhrxv ohyho ri shqvlrq zklfk pd| ghshqg rq wkh

lqglylgxdo*v uhwluhphqw djh +yld wkh ehqh�w irupxod,1 Wkh wrwdo +olihwlph,

uhwluhphqw ehqh�wv duh jlyhq e| +k� },s+},1 Iru wkh vdnh ri vlpsolflw|/ zh

lpsrvh wkdw o +w, @ o lv d wlph lqyduldqw fkrlfh51 Vhsdudelolw|/ frqfdylw|

ri wkh lqvwdqwdqhrxv xwlolw| ixqfwlrqv/ shuihfw fdslwdo pdunhwv dqg fhuwdlq

olihwlphv lpso| wkdw hdfk lqglylgxdo zloo vhw klv ohyho ri frqvxpswlrq htxdo

lq doo shulrgv1 Ghqrwlqj | @ zo/ rqh fdq uhzulwh wkh exgjhw frqvwudlqw dv

iroorzv=

kf @ }zo � W +|> },

zkhuh

W+|> }, @ }�+zo,� +k� },s+},> +6,

lv wkh gl�huhqfh ehwzhhq wrwdo wd{ sd|phqwv dqg wrwdo uhwluhphqw ehqh�wv1

Wkh ixqfwlrq W +|> }, uhsuhvhqwv wkh qhw vrfldo vhfxulw| fxp lqfrph wd{ sdlg

e| dq lqglylgxdo1 Dowhuqdwlyho|/ zh fdq wklqn ri �W +|> }, dv wkh qhw wudqvihu

dq lqglylgxdo uhfhlyhv iurp wkh vrfldo vhfxulw| v|vwhp1 Gl�huhqwldwlqj W

|lhogv wkh lpsolflw wd{ rq uhwluhphqw wkdw kdyh hvwlpdwhg Juxehu dqg Zlvh

^4<<<`1 Wr vhh wklv qrwh wkdw

�W+|> },

�}
@ �+zo, . s+},� +k� },s�+},= +7,

5Zlwkrxw vxfk d uhvwulfwlrq/ ,E|� zrxog eh ghfuhdvlqj ryhu wlph1
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Lq zrugv/ dq dgglwlrqdo |hdu ri zrun pd| lpso| d grxeoh frvw= wkh sd|uroo

wd{ �+zo, dqg iruhjrqh ehqh�wv li s+}, A 31 Rq wkh rwkhu kdqg/ srvwsrqlqj

uhwluhphqw pd| lpso| kljkhu shu shulrg ehqh�wv gxulqj uhwluhphqw1 Wklv

srvlwlyh h�hfw +qhjdwlyh frvw, lv fdswxuhg e| wkh wklug whup rq wkh UKV ri

+7,1 Lq wkh uhvw ri wkh sdshu/ zh xvh wklv uhgxfhg wd{ ixqfwlrq W +|> },1

Zlwk f dqg o frqvwdqw ryhu wlph/ olihwlph xwlolw| lv jlyhq e|

X @ kx +f,� Y +o,U +}, > +8,

zkhuh

U +}, @

5]

f

u+w,gw=

Wkh ixqfwlrq U +}, ghqrwhv wkh glvxwlolw| iru d zrunlqj olih ri ohqjwk }> zh

kdyh U
� +}, @ u +}, A 3 dqg U�� +}, @ u�+}, A 31 Oderu glvxwlolw|/ uhjduglqj

wkh ohqjwk ri zrunlqj olih }/ fdq eh lqwhusuhwhg lq whupv ri dq lqglfdwru

ri khdowk1 Khdowk| lqglylgxdov dffruglqjo| zrxog kdyh d orzhu U+}, wkdq

lqglylgxdov zkrvh srru khdowk pdnhv lw kdughu wr zrun eh|rqg d fhuwdlq

djh1 Wkhuh lv dqrwkhu whup lq wkh oderu glvxwlolw| zklfk frqfhuqv wkh ohqjwk

ri zrun zhhn/ Y +o,1 Zh dvvxph wkdw wklv ixqfwlrq Y +o, lv wkh vdph iru doo1

Lq rwkhu zrugv/ wkhuh lv qr khwhurjhqhlw| lq wklv uhvshfw1 Wklv vlpsoli|lqj

dvvxpswlrqv lv prwlydwhg e| wkh idfw wkdw zh zdqw wr irfxv rq wkh uhwluhphqw

ghflvlrq udwkhu wkdq rq wkh ghwhuplqdwlrq ri zhhno| oderu vxsso|1

Hdfk lqglylgxdo lv fkdudfwhul}hg e| wzr sdudphwhuv= klv surgxfwlylw|

ohyho z� dqg klv glvxwlolw| iru wkh uhwluhphqw djh U� +}, @ U+}>��, zlwk

�U@��� A 31 Wkhuh duh wzr ohyhov ri surgxfwlylw| z� dqg z, zlwk z� A z,1

Vlploduo|/ wkh khdowk vwdwxv sdudphwhu wdnhv wzr ydoxhv zlwk �� A �, vr wkdw

U� +}, A U, +}, iru hyhu| }1 Qrwh wkdw wkh vxevfulsw k zkhq dvvrfldwhg zlwk

z/ uhihuv wr wkh �jrrg� +kljk surgxfwlylw|, w|sh/ zkloh k dvvrfldwhg zlwk �

lv wkh �edg� +kljk glvxwlolw| ri uhpdlqlqj lq wkh oderu irufh, w|sh1 Zh ghqrwh

d w|sh ri lqglylgxdo zlwk vxevfulswv +l> m,> l ghqrwlqj wkh surgxfwlylw| lqgh{

dqg m wkh djh ri uhwluhphqw glvxwlolw| lqgh{1
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6 Wkh odlvvh}0idluh hfrqrp| dqg wkh �uvw ehvw

614 Wkh odlvvh} idluh

Lq d odlvvh}0idluh hfrqrp|/ ghohwlqj wkh vxevfulswv uhihuulqj wr lqglylgxdov

w|shv/ hyhu| djhqw vroyhv wkh iroorzlqj sureohp=

pd{

,c5
k x

�
zo}

k

�
� Y +o,U +}, +9,

Wkh �uvw rughu frqglwlrqv zlwk uhvshfw wr o dqg } duh uhvshfwlyho|=

x
� +f,z} � Y

� +o, U +}, @ 3 +:,

x
� +f,zo � Y +o, U� +}, @ 3= +;,

Zlwk +:, dqg +;, rqh rewdlqv wkh xvxdo htxdolw| ehwzhhq pdujlqdo udwhv ri

vxevwlwxwlrq ehwzhhq zrun dqg frqvxpswlrq dqg wkh fruuhvsrqglqj uhodwlyh

sulfh=

PUVS, @

Y
�+o,U+},

x�+f,
@ z} +<,

PUVS5 @

Y +o,U
�

+},

x�+f,
@ zo +43,

zkhuh PUV@K vwdqgv iru wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq d dqg e1

Frpelqlqj +:, dqg +;,/ wkh wudghr� ehwzhhq o dqg } lv ghwhuplqhg e|=

PUV,5 @

Y +o,U�+},

Y �+o,U+},
@

o

}
+44,

Wr lqwhusuhw frqglwlrq +44, revhuyh wkdw wkh pd{lpl}dwlrq ri +9, uhtxluhv

wkh plqlpl}dwlrq ri �h�ruw� dv ghvfulehg e| wkh iroorzlqj gxdo sureohp1

plq
,c5

H @ Y +o,U+}, +45,

v1w1 L @ zo}>

zkhuh L uhsuhvhqwv olihwlph hduqlqjv dqgH ghqrwhv djjuhjdwh h�ruw +ru xwlolw|

frvw,1 Iljxuh 4 uhsuhvhqwv sureohp +45, lq wkh +}/ o, vsdfh1

Wkh fxuyh zlwk htxdwlrq o @ L@z} uhsuhvhqwv doo wkh frpelqdwlrqv ri

+}> o, wkdw |lhog d jlyhq ohyho ri olihwlph lqfrph L1 Qrwh wkdw wkh vorsh ri

:



z

l

A

l=I/wz

Iljxuh 4= Wkh h�ruw plqlpl}dwlrq sureohp

wklv fxuyh lv jlyhq e| �L@z}2 @ �o@}1 Wr pd{lpl}h xwlolw| lw lv qhfhvvdu|

wkdw wklv lqfrph ohyho eh surgxfhg vr dv wr plqlpl}h wkh olihwlph glvxwlolw|

ri oderu +h�ruw,1 Wkh vkdghg duhd uhsuhvhqwv wkh +}> o, frpelqdwlrqv wkdw

jhqhudwh d ohyho ri h�ruw orzhu wkdq ru htxdo wr d �{hg ohyho H1 Wkh rswlpdo

+qrq glvwruwhg, +}> o, fkrlfh lv jlyhq e| wkh srlqw D vdwlvi|lqj

U�+},@U+},

Y �+o,@Y +o,
@

o

}

wkdw lv/ zkhuh wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq o dqg } lv htxdo wr

wkh vorsh ri wkh olihwlph hduqlqjv fxuyh> wklv lv ri frxuvh h{dfwo| htxlydohqw

wr frqglwlrq +44,1 Uhduudqjlqj wkh whupv/ rqh rewdlqv=

%T +o, �
oY

�+o,

Y +o,
@

}U
�+},

U+},
� %-+}, +46,

zklfk fruuhvsrqgv wr dq htxdolw| ehwzhhq wkh hodvwlflwlhv ri glvxwlolw| iru wkh

zrun zhhn %�+o, dqg wkdw iru wkh uhwluhphqw djh %-+},1 Iru vlpsolflw|/ zh

vkdoo uhihu wr wkh �uvw rqh dv wkh �zrun zhhn hodvwlflw|� dqg wr wkh vhfrqg

rqh dv wkh �uhwluhphqw hodvwlflw|�1

;



z

l

(I,w1)

(I,w2)

z1

l1

z2

l2

1

2

w1<w2

R2(z)=R1(z)

Iljxuh 5= Fkrlfhv ri +}> o, iru wkh wzr surgxfwlylw| w|shv

Zh dvvxph wkh wzr iroorzlqj prqrwrqlflw| surshuwlhv=

� Dvvxpswlrq 4 = %T +o, dqg %-�
+}, +m @ k> o, duh qrq ghfuhdvlqj ixqfwlrqv

+ri o dqg } uhvshfwlyho|,16

� Dvvxpswlrq 5 = Iru hyhu| } rqh kdv %-,
+}, 9 %-�

+},1 Lq zrugv/ iru dq|

jlyhq djh ri uhwluhphqw/ wkh uhwluhphqw hodvwlflw| ri wkh pruh glvdeohg

lqglylgxdo lv juhdwhu wkdq ru htxdo wr wkh uhwluhphqw hodvwlflw| ri wkh

pruh khdowk| lqglylgxdo1

Wkhvh wzr dvvxpswlrqv doorz xv wr frpsduh wkh wzr rswlpdo fkrlfhv ri

o dqg } iru wkh vdph djjuhjdwh hduqlqjv L zlwk wzr lqglylgxdov gl�hulqj

uhvshfwlyho| lq wkhlu surgxfwlylw| dqg wkhlu suhihuhqfhv iru uhwluhphqw1

6D qhfhvvdu| dqg vx!flhqw frqglwlrq iru wklv lv wkdw=

+l, �n
,T

�E,�

T E,�
3

,T
��E,�

T E,�
: f iru hyhu| , >

+ll, � n
5-

�E5�

-E5�
3

5-
��E5�

-E5�
: f iru hyhu| 51

<



(I,w)

z

l

2

1

z2

l2

z1

l1

w1 = w2

R2(.) = Rl(.)
R1(.) = Rh(.)

Iljxuh 6= Fkrlfhv ri +}> o, iru wkh 5 khdowk w|shv

Ohw xv vwduw zlwk wkh fdvh zkhuh lqglylgxdov gl�hu vroho| lq wkhlu surgxf0

wlylw|1 Lq �jxuh 5/ wkh pruh deoh lqglylgxdo +lqglylgxdo 5, fkrrvhv erwk d

orzhu } dqg d orzhu o1 Wklv lv wkh fdvh li %-+}, dqg %T +o, duh vwulfwo| lqfuhdv0

lqj ixqfwlrqv ri } dqg o1 Iru wkh vshfldo fdvhv zkhuh U ru Y duh lvrhodvwlf

ixqfwlrqv/ wkh fkrlfh ri hlwkhu o +krul}rqwdo duurz, ru } +yhuwlfdo duurz, duh

wkh vdph iru wkh wzr lqglylgxdov +vhh htxdwlrq +46,,1 Wr vxp xs/ Dvvxps0

wlrq 4 hqvxuhv wkdw iru d jlyhq ohyho ri olihwlph hduqlqjv/ wkh +o> }, fkrlfh ri

dq lqglylgxdo zlwk d kljkhu delolw| olhv vrxwk zhvw ri wkh srlqw fkrvhq e| d

ohvv deoh lqglylgxdo1

Zh qrz wxuq wr wkh fdvh zkhuh lqglylgxdov vroho| gl�hu lq wkhlu khdowk

vwdwxv/ zkhuh Dvvxpswlrq 5 ehfrphv uhohydqw1 Iljxuh 6 vkrzv wkdw wkh

lqglylgxdo zkr kdv d juhdwhu glvxwlolw| iru wkh uhwluhphqw djh +lqglylgxdo 5,

zloo fkrrvh d kljkhu o dqg d orzhu } wkdq wkh rwkhu lqglylgxdo li wkh pdujlqdo

udwh ri vxevwlwxwlrq ehwzhhq o dqg } lv kljkhu iru wklv lqglylgxdo/ wkdw lv/
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li %-�+}, A %-,
+},1 Lq wkh h{wuhph h{dpsoh zkhuh %-�

+}, @ %-,
+},/ wkh

wzr lvr0h�ruw fxuyhv zloo eh sdudooho lq wkh }> o vsdfh vr wkdw iru wkh vdph

djjuhjdwh hduqlqjv/ wkh| zloo fkrrvh wkh vdph sdlu }> o1

615 Wkh vrfldo rswlpxp

Wkh deryh pdunhw vroxwlrq fdq eh frqwudvwhg zlwk wkh �uvw ehvw vrfldo rs0

wlpxp zklfk rewdlqv zkhq wkh vrfldo sodqqhu revhuyhv z� dqg U� 1 Zh

frqvlghu d xwlolwduldq vrfldo zhoiduh ixqfwlrq jlyhq e|
S

��
i��X�� > zkhuh i��

lv wkh sursruwlrq ri w|sh lm*v lqglylgxdov/ dqg X�� @ kx +f��,�Y +o��,U� +}��,

lv wkh olihwlph xwlolw| ri lm lqglylgxdov17 Zhoiduh pd{lpl}dwlrq lv vxemhfw wr

wkh uhvrxufh frqvwudlqw wkdw djjuhjdwh frqvxpswlrq fdqqrw h{fhhg djjuhjdwh

surgxfwlrq1 Wklv sureohp lv jlyhq e|=

pd{

S�� c��� c5��

[

�c�

i�� ^kx +f��,� Y +o��,U� +}��,`� �
[

�

i�� +kf�� � z�o��}��, >

+47,

zkhuh � lv wkh Odjudqjh pxowlsolhu dvvrfldwhg wr wkh uhvrxufh frqvwudlqw1

Wkh �uvw rughu frqglwlrqv iru hyhu| l> m duh=

x� +f��,� � @ 3 +48,

Y
� +o��, U� +}��,� �z� }�� @ 3 +49,

Y
� +o��, U

�

� +}��,� �z� o�� @ 3 +4:,

Frpelqlqj wkhvh h{suhvvlrq zh �qg iru hyhu| w|sh l> m wkh qrq glvwruwhg

wudghr�v ghvfulehg e| htxdwlrqv +<,/ +43, dqg +44,1 Lq dgglwlrq/ +48, uhtxluhv

lghqwlfdo frqvxpswlrq ohyhov iru doo lqglylgxdov18

Zlwk wkh uhgxfhg irup xwlolw| ixqfwlrq +8,/ wkh wlph glphqvlrq lv lp0

solflw1 Lq wkh odlvvh}0idluh vroxwlrq wkhuh lv lpsolflwo| vdylqj gxulqj wkh

7Zh frqvlghu wkh xwlolwduldq fdvh wr nhhs wkh h{suhvvlrqv dv vlpsoh dv srvvleoh1 Rxu

dqdo|vlv fdq hdvlo| eh jhqhudol}hg wr wkh fdvh zkhuh vrfldo zhoiduh lv d zhljkwhg vxp ri

lqglylgxdo xwlolwlhv1 Wklv zrxog qrw d�hfw rxu pdlq uhvxowv1 Krzhyhu/ vrph vshfl�f uhvxowv

pd| fkdqjh dqg vrph dvvxpswlrqv rq wkh zhljkwv pd| eh qhfhvvdu|> vhh irrwqrwh 431
8Zkhq vrfldo zhoiduh sxwv gl�huhqw zhljkwv rq wkh lqglylgxdo xwlolwlhv/ wkh pdujlqdo

vrfldo ydoxdwlrqv ri frqvxpswlrq/ udwkhu wkdq wkh dfwxdo frqvxpswlrq ohyhov/ pxvw eh wkh

vdph iru doo lqglylgxdov1
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zrunlqj shulrg= +z�o�� � f��, }�� zklfk lv xvhg wr �qdqfh frqvxpswlrq gxu0

lqj uhwluhphqw= +k� }��, f�� > uhfdoo wkdw zh kdyh dvvxphg d }hur lqwhuhvw

udwh1 Frqvhtxhqwo|/ wkh �uvw ehvw doorfdwlrq f
W

�� > o
W

�� > }
W

�� fdq eh ghfhqwudol}hg

wkurxjk d vrfldo vhfxulw| vfkhph zlwk d qrq glvwruwlrqdu| +oxps0vxp, frq0

wulexwlrq
�
z�o

W

�� � f
W

��

�
}
W

�� dqg +oxps0vxp, vrfldo vhfxulw| ehqh�wv htxdo wr�
k� }

W

��

�
f
W

�� 1 Wkh qxpehu ri krxuv o�� dqg wkh djh ri uhwluhphqw }�� zrxog

eh fkrvhq rswlpdoo| dffruglqj wr +48, dqg +49, frlqflglqj zlwk wkh �uvw0ehvw

wudghr�v1

Wkh �uvw0ehvw vroxwlrq dqg lwv ghfhqwudol}dwlrq kdyh ehhq ghulyhg xqghu

wkh dvvxpswlrq wkdw lqglylgxdo w|shv z� dqg U� duh revhuydeoh1 Zkhq wkhuh

lv dv|pphwulf lqirupdwlrq/ �uvw0ehvw oxps vxp wudqvihuv duh +jhqhudoo|, qrw

ihdvleoh> uhglvwulexwlrq wkhq kdv wr uho| rq srwhqwldoo| glvwruwlrqdu| wd{hv

dqg wudqvihuv edvhg rq revhuydeoh yduldeohv1 Lq wkh uhpdlqghu ri wkh sdshu/

zh dgrsw dq lqirupdwlrq vwuxfwxuh wkdw lv lqvsluhg e| wkh rswlpdo wd{dwlrq

olwhudwxuh1 Vshfl�fdoo|/ zh dvvxph wkdw surgxfwlylwlhv/ z�/ oderu vxsso| o��

dqg khdowk vwdwxv U� duh qrw revhuydeoh/ zkloh +zhhno|, ehiruh wd{ lqfrph

|�� @ o��z� lv revhuydeoh1 Dqg dgghg ihdwxuh ri rxu dqdo|vlv frpsduhg wr

frqyhqwlrqdo rswlpdo wd{ prghov lv wkdw wkh uhwluhphqw djh }�� lv dovr re0

vhuydeoh1 Wd{hv dqg wudqvihuv fdq wkhq eh edvhg erwk rq | dqg rq }1 Zh

xvh d qrq olqhdu wd{ ixqfwlrq W +|> }, zklfk/ dv vkrzq e| +6,/ dffrxqwv iru

lqfrph wd{dwlrq/ sd|uroo wd{hv dqg uhwluhphqw ehqh�wv1

7 Vhfrqg ehvw wd{dwlrq

714 Lpsohphqwdwlrq

Ohw xv �uvw h{dplqh krz dq lqglylgxdo*v fkrlfhv duh d�hfwhg e| d qrq0olqhdu

lqfrph wd{ vfkhgxoh W +|> },1 Wkh �uvw0rughu frqglwlrq ri wklv prgl�hg lq0

glylgxdo sureohp duh fuxfldo iru xqghuvwdqglqj wkh lpsohphqwdwlrq ri wkh

45



rswlpdo wd{ srolf| ghulyhg ehorz1 Wkh lqglylgxdo*v sureohp qrz ehfrphv

pd{x+f��,� Y +
|��

z�

,U�+}��,

v1w1 f
��
@ |��}�� � W +|�� > }��,

Iurp wkh �uvw rughu frqglwlrqv/ rqh rewdlqv=

PUV
��

S,
@ z�}��

�
4�

4

}��

CW +|�� > }��,

C|��

�
+4;,

PUV
��
S5 @ |��

�
4�

4

|��

CW +|�� > }��,

C}��

�
+4<,

dqg wkh lpsolflw uhodwlrq ehwzhhq o dqg } ehlqj=

PUV
��

,5
@

o��

}��

^4� ��� ` +53,

zkhuh

��� @
W ��
5 @|�� � W ��

+ @}��

4� W ��
+ @}��

+54,

��� lv wkh pdujlqdo wd{ udwh ri } zlwk uhvshfw wr o1

Glvwruwlrqv lq wkh +o> f, dqg +}> f, fkrlfhv duh dvvhvvhg e| frpsdulqj +4;,

dqg +4<, wr wkhlu odlvvh}0idluh frxqwhusduwv +<, dqg +43,1 Qrw vxusulvlqjo|/ d

srvlwlyh pdujlqdo wd{ rq hlwkhu o ru } lpsolhv d grzqzdug glvwruwlrq rq wkh

fruuhvsrqglqj yduldeoh1

Ohw xv qrz wxuq wr wkh wudghr� ehwzhhq } dqg o1 Frpsdulqj +53, wr lwv

odlvvh}0idluh dqg �uvw0ehvw frxqwhusduw/ +44, vkrzv wkdw zkhq ��� lv htxdo wr

}hur/ wkhuh lv qr glvwruwlrq +lq wkh wudghr� ehwzhhq } dqg o,1 Wklv lv wuxh

lq sduwlfxodu zkhq W +|�� > }��, @ W +|��}��,/ vr wkdw wkh wd{ ghshqgv rqo| rq

wrwdo olihwlph lqfrph1 Ixuwkhupruh/ li ��� lv qhjdwlyh } lv hqfrxudjhg zlwk

uhvshfw wr o/ zkloh d srvlwlyh ��� lpsolhv d glvwruwlrq lq idyru ri o19

Dq dowhuqdwlyh ylhz rq wkhvh glvwruwlrqv frqvlvwv lq vd|lqj wkdw wkh fkrlfh

ehwzhhq } dqg o lv glvwruwhg grzqzdugv li lqglylgxdov zkr uhwluh hduolhu sd|

ohvv wd{hv/ iru d jlyhq ohyho ri ehiruh wd{ olihwlph lqfrph L / wkdw lv/ zkhq=:

gW +|�� > }��,

g}��

�
�
�
�
U

@

CW +|�� > }��,

C}��
�

|��

}��

CW+|�� > }��,

C|��

A 3 +55,

9Wkh glvwruwlrqv phqwlrqhg khuh duh vxevwlwxwlrq h�hfwv/ iru jlyhq ohyhov ri U1
:Lq wkh vdph zd|/ wkhuh zloo eh d xszdugv glvwruwlrq ri wkh E5c ,� fkrlfh zkhq=
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Xvlqj +54, lw dsshduv wkdw +55, dprxqwv wr ��� A 31; Frqvhtxhqwo| wkh wzr

dowhuqdwlyh zd|v wr gh�qh wkh glvwruwlrqv duh h�hfwlyho| htxlydohqw1

715 Wkh vhfrqg ehvw rswlpxp

Wr ghwhuplqh wkh vhfrqg ehvw rswlpxp/ zh frqfhqwudwh rq vhwwlqjv zlwk wzr

w|shv rqo| +hdfk ri zklfk ehlqj fkdudfwhul}hg e| d vshfl�f ydoxh iru wkh wzr

sdudphwhu ri khwhurjhqhlw|,1 Zh dvvxph wkdw wkh fruuhodwlrq ehwzhhq wkh

wzr fkdudfwhulvwlfv lv qrq srvlwlyh<1 Iljxuh 7 looxvwudwhv wkuhh srvvleoh fdvhv

zlwk wkh duurz uhsuhvhqwlqj wkh gluhfwlrq ri wkh elqglqj lqfhqwlyh frqvwudlqw>

vhh ehorz1

Zh zloo �uvw suhvhqw wkh jhqhudo fdvh zkhuh wkh wzr w|shv h�hfwlyho| gl�hu

lq wkh wzr glphqvlrqv +uhsuhvhqwhg e| wkh gldjrqdo duurz lq wkh judsklf,1

Wkhq zh frqvlghu wzr vxefdvhv zkhuh khwhurjhqhlw| lv rqo| lq rqh glphqvlrq1

Vxefdvh +d, zloo uhihu wr wkh fdvh zkhuh erwk lqglylgxdov kdyh wkh vdph

suhihuhqfh ryhu wkh djh ri uhwluhphqw exw gl�hu lq wkhlu surgxfwlylw|1 Vxefdvh

+e, zloo uhihu wr wkh fdvh zkhuh erwk djhqwv gl�hu lq wkhlu suhihuhqfh iru wkh

djh ri uhwluhphqw exw kdyh wkh vdph surgxfwlylw|1

Irupdoo|/ wkh hfrqrp| lv frpsrvhg ri wzr djhqwv 5 +@ ko, dqg 4 +@ ok,

ehlqj fkdudfwhul}hg uhvshfwlyho| e| d sdlu +z2 @ z�>U2+}, @ U,+},, dqg

+z� @ z,>U�+}, @ U�+},,/ zlwk vwulfw lqhtxdolwlhv z2 A z� dqg U2+}, ?

U�+},1 Lq fdvh +d,/ wkh wzr djhqwv zloo kdyh/ U�+}, @ U2+}, @ U�+}, dqg lq

fdvh +e, z� @ z2 @ z�1

Wkh sureohp ri wkh jryhuqphqw lv gluhfwo| rewdlqhg iurp +47, wr zklfk

zh dgg wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw wkdw djhqw 5 grhv qrw zdqw wr

_A��E+��c 5���

_+��

�
�
�
�
U

'
_A��E+��c 5���

_+��
3

5��

+��

_A��E+�� c 5���

_5��
: f

;Dv orqj dv �3A ��
+ *5�� : f/ d frqglwlrq zklfk qhfhvvdulo| krogv dw dq lqwhulru vroxwlrq>

vhh +4;,1
<Zh h{foxgh wkh vwulfw srvlwlyh fruuhodwlrq fdvh iru zklfk olwwoh fdq eh vdlg h{fhsw zkhq

rqh gl�huhqfh ryhuzkhoplqjo| grplqdwhv wkh rwkhu1
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wi

Rj

0 wl wh

Rl

Rh

(b)

(a)

AB

C D

Iljxuh 7= Wkh frq�jxudwlrq ri w|shv

plplf djhqw 4143 Wklv |lhogv wkh iroorzlqj sureohp=

pd{

S�c+�c5�

[

�

i�X� . �

#[
i�

�

+|�}� � kf�,

$

.�

�
kx+f2,� Y +

|2

z2

,U2+}2,� kx+f�, . Y +
|�

z2

,U2+}�,

�

zkhuh � dqg � ghqrwh wkh pxowlsolhuv dvvrfldwhg zlwk wkh uhyhqxh dqg wkh

lqfhqwlyh frpsdwlelolw| frqvwudlqwv144 Iluvw rughu frqglwlrqv zlwk uhvshfw wr

43
Lq wkh xwlolwduldq fdvh +dqg zlwk wkh frqvlghuhg frq�jxudwlrq ri w|shv, wklv frqvwudlqw

lv qhfhvvdulo| elqglqj1 Krzhyhu zkhq/ wkh vrfldo zhoiduh ixqfwlrq lv d zhljkwhg vxp ri
lqglylgxdo xwlolwlhv dqg zkhq wkh zhljkw ri wkh +deoh dqg2ru khdowk|, w|sh 5 lv vx!flhqwo|
odujh wklv pd| qrw eh wuxh dq|pruh1 Wkrxjk irupdoo| srvvleoh/ wklv grhv qrw dsshdu wr eh
d sduwlfxodu uhohydqw fdvh wr frqvlghu1 Iru wkh uhvw/ dv orqj dv wkh frqvwudlqw iurp 5 wr 4
lv elqglqj/ doo rxu uhvxow lq wklv vhfwlrq jr wkurxjk iru d zhljkwhg vrfldo zhoiduh ixqfwlrq1

44Zkhq frqwudvwlqj wklv zlwk wkh �uvw0ehvw sureohp uhfdoo wkdw lqgh{ 5 vwdqgv iru �,/
zkloh 4 vwdqgv iru ,�1 Dovr qrwh wkdw zh qrz rswlpl}h zlwk uhvshfw wr + +revhuydeoh
yduldeoh, udwkhu wkdq ,1
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f�> |� dqg }� duh=

i�x
�+f�,� �i� � �x�+f�, @ 3 +56,

i2x
�+f2,� �i2 . �x�+f2, @ 3 +57,

�

i�

z�

Y �+o�,U�+}�, . �i�}� .
�

z2

Y �+
b

o2,U2+}�, @ 3 +58,

�

i2

z2

Y �+o2,U2+}2, . �i2}2 �
�

z2

Y
�+o2,U2+}2, @ 3 +59,

� i�Y +o�,U
�

�
+}�, . �i�|� . �Y +

b

o2,U
�

2
+}�, @ 3 +5:,

� i2Y +o2,U
�

2
+}2, . �i2|2 � �Y +o2,U

�

2
+}2, @ 3 +5;,

zkhuh wkh xsshu edu ghqrwhv wkh fkrlfh ri wkh plplfnhu/ vr wkdw
b

o2 @ |�@z2/

l1h1/ wkh txdqwlw| ri oderu w|sh 5 pxvw vxsso| wr hduq |�1

Frpelqlqj +57,/ +59, dqg +5;,/ rqh rewdlqv qrq glvwruwhg wudghr�v iru

w|sh 5> pdujlqdo udwhv ri vxevwlwxwlrq iru wklv lqglylgxdo frqwlqxh wr eh jlyhq

e| +<,�+44,1 Iurp +4;, +4<, dqg +53, wklv lpsolhv wkdw pdujlqdo wd{ udwhv

zlwk uhvshfw wr | dqg } duh }hur vr wkdw zh dovr kdyh �2 @ 31 Wklv lv wkh

xvxdo qr glvwruwlrq dw wkh wrs surshuw|1

Zh qrz wxuq wr lqglylgxdo 4*v dqg vwxg| vxffhvvlyho| klv wudghr�v lq wkh

+o�> f�,> +}�> f�, dqg +o�> }�, sodqhv1 Htxdwlrq +56, dqg +59, |lhog=

PUV
�

S,
@

5
9997

4�
�

i�

4�
�

i�

z�

z2

PUV
2

S,

PUV�

S,

6
:::8z�}�> +5<,

zkhuh PUV
2
ghqrwhv lqglylgxdo 5*v pdujlqdo udwh ri vxevwlwxwlrq zkhq

plplfnlqj lqglylgxdo 41 Zh kdyh PUV�
S,
A PUV

2

S,
ehfdxvh o2 ? o� dqg

U2+}�, ? U�+}�,1 Frqvhtxhqwo|/ +5<, lpsolhv PUV�

S,
? z�}� vr wkdw wkhuh

lv d pdujlqdo grzqzdug glvwruwlrq lq wkh zrun zhhn1 Lq rwkhu zrugv/ e|

htxdwlrq +4;,/ wkh pdujlqdo wd{ rq zhhno| lqfrph/ |/ lv srvlwlyh1 Wklv surs0

huw| grhv qrw frph dv d vxusulvh dqg lw lv lq olqh zlwk wkh vwdqgdug surshuw|

rewdlqhg lq wkh rswlpdo lqfrph wd{ olwhudwxuh1
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Qrz frpelqlqj htxdwlrq +56, dqg +5:, rqh rewdlqv=

PUV�

S5
@

5
9997

4�
�

i�

4�
�

i�

z�

z2

PUV
2

S5

PUV�
S5

6
:::8 |� +63,

zkhuh PUV�
S5
A PUV

2

S5
= Frqvhtxhqwo|/ rqh kdv PUV�

S5
? |� vr wkdw wkhuh

lv d pdujlqdo grzqzdug glvwruwlrq rq }�1 Wkdw lv/ iru d jlyhq zhhno| oderu

vxsso|/ wkh lqglylgxdo lv lqgxfhg wr fkrrvh d orzhu } uhodwlyh wr f wkdq kh

zrxog gr lq d �uvw ehvw vhwwlqj1 E| htxdwlrq +4<,/ wkh pdujlqdo wd{ rq wkh

uhwluhphqw djh lv srvlwlyh1 Lqwxlwlyho| wklv surshuw| fdq eh h{sodlqhg e| wkh

idfw wkdw w|sh 4 lqglylgxdov kdyh vwhhshu lqgl�huhqfh fxuyhv dw dq| jlyhq

srlqw lq wkh +}> f, vsdfh wkdq w|sh 5 lqglylgxdov1 Wklv lv ehfdxvh w|sh 4

lqglylgxdov pxvw eh frpshqvdwhg pruh wr dffhsw wr zrun orqjhu wkdq wkh

plplfnlqj lqglylgxdo +wkh| duh ohvv khdowk| dqg kdyh d kljkhu zhhno| oderu

vxsso|,1 Wklv lpsolhv wkdw/ vwduwlqj iurp wkh �uvw ehvw wudghr�/ d yduldwlrq

g}� ? 3 dorqj zlwk d yduldwlrq gf� @ +PUV�
S5
,g}� kdv qr +�uvw0rughu, h�hfw

rq wkh xwlolw| ri w|sh 4/ exw lw ghfuhdvhv wkh xwlolw| ri w|sh 5 plplfnlqj

w|sh 41 Frqvhtxhqwo|/ wkh grzqzdug glvwruwlrq lq }� lv d zd| wr uhod{ dq

rwkhuzlvh elqglqj vhoi vhohfwlrq frqvwudlqw1

Wr lqwhusuhw wklv uhvxow lw lv xvhixo wr uhfdoo +7, zklfk uhodwhv CW@C} wr

wkh lpsolflw wd{ wkdw wkh shqvlrq v|vwhp lpsrvhv rq frqwlqxhg oderu irufh

sduwlflsdwlrq1 Lw wkxv dsshduv wkdw lw lv rswlpdo wr dgrsw d uhwluhphqw v|vwhp

zlwk d ehqh�w irupxod zklfk lqgxfhv hduo| uhwluhphqw iru wkh orz delolw| +dqg

kljk glvxwlolw|, lqglylgxdo1

Frpelqlqj htxdwlrqv +5<, dqg +63,/ zh �qg=

PUV�

,5
@

5
9997
4�

�

i�

z�

z2

PUV
2

S,

PUV�
S,

4�
�

i�

PUV
2

S5

PUV�
S5

6
:::8
o�

}�
> +64,

4:



zklfk/ dv vkrzq lq Dsshqgl{ D lpsolhv

PUV
�

,5
@

U
�

�
+}�,@U�+}�,

Y �+o�,@Y +o�,
W o�

}�
/

%T +o�,

%T +o2,
W %-�

+}�,

%-2
+}�,

= +65,

Uhjduglqj wkh wudghr� ehwzhhq o dqg } zh wkxv rewdlq dq dpeljxrxv uhvxow1

Zkhwkhu wkh +}> o, lv glvwruwhg xszdug ru grzqzdug +l1h1/ zkhwkhu �� lv

qhjdwlyh ru srvlwlyh, ghshqgv xsrq wkh uhodwlyh gl�huhqfhv lq fkdudfwhulvwlfv1

Li wkh udwlr ehwzhhq zhhn oderu hodvwlflwlhv ri lqglylgxdo 4 dqg wkh plplfnhu

dqg lv odujhu wkdq wkh rqh ehwzhhq uhwluhphqw hodvwlflwlhv/ wkh +}> o, fkrlfh

lv xszdug glvwruwhg +�� ? 3,1 Rwkhuzlvh/ lw lv grzqzdug glvwruwhg +�� A 3,1

Lq rughu wr ehwwhu xqghuvwdqg wkh uroh ri wkh uhodwlyh gl�huhqfhv lq wkh wzr

fkdudfwhulvwlfv/ wzr h{wuhph fdvhv duh qrz frqvlghuhg1

71514 Vxefdvh +d,= U�+}, @ U2+},

Lq wklv fdvh/ lqglylgxdov gl�hu rqo| lq surgxfwlylw|1 Frqvhtxhqwo|/ zh kdyh

%-�
+}�, @ %-2

+}�, dqg +65, vlpsol�hv wr=

PUV
�

,5
@

U
�

�
+}�,@U�+}�,

Y �+o�,@Y +o�,
W o�

}�
/ %T +o2, V %T +o�,= +66,

Iluvw qrwlfh wkdw zkhq Y lv lvrhodvwlf/ wkh +}�> o�, fkrlfh lv qrw glvwruwhg1 Dv

glvfxvvhg hduolhu/ li Y lv lvrhodvwlf/ } lv �{hg dqg htxdo iru erwk lqglylgxdov1

Wkh zhhno| lqfrph lv wkhq glvwruwhg grzqzdugv zkloh wkh djh ri uhwluhphqw

lv wkh vdph dv lq wkh �uvw0ehvw1

Lq wkh jhqhudo fdvh/ zkhq %T lv lqfuhdvlqj +Dvvxpswlrq 4,/ zh kdyh

%T +o2, ? %T +o�, |lhoglqj PUV�

,5
A o�@}�/ wkh pdujlqdo udwh ri vxevwlwxwlrq

ehwzhhq o dqg } lv juhdwhu lq devroxwh ydoxh wkdq wkh vorsh ri wkh jurvv

lqfrph fxuyh1 Iurp +54, wklv lv htxlydohqw wr �� ? 31 Frqvhtxhqwo|/ iru d

jlyhq L / lqglylgxdo 4 kdv/ dw wkh vhfrqg ehvw d juhdwhu } dqg d orzhu o uhodwlyh

wr wkh �uvw ehvw fkrlfh1

Wklv uhvxow lv dq lqwhuhvwlqj h{whqvlrq ri wkh rswlpdo lqfrph wd{dwlrq

olwhudwxuh1 Wkh lqwxlwlrq fdq eh xqghuvwrrg prvw hdvlo| e| frqvlghulqj wkh

vorsh ri lqglylgxdo lqgl�huhqfh fxuyhv lq wkh +}> |, vsdfh +l1h1/ wkh vsdfh ri

4;



revhuydeoh yduldeohv,1 Zkhq wkh hodvwlflw| ri Y lv lqfuhdvlqj +lq o,/ lqglylgxdo

5 suhihuv wr kdyh d uhodwlyho| juhdwhu zhhno| lqfrph wkdq lqglylgxdo 4 iru

d jlyhq jurvv olih f|foh lqfrph1 Frqvhtxhqwo|/ wkh vorsh ri wkh lvr h�ruw

fxuyh +lqgl�huhqfh fxuyh, lv orzhu iru lqglylgxdo 5 lq wkh +}> |, vsdfh> vhh

Dsshqgl{ E1 Wr pdnh w|sh 4*v frqvxpswlrq exqgoh ohvv dwwudfwlyh wr w|sh

5 +dqg uhod{ dq rwkhuzlvh elqglqj lqfhqwlyh frqvwudlqw,/ wkh rswlpdo srolf|

wkhq lpsolhv d uhodwlyho| kljkhu uhwluhphqw djh dqg d orzhu zhhno| oderu

vxsso| iru lqglylgxdo 4145

71515 Vxefdvh +e,= z� @ z2

Lqglylgxdov qrz gl�hu vroho| lq wkhlu khdowk vwdwxv dqg +65, uhgxfhv wr

PUV
�

,5
@

U�

�
+}�,@U�+}�,

Y �+o�,@Y +o�,
W o�

}�
/ %-2

+}�, W %-�
+}�,= +67,

Zkhq U� dqg U2 kdyh wkh vdph hodvwlflw| +iru dq| jlyhq ohyho ri },/ wkhuh

lv qr glvwruwlrq iru wkh +o�> }�, fkrlfh1 D vlpsoh h{dpsoh ri wklv lv zkhq

U�+}, @ �U2+}, zlwk � A 41 Dv vkrzq suhylrxvo|/ wkh +o> }, fkrlfhv duh wkh

vdph iru wkh 5 lqglylgxdov iru d jlyhq jurvv olih f|foh lqfrph1

Lq wkh jhqhudo fdvh zkhq %-2
+}�, ? %-�

+}�, +Dvvxpswlrq 5, zh rewdlq

PUV
�

,5
? o�@}�/ vr wkdw wkh vorsh ri wkh h�ruw iurqwlhu lv orzhu wkdq wkh vorsh

ri wkh jurvv lqfrph olqh1 Xvlqj +54, zh wkxv rewdlq �� A 31 Frqvhtxhqwo|/

iru L jlyhq/ dw wkh vhfrqg ehvw/ wkh lqglylgxdo zloo fkrrvh d juhdwhu o dqg d

orzhu } uhodwlyh wr wkh �uvw ehvw fkrlfh1 Lq wklv vshfldo fdvh/ hduo| uhwluhphqw

lv hqfrxudjhg1

Wklv uhvxow lv lq frqwudvw zlwk wkdw rewdlqhg lq wkh suhylrxv vxevhfwlrq1

Wklv fdq eh h{sodlqhg dv iroorzv1 Lqglylgxdo 5 qrz suhihuv wr kdyh d +uhod0

wlyho|, kljkhu uhwluhphqw djh wkdq lqglylgxdo 4 iru d jlyhq jurvv olih f|foh

lqfrph +wkh vorsh ri wkh lvr0h�ruw fxuyh lv juhdwhu iru lqglylgxdo 5 lq wkh

+}> |, vsdfh> vhh Dsshqgl{ E,1 Frqvhtxhqwo|/ wkh lqfhqwlyh frqvwudlqw fdq

eh uhod{hg e| vhwwlqj d uhodwlyho| orzhu uhwluhphqw djh dqg d juhdwhu zhhno|

oderu vxsso| iru lqglylgxdo 41

45Wkh dujxphqw suhvhqwhg deryh iru wkh E5c S� vsdfh fdq hdvlo| eh dgdswhg wr dsso| khuh1

4<



8 Qxphulfdo h{dpsohv

Zh qrz suhvhqw vrph qxphulfdo h{dpsohv zklfk looxvwudwh rxu uhvxowv1 Lq

sduwlfxodu/ wkh| kljkoljkw wkh uroh ri wkh uhodwlyh gl�huhqfhv lq fkdudfwhulv0

wlfv1 Lq dgglwlrq/ zh surylgh vrph uhvxowv iru wkh wkuhh w|shv fdvh/ d vhwwlqj

qrw frqvlghuhg lq wkh dqdo|wlfdo sduw1 Zh xvh d txdvl0olqhdu xwlolw| ixqfwlrq

zklfk lpsolhv wkdw wkhuh duh qr lqfrph h�hfwv rq oderu vxsso|1 Wklv ohdgv wr

fulvshu uhvxowv dqg idflolwdwhv wkhlu lqwhusuhwdwlrq1 Krzhyhu/ lw dovr lpsrvhv

wkh uhvwulfwlrq wkdw hyhu|rqh kdv wkh vdph pdujlqdo xwlolw| ri lqfrph1 Wr lq0

wurgxfh frqfhuq iru uhglvwulexwlrq zh wkxv frqvlghu d vrfldo zhoiduh ixqfwlrq

ri wkh w|sh
S

��
i��� ^X�� ` > zkhuh � lv d vwulfwo| frqfdyh ixqfwlrq uh hfwlqj

vrfldo suhihuhqfh iru htxlw|1 Wkh iroorzlqj vshfl�f ixqfwlrqv duh xvhg=

�+{, @ {
�34@+4� �,> x+f, @ f>

Y +o, @ 4@+4� o,q > U�+}, @ 4@+4� },k�

zlwk �{hg sdudphwhuv � @ 5> � @ 51 Wkh glvwulexwlrq ri fkdudfwhulvwlfv lv

xqlirup1

Iru hdfk vlpxodwlrq/ zh uhsruw wkh rswlpdo doorfdwlrqv +f> o dqg },/ pdujlqdo

wd{ udwhv rq } dqg o dqg wkh uhodwlyh pdujlqdo wd{ udwhv �*v1 Wdeohv 4 dqg

5 suhvhqw wkh uhvxowv iru fdvh +d, zkhuh lqglylgxdov rqo| gl�hu lq delolw| z�/

dqg fdvh +e, zkhuh lqglylgxdov gl�hu lq wkhlu khdowk vwdwxv U�+},1 Wkhq/ Wd0

eoh 6 suhvhqwv dq h{dpsoh zlwk wzr w|shv zkr gl�hu erwk lq delolw| dqg lq

khdowk1 Ilqdoo|/ zh frqvlghu d vhwwlqj zlwk wkuhh lqglylgxdov dv uhsuhvhqwhg

e| DEF rq Iljxuh 71

Wdeoh 4 suhvhqwv wkh fdvh zkhuh wkh wzr lqglylgxdov duh htxdoo| khdowk|

exw kdyh gl�huhqw surgxfwlylwlhv/ wkh udwlr z2@z�lqfuhdvlqj iurp 4=58 wr 51

Lq wklv vshfldo fdvh/ wkh lqirupdwlrqdo sureohp uhvwv rq wkh frpsrqhqwv ri

|� qdpho| z� dqg o�> wkh uhodwlyh glvwruwlrq jrhv djdlqvw o1 Rqh revhuyhv

wkdw o ghfuhdvhv pruh wkdq } uhodwlyh wr wkhlu �uvw0ehvw ydoxhv1 Qdwxudoo|/

wkhuh lv qr glvwruwlrq iru w|sh 5*v lqglylgxdov1

53



WDEOH 4= Fdvh +d,= �� @ �2 @ 5

f o } W
�

5
W

�

+
�

+d�,= z� @ 533> z2 @ 583

Lqglylgxdo 4 Iluvw Ehvw 9; 3=88 3=88

Vhfrqg Ehvw 96 3=86; 3=87: 9=49 3=38 �3=36;

Lqglylgxdo 5 Iluvw Ehvw :7 3=8: 3=8:
Vhfrqg Ehvw :; 3=8: 3=8:

+d2,= z� @ 533> z2 @ 633
Lqglylgxdo 4 Iluvw Ehvw :: 3=88 3=88

Vhfrqg Ehvw 9< 3=866 3=878 <=4< 3=3: �3=37<

Lqglylgxdo 5 Iluvw Ehvw ;; 3=8< 3=8<

Vhfrqg Ehvw <6 3=8< 3=8<
+d�,= z� @ 533> z2 @ 733

Lqglylgxdo 4 Iluvw Ehvw <8 3=88 3=88

Vhfrqg Ehvw ;9 3=865 3=876 43=6< 3=3: �3=378

Lqglylgxdo 5 Iluvw Ehvw 44; 3194 3194

Vhfrqg Ehvw 457 3194 3194

Wdeoh 5 suhvhqwv wkh fdvh zkhuh wkh wzr w|shv duh htxdoo| surgxfwlyh

exw kdyh gl�huhqw khdowk frqglwlrqv1 Wkh udwlr ��@�2 jrhv iurp 4=4; wr 51

Qrz o� fdq eh gluhfwo| lqihuuhg iurp |� dqg lv wkxv h�hfwlyho| revhuydeoh1

Wkh glvwruwlrq lv rq wkh djh ri uhwluhphqw ri w|sh 41 Zh fdq vhh wkdw wkh

glvwruwlrq jrhv djdlqvw } zklfk idoov pruh wkdq o1

Wdeoh 6 frqvlghuv wzr lqglylgxdov fruuhvsrqglqj wr D dqg F rq Iljxuh

71 Zkhwkhu ru qrw } lv pruh glvwruwhg wkdq o ghshqgv rq wkh uhodwlyh udwlrv

z2@z� dqg U�@U21 Qrw vxusulvlqjo| iru z2@z� jlyhq +dqg htxdo wr 4=5,/

dv U�@U2 ru udwkhu ��@�2 lqfuhdvhv/ wkh uhodwlyh grzqzdug glvwruwlrq �uvw

d�hfwv o�dqg wkhq }�dqg zh jr iurp � A 3 wr � ? 31 Iru d vshfl�f lqwhuph0

gldwh ohyho ri wkh khdowk udwlr/ qdpho| ��@�2 @ 4=76 wkhuh lv qr glvwruwlrq lq

wkh +}> o, wudghr� dqg zh kdyh � @ 31

Ilqdoo| Wdeoh 7 lv ghyrwhg wr wkh 6 lqglylgxdov fdvh1 Uhwxuqlqj wr Iljxuh

7/ wkhvh wkuhh lqglylgxdov duh uhsuhvhqwhg e| D/ E/ F1 Zlwk wkdw frq�jxud0

wlrq rqh pd| h{shfw wkh vhoi0vhohfwlrq frqvwudlqw wr jr grzqzdugv iurp D wr

E +khdowk| dqg pruh surgxfwlyh plplfnlqj khdowk| dqg ohvv surgxfwlyh, dqg

54



WDEOH 5= Fdvh +e, = z� @ z2 @ 533

f o } W
�

5
W

�

+
�

+e�,= �� @ 5> �2 @ 4=:

Lqglylgxdo 4 Iluvw Ehvw 97 3=88 3=88
Vhfrqg Ehvw 93 3=87< 3=879 7=76 3=34 3=347

Lqglylgxdo 5 Iluvw Ehvw 98 3=89 3=9
Vhfrqg Ehvw 9; 3=89 3=9

+e2,= �� @ 5/ �2 @ 4=7
Lqglylgxdo 4 Iluvw Ehvw 9; 3=88 3=88

Vhfrqg Ehvw 95 3=879 3=86; 43=95 3=36 3=365
Lqglylgxdo 5 Iluvw Ehvw :4 3=8; 3=99

Vhfrqg Ehvw :8 3=8; 3=99

+e�,= �� @ 5/ �2 @ 4
Lqglylgxdo 4 Iluvw Ehvw :8 3=88 3=88

Vhfrqg Ehvw 99 3=875 3=86 48=<4 3=38 3=377

Lqglylgxdo 5 Iluvw Ehvw :< 3=94 3=:9

Vhfrqg Ehvw ;8 3=94 3=:9

WDEOH 6= Vwulfw qhjdwlyh fruuhodwlrq/ z� @ 533> z2 @ 573

f o } W �

5
W

�

+
�

�� @ 5> �2 @ 4=:

Lqglylgxdo 4 Iluvw Ehvw :4 3=88 3=88

Vhfrqg Ehvw 96 3=86: 3=874 43=:4 3=39 �3=348

Lqglylgxdo 5 Iluvw Ehvw :: 3=8; 3=95

Vhfrqg Ehvw ;5 3=8; 3=95

�� @ 5/ �2 @ 4=7

Lqglylgxdo 4 Iluvw Ehvw :9 3=88 3=88

Vhfrqg Ehvw 9: 3=868 3=868 47=8; 3=3: 3

Lqglylgxdo 5 Iluvw Ehvw ;7 3=93 3=9;

Vhfrqg Ehvw <3 3=93 3=9;

�� @ 5/ �2 @ 4

Lqglylgxdo 4 Iluvw Ehvw ;8 3=88 3=88

Vhfrqg Ehvw :7 3=867 3=864 4:=57 3=3; 3=345

Lqglylgxdo 5 Iluvw Ehvw <7 3=96 3=::

Vhfrqg Ehvw 434 3=96 3=::
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WDEOH 7= 6 lqglylgxdov zlwk= z� @ z2 @ 533> z� @ 733=

f o } W �

5
W

�

+
�

�� @ 5> �2 @ �� @ 4=8=

Lqglylgxdo 4 Iluvw Ehvw 478 31:97 3194;

Vhfrqg Ehvw 464 31:93 31938 48197 31378 3136

Lqglylgxdo 5 Iluvw Ehvw 479 31:;: 31:44

Vhfrqg Ehvw 473 31:9< 31:35 4<15< 31456 03139

Lqglylgxdo 6 Iluvw ehvw 49; 31;6 31:9

Vhfrqg Ehvw 4;5 31;6 31:9

�� @ 5> �2 @ �� @ 4=;=

Lqglylgxdo 4 Iluvw Ehvw 46815 31:97 3194;

Vhfrqg Ehvw 458 31:96 31946 9137 31349 31346

Lqglylgxdo 5 Iluvw Ehvw 4681: 31::5 31986

Vhfrqg Ehvw 45; 31:88 31978 4:164 31439 03138<

Lqglylgxdo 6 Iluvw ehvw 48; 31;4 31:4

Vhfrqg Ehvw 4:3 31;4 31:4

�� @ 5> �2 @ �� @ 4=<=+ LF 64 elqglqj,
Lqglylgxdo 4 Iluvw Ehvw 465 31:97 3194;

Vhfrqg Ehvw 45715 31:95 31948 7 31348 3

Lqglylgxdo 5 Iluvw Ehvw 46516 31:9; 31968
Vhfrqg Ehvw 4571; 31:85 3195: 4817 313< 03137

Lqglylgxdo 6 Iluvw ehvw 487 31;4 319<
Vhfrqg Ehvw 499 31;4 319<

iurp E wr F +khdowk| dqg ohvv surgxfwlyh plplfnlqj xqkhdowk| dqg ohvv sur0

gxfwlyh,1 Krzhyhu/ rxu uhvxowv lqglfdwh wkdw wkh sdwwhuq ri elqglqj lqfhqwlyh

frqvwudlqwv pd| eh pruh frpsoh{ wkdq wklv frqmhfwxuh zrxog vxjjhvw1

Zh irfxv rq wkh khdowk udwlr ��@�2/ zlwk �� @ �� dqg �2 @ �� @ �,1

Wkuhh h{dpsohv duh vwxglhg zlwk wkh udwlr ��@�, ghfuhdvlqj iurp 7@6 wr 41

Zkhq wkh udwlr lv vx!flhqwo| odujh/ wkh vhoi0vhohfwlrq frqvwudlqwv jr dorqj wkh

vhtxhqfh DEF1 W|sh 6 lv vxemhfw wr qr glvwruwlrq1 W|sh 5 � ohvv surgxfwlyh

wkdq 4 exw htxdoo| khdowk| � lv vxemhfw wr wkh vdph glvwruwlrq dv lq vxefdvh

+d,= grzqzdug glvwruwlrq rq o uhodwlyho| vwurqjhu wkdq wkdw rq }1 W|sh 6 lv

vxemhfw wr wkh vdph glvwruwlrq dv lq vxefdvh +e,= grzqzdug glvwruwlrq rq }

uhodwlyho| vwurqjhu wkdq wkdw rq o1 Wkh vdph sdwwhuq ri uhvxowv krogv zkhq wkh

khdowk udwlr vwduwv wr ghfuhdvh iurp 45@< wr 43@<1 Krzhyhu/ zkhq lw ehfrphv
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vx!flhqwo| vpdoo/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw ehwzhhq w|sh 6 dqg

w|sh 4 ehfrphv elqglqj1 Lq rwkhu zrugv/ erwk lqglylgxdov 5 dqg 6 qrz kdyh

wr eh suhyhqwhg iurp plplfnlqj w|sh 4 zkr ehqh�wv iurp dq dwwudfwlyh hduo|

djh ri uhwluhphqw1 Dv d frqvhtxhqfh/ wkh pdujlqdo wd{ rq w|sh 4 lqglylgxdov

kdv wr frpsurplvh ehwzhhq wzr elqglqj lqfhqwlyh frqvwudlqwv1 Wr eh pruh

suhflvh/ wkh lqfhqwlyh frqvwudlqw 6 $ 4 sxvkhv �� wr eh qhjdwlyh1 Wklv lv

ehfdxvh wkh glvsdulw| ehwzhhq z� dqg z� grplqdwhv wkh glvsdulw| ehwzhhq

�� dqg ��1 Wkh lqfhqwlyh frqvwudlqw 5 $ 4/ rq wkh rwkhu kdqg/ sxvkhv ��

wr eh srvlwlyh1 Dv d frqvhtxhqfh/ wkh qhw glvwruwlrq lv dpeljxrxv1 Iru wkh

sdudphwhu ydoxhv zh uhsruwhg lw kdsshqv eh mxvw htxdo wr }hur1 Ilqdoo|/ iru

lqglylgxdo 5/ wkhuh lv d uhodwlyh vxevlg| rq } zklfk ghfuhdvhv dv wkh khdowk

udwlr ghfuhdvhv1

9 Frqfoxvlrq

Gxulqj wkh odvw ghfdghv/ d qxpehu ri Hxurshdq frxqwulhv/ vrph pruh wkdq

rwkhuv/ kdyh h{sdqghg wkhlu vrfldo vhfxulw| v|vwhpv lq zd|v zklfk kdyh glv0

frxudjhg oderu pdunhw sduwlflsdwlrq lq rog djh dqg wkxv irvwhuhg hduo| uhwluh0

phqw1 Wkh txhvwlrq zh udlvhg dw wkh rxwvhw lv zkhwkhu wkhvh glvlqfhqwlyhv wr

srvwsrqhg dfwlylw| duh wkh uhvxow ri d edg wd{0wudqvihu vfkhph ghvljq ru wkh

frqvhtxhqfh ri dq h{solflw ghvluh wr dfklhyh vrph uhglvwulexwlrq lq d zruog

ri dv|pphwulf lqirupdwlrq1

Wr dgguhvv wklv lvvxh/ zh kdyh vwxglhg wkh ghvljq ri uhwluhphqw frqwul0

exwlrq dqg ehqh�wv lq d vhwwlqj zkhuh dq rswlpdo qrq0olqhdu lqfrph wd{ lv

dovr dydlodeoh1 Lqglylgxdov gl�hu lq delolw| dqg2ru khdowk vwdwxv +glvxwlolw|

ri uhwluhphqw djh,1 Jlyhq wkh wd{0wudqvihu srolf| hyhu| lqglylgxdo fkrrvhv

zhhno| oderu vxsso| +qrw revhuydeoh, dqg uhwluhphqw djh +revhuydeoh,1 Dv

lq wkh wudglwlrqdo lqfrph wd{dwlrq olwhudwxuh/ wkh rswlpdo srolf| lpsolhv d

srvlwlyh pdujlqdo wd{ rq wkh orz delolw| +dqg2ru ohvv khdowk|, lqglylgxdo1

Pruh lqwhuhvwlqjo|/ wkh uhwluhphqw ehqh�w irupxod dovr lqwurgxfhv d eldv wr0

zdugv hduo| uhwluhphqw lq wklv lqglylgxdov olih f|foh oderu vxsso| ghflvlrqv1
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Ilqdoo|/ wkh uhodwlyh glvwruwlrq ehwzhhq zhhno| oderu vxsso| dqg uhwluhphqw

djh +ohqjwk ri dfwlyh olih,/ li dq|/ ghshqgv rq wkh uhodwlyh khwhurjhqhlw| lq

delolw| dqg khdowk1 Zkhq khwhurjhqhlw| lq delolw| grplqdwhv/ wkh glvwru0

wlrq lv lq idyru ri uhwluhphqw djh1 Sxw gl�huhqwo|/ zkloh erwk zhhno| dqg

oderu vxsso| dqg uhwluhphqw djh duh glvwruwhg grzqzdugv/ wkh wudghr� eh0

wzhhq wkhvh wzr yduldeoh iru d jlyhq olihwlph lqfrph lv eldvhg wrzdugv odwhu

uhwluhphqw1

Wr vxp xs/ zh kdyh vkrzq lq wklv sdshu wkdw d uhglvwulexwlyh vrfldo

vhfxulw| vfkhph lpsolhv glvwruwlrqv zklfk lqgxfh hduo| uhwluhphqw uhodwlyh

wr zkdw zrxog eh wkh �uvw0ehvw vroxwlrq1 Ri frxuvh/ wklv grhv ri frxuvh qrw

lpso| wkdw wkh fxuuhqwo| revhuyhg eldvhg uhwluhphqw ehqh�w irupxodv duh

rwkhuzlvh rswlpdoo| ghvljqhg1 Krzhyhu/ lw grhv lpso| wkdw d eldv wrzdugv

hduo| uhwluhphqw lv qrw lq lwvhoi vx!flhqw wr frqfoxgh wkdw d uhwluhphqw v|vwhp

lv srruo| ghvljqhg1 Ixuwkhupruh/ lw iroorzv iurp rxu uhvxowv wkdw d pryh

wrzdugv d qhxwudo v|vwhp dv lv riwhq dgyrfdwhg grhv qrw qhfhvvdulo| uhsuhvhqw

d vwhs lq wkh uljkw gluhfwlrq1

Rq rxu uhvhdufk djhqgd wkhuh duh wzr lvvxhv zh zrxog olnh wr sxuvxh

dv dq h{whqvlrq ri wklv sdshu1 Wkh �uvw rqh zrxog eh wr frpelqh srolf|

vfkhphv edvhg rq vhoi0vhohfwlrq zlwk srolf| vfkhphv edvhg rq h{solflw frq0

wuro ri khdowk frqglwlrqv1 Li frqwurov duh qrw wrr h{shqvlyh dqg vx!flhqwo|

dffxudwh wkh| frxog frqwulexwh lq jhwwlqj d vrfldo vhfxulw| vfkhph wkdw zrxog

eh ohvv glvfrxudjlqj iru surorqjhg dfwlylw|1

Dqrwkhu lvvxh frqfhuqv wkh h{shfwhg lqfuhdvh lq orqjhylw| dqg fkdqjhv

lq khdowk frqglwlrqv1 Zkhq doo lqglylgxdo fkdudfwhulvwlfv uhjduglqj wr olih

h{shfwdqf| dqg uhvlvwdqfh wr orqjhu fduhhuv pryh xs lq dq krprjhqhrxv

zd|/ wkh djh ri uhwluhphqw iru hdfk w|sh ri lqglylgxdov zloo dovr lqfuhdvh

krprjhqhrxvo|1 Krzhyhu/ li iru vrph w|shv ri zrun dqg2ru vrph w|shv ri

khdowk sureohpv wkhuh lv olwwoh lpsuryhphqw/ wkhq lqfuhdvhg orqjhylw| zrxog

lpso| d zlghu udqjh ri uhwluhphqw djhv1 Wklv zrxog pdnh wkh xvh ri frqwuro

hyhq pruh ghvludeoh1
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Uhihuhqfhv

^4` Eorqgdo/ V1 dqg V1 Vfdushwwd/ +4<<;,/ Idoolqj sduwlflsdwlrq udwhv dprqj

roghu zrunhuv lq wkh RHFG frxqwulhv/ RHFG/ Sdulv1

^5` Eorqgdo/ V1 dqg V1 Vfdushwwd/ +4<<;,/ Wkh uhwluhphqw ghflvlrq lq RHFG

frxqwulhv/ RHFG0HGZS 5351

^6` Fudzirug0Ololhq/ +4<;4,/

^7` Ghoolv/ D1/ Mrxvwhq/ D1 dqg V1 Shuhopdq/ +5334,/ Plfur0prghoolqj ri

uhwluhphqw lq Ehojlxp/ xqsxeolvkhg1

^8` Gldprqg/ S1 dqg M1 Pluuohhv/ +4<;9,/ Sd|uroo wd{ �qdqfhg vrfldo lqvxu0

dqfh zlwk yduldeoh uhwluhphqw/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ ;;/

580831

^9` Ideho/ G1/ +4<<7,/ Wkh Hfrqrplfv ri Shqvlrq dqg Yduldeoh Uhwluhphqw

Vfkhphv/ M1 Zloh|/ Qhz \run1

^:` Juxehu/ J1 dqg G1 Zlvh/ +4<<<,/ Vrfldo Vhfxulw| dqg Uhwluhphqw durxqg

wkh Zruog/ Wkh Fklfdjr Xqlyhuvlw| Suhvv/ Fklfdjr1

^;` Od}hdu/ H1S/ +4<:<,/ Zk| lv wkhuh pdqgdwru| uhwluhphqwB Mrxuqdo ri

Srolwlfdo Hfrqrp|/ ;:/ 45940459<1

^<` Oxpvgdluh/ U1O1 dqg G1 Plwfkhoo/ +4<<<,/ Qhz ghyhorsphqwv lq wkh hfr0

qrplf dqdo|vlv ri uhwluhphqw/ lq R1 Dvkhqihowhu dqg G1 Fdug Kdqgerrn

ri Oderu Hfrqrplfv/ yro1 6/ Qruwk Kroodqg/ Dpvwhugdp1

^43` Pdghuqhu/ Q1 dqg M10F Urfkhw/ 4<<8/ Lv lw Ohjlwlpdwh wr Hqfrxudjh

Zrun VkdulqjB/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ 95409661

^44` Pluohhv/ M1D/ +4<:4,/ Dq h{sorudwlrq ri wkh Wkhru| ri Rswlpdo Wd{dwlrq/

Wkh Uhylhz ri Hfrqrplfv Vwxglhv/ 6;/ 4:8053;1
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Pxowlso|lqj wkh qxphudwru dqg wkh ghqrplqdwru ri wkh uljkw kdqg vlgh e|

}� wkhq |lhogv +65,1

E Pdujlqdo udwhv ri vxevwlwxwlrq lq wkh E5c +� vsdfh
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