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Abstract

We analyze optimal monetary policy in a New Keynesian model with het-
erogeneous firms. Firms differ in their productivity and net worth and face
collateral constraints that cause capital misallocation. TFP depends on the
time-varying distribution of firms. We introduce a new algorithm to compute
optimal policies in continuous-time heterogeneous-agent models. Our results
show that a central bank without pre-commitments engineers an unexpected
monetary expansion to increase the profits of high-productivity firms, allowing
them to relax their financial constraints. This reduces capital misallocation and
increases TFP. Contrary to the case with complete markets, in the event of a
cost-push shock, the central bank leans with the wind to increase demand and
reduce misallocation. We provide empirical evidence based on Spanish granular
data supporting the main mechanism at play, that is, that high-productivity
firms increase their investment relatively more following an expansionary mon-

etary policy shock.
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1 Introduction

Monetary policy affects capital allocation. If real interest rates decrease, low produc-
tivity projects can turn into profitable firms due to their lower costs of capital. In
an economy with financial frictions and sticky prices, this mechanism may lead to
scarce capital being redirected towards less productive firms after a monetary expan-
sion, thus reducing average productivity. If this is the case, the central bank faces
a non-trivial trade-off between short-term inflation/output stabilization and aggre-
gate productivity. What does this trade-off imply for the optimal design of monetary
policy? Should the central bank renounce to stabilize the economy after a negative
shock on the grounds that it would decrease allocative efficiency? Do concerns about
fueling misallocation justify a more hawkish monetary policy stance? These are the
important questions that we try to answer in this paper.

To this end, we propose a continuous-time New Keynesian model with heteroge-
neous firms. The model features a continuum of firms operated by entrepreneurs with
idiosyncratic time-varying productivity levels and subject to borrowing constraints.
Each entrepreneur decides whether to operate a firm or not: if her idiosyncratic pro-
ductivity is above a certain threshold, the entrepreneur hires workers and rents capital
in order to produce, otherwise she does not operate. Due to financial frictions, a con-
tinuum of firms at the top of the productivity distribution will operate, introducing
dispersion in the marginal product of capital (MPK), i.e. capital misallocation.

Firm heterogeneity and incomplete markets change the behavior of the economy
relative to its complete-market representative-agent New-Keynesian (RANK) counter-
part in a meaningful way.! The borrowing constraint implies that only self-financing
can undo financial frictions, such that the distribution of net worth across firms
matters for allocative efficiency. While in the RANK economy aggregate TFP is ex-
ogenous, in our economy TFP evolves endogenously as a result of the heterogeneous
investment decisions of firms. Due to nominal rigidities, by changing nominal rates
the central bank can influence the cut-off level of productivity above which operat-
ing a firm is profitable. We call this mechanism the productivity threshold channel
of monetary policy. The central bank also affects firms’ profits and net worth, thus

relaxing or tightening the borrowing constraint and changing the dynamics of the

Kaplan et al. (2018) refer to HANK and RANK to distinguish between heterogeneous and
representative household models. Here we use the same names to differentiate between heterogeneous
and representative firms.



firm distribution, in what we call the net-worth distribution channel of monetary pol-
icy. The net impact of these two channels constitutes the 'misallocation channel’ of
monetary policy.

Finding the optimal monetary policy in models with heterogeneous firms is a
challenge, as the productivity-capital distribution is an infinite-dimensional object.
To overcome this problem, we propose a novel methodology to compute optimal
policies in models featuring non-trivial heterogeneity. We approximate the original
continuous-time, continuous-space problem by a discrete-time, discrete-space prob-
lem using a finite difference method similar to the one introduced in Achdou et al.
(2017). Then we compute the first-order conditions of the Ramsey planner on the
modified, finite-dimensional, problem using standard software packages for symbolic
differentiation. Finally, we solve the resulting system of nonlinear equilibrium con-
ditions in the sequence space using a Newton solver. We provide a proposition that
shows how this methodology can be applied to a general class of Ramsey problems
in heterogeneous-agent models. Our algorithm is easy to code using Dynare, for
instance.

We first analyze time-0 Ramsey optimal policy and uncover a new source of time
inconsistency. Though zero inflation is optimal in the long run, the central bank

engineers a temporary monetary expansion in the short rumn.?

This policy surprise
increases the profits of high-productivity firms, allowing them to accumulate more
capital and thus to grow. This, in turn, reduces capital misallocation and increases
TFP in the medium term. Firm heterogeneity thus represents a new source of time in-
consistency that is absent in the complete-market representative-firm New Keynesian
model. In order to understand this result, we decompose the effects of monetary pol-
icy on misallocation into direct effects, i.e., those operating through interest rates, and
indirect or general equilibrium effects, i.e. those operating through product prices and
wages. We show how, ceteris paribus, a reduction in real rates increases misallocation
by reducing the cut-off, thus allowing low-productivity firms to start operating (the
productivity threshold channel). However, when all prices are allowed to change, the
general equilibrium effects increase the cut-off and shift the firm distribution towards
high-productivity firms, thus decreasing misallocation. We decompose the relative

impact of the two channels on aggregate TFP and find that the net-worth distribu-

2We introduce taxes and subsidies such that optimal policy in the RANK model is time consis-
tent.



tion channel accounts for the bulk of TFP dynamics. The threshold channel is thus
negligible in general equilibrium.

We turn next to optimal monetary policy from a ’timeless perspective’ (Woodford,
2003), in which the central bank has to honor its pre-commitments when the economy
is hit by a shock. We consider a cost-push shock. The prescription in the RANK model
is that the central bank should lean against the wind (Gali, 2008) — by tightening
the monetary policy stance but tolerating some inflation to minimize the reduction
in output. In the case of firm heterogeneity, the central bank should instead lean with
the wind. It loosens monetary policy despite the rise in inflation, as the increase in
demand boosts firms’ profits and increases TFP, amplifying the expansionary demand
effect on output. The misallocation channel of monetary policy thus makes optimal
policy more dovish.

Finally, we present empirical evidence supporting the main mechanism through
which optimal monetary policy operates in our model: we show how high-productivity
firms invest more relative to low-productivity ones in response to an expansionary
monetary policy shock. We use micro panel data for the quasi-universe of Spanish
firms during the period 2000-2016, and construct the monetary policy shocks using the
high-frequency event-study approach of Jarociriski and Karadi (2020). Our empirical
estimation follows closely that of Ottonello and Winberry (2020), with the difference
that we focus on the heterogeneous impact of monetary policy depending on firms’
productivity, proxied by the marginal revenue product of capital (MRPK). We find
that having one standard deviation higher MRPK implies a further 20 pp increase in
capital in response to a 100 bp cut in interest rates.This confirms the main mechanism
of the model, and reinforces the messages that the optimal policy exercises deliver.

Related literature. This paper contributes to several strands of the literature.
First, three recent papers have focused on the role of financial frictions and firm het-
erogeneity in monetary policy transmission. Ottonello and Winberry (2020) analyze
the effect of monetary policy on firm investment in a model with endogenous default.
They find that expansionary monetary policy causes an increase in investment both
because it affects the cost of capital and because it relaxes the borrowing constraint
for riskier firms. Jeenas (2020) analyzes the role of firms’ balance sheet liquidity in
the transmission of monetary policy to investment. Koby and Wolf (2020) study the
conditions under which the lumpiness of firm-level investment matters for aggregate

investment dynamics and, as an application, analyze monetary policy transmission



with heterogeneous firms. We contribute to this nascent literature on two fronts.
First, we focus on capital misallocation. Second, and more importantly, our paper
is normative, not positive. We analyze optimal monetary policy in a model with
non-trivial firm heterogeneity.?

Second, we add to the literature analyzing optimal monetary policies in models
with heterogeneous agents. First, Nuno and Thomas (2016) employ calculus of vari-
ations to analyze optimal monetary policy in a model with heterogeneous agents,
incomplete markets and Fisherian redistribution through long-term nominal debt.
Bhandari et al. (2021) analyze optimal monetary and fiscal policies in a HANK model
using perturbation techniques. Bilbiie and Ragot (2020), Acharya et al. (2019), and
Le Grand et al. (2020) analyze optimal monetary policy in HANK models in which
the wealth distribution is finite-dimensional, and hence tractable using standard tech-
niques. Beyond the fact that we focus on heterogeneous firms and not households, the
key difference with these papers is that we introduce a new method that is both easy
to code and can deal with relatively complex models with heterogeneous agents, in-
cluding exogenous borrowing limits or other nonlinear features that cannot be tackled
with perturbation techniques.

Finally, our model is related to the extensive literature on capital misallocation,
and the different channels that may affect it, such as Hsieh and Klenow (2009) or
Midrigan and Xu (2014) — see Restuccia and Rogerson (2017) for a review on this
literature. Our paper builds on Moll (2014), who introduces a heterogeneous-firm
model to study how the nature of the idiosyncratic shocks impacts the speed of
transitions. We enrich his model by introducing a New Keynesian monetary block,
since our focus is to understand how monetary policy affects aggregates through its
impact on heterogeneous firms.* Focusing on the impact of lower interest rates in a
small open economy, Reis (2013), Gopinath et al. (2017) and Asriyan et al. (2021)
analyze how an exogenous increase in the availability of cheap foreign funds or an
exogenous decrease in real interest rates may increase capital misallocation among

firms facing financial frictions. Here, instead, we focus on a closed-economy general

30ther strands of the literature have analyzed the links between monetary policy and firm
heterogeneity through heterogeneity in markups and entry-exit (e.g. Meier et al., 2020, Bilbiie
et al., 2014, Zanetti and Hamano (2020), Andrés et al., 2021, Nakov and Webber, 2021 or Baqaee
et al., 2021), in cyclicality (David and Zeke, 2021) or in firm-level productivity trends (e.g, Adam
and Weber, 2019).

4Buera and Nicolini (2020) employ a discrete-time version of Moll (2014) with cash-in-advance
constraints to analyze the impact of different monetary and fiscal policies after a credit crunch.
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equilibrium setting where real rates depend on the endogenous reaction of the central

bank.

2 Model

We propose a New Keynesian closed economy model with heterogeneous firms based
on Moll (2014). Time is continuous and there is no aggregate uncertainty. The
economy is populated by five types of agents: households, the central bank, input
good firms, retail, and final goods producers. The representative household is com-
posed by two type of members: workers and entrepreneurs. Workers rent their labor
whereas entrepreneurs operate the input good firms, which combine capital and la-
bor to produce the input good. Entrepreneurs are heterogeneous in their net worth
and productivity. The input good is differentiated by imperfectly competitive retail
goods producers facing sticky prices, whose output is aggregated by the final goods

producer. The latter two firms are standard in New Keynesian models.

2.1 Heterogeneous input good firms

There is a continuum of entrepreneurs. Each entrepreneur owns some net worth,
which they hold in units of capital. They can use this capital for production in
their own input-good producing firm — firm for short — or rent it out to other firms.
Similar to Gertler and Karadi (2011), we assume that entrepreneurs are members of
the representative household, to whom they may transfer dividends.’

Entrepreneurs are heterogeneous in two dimensions: their net worth a, and in
their idiosyncratic productivity z.¢ Each entrepreneur owns a technology which uses

capital k; and labor [; to produce input good y;:

Yo = [z, ke, 1) = (thkt)a(lt)lfq (1)

®This assumption is the only relevant difference between the real side of our model and the
model of Moll (2014). We consider it to avoid having to deal with redistributive issues between
households and entrepreneurs when analyzing optimal monetary policy. It can be shown that the
general equilibrium outcomes of these two models are equivalent when the discount factor of the
entrepreneurs in Moll (2014), p™, equals (1 — )7 in our model.

SFor notational simplicity, we use z; instead of z(t) for the variables depending on time. Fur-
thermore, we suppress the input goods firm’s index.



The labor share o € (0, 1) and the aggregate productivity level I' are the same across

entrepreneurs. Idiosyncratic productivity z; follows a diffusion process,
dzy = p(z)dt + o(z)dWr, (2)

where p(z) is the drift and o(z) the diffusion of the process.

Entrepreneurs can use their technology to produce or not. If they do, we say
they run a firm and call them active. If they do not, they lend their net worth to
firms owned by other entrepreneurs. Firms hire workers at the real wage w;, and rent
capital at the real rental rate of capital R;. Capital is rented from the agents which
save, i.e. both households and inactive entrepreneurs. Firms sell the input good at
the real price m; = p{/P;, which is the inverse of the gross markup associated to
retail products over input goods, being p{ the nominal price of the input good and P;
the price of the final good, i.e. the numeraire. Entrepreneurs uses the return on their
activities to distribute (non-negative) dividends d; to the household and to invest in
additional capital at the real price ¢;. Capital depreciates at rate 6. An entrepreneur’s

flow budget constraint can be expressed as follows

. 1
dr = — | myfe(ze, ke, ) — wily — Reky + (Re/qe —90) quar —  dy . (3)
N —~—

qt

~
Firm’s profits Return on net worth Dividends

Note that we have rearranged the budget constraint to yield the law of motion of net
worth in units of capital.

Entrepreneurs can borrow additional capital b; = k; — a; for use in production.
However, they face a collateral constraint, such that the value of capital used in

production cannot exceed v > 1 of their net worth,

qky < yqpay. (4)

Entrepreneurs retire and return to the household according to an exogenous Pois-
son process with arrival rate 1. Upon retirement they pay all their assets, valued

q:as, to the household, and they are replaced by a new entrepreneur. Entrepreneurs



maximize the discounted flow of dividends, which is given by

oo
Vo(z,a) = max EO/O e Aoy \d,t_/ + % dt, (5)
Dividends  Terminal value

subject to the budget constraint (3), the collateral constraint (4), and the process fol-
lowed by productivity (2). Future profits are discounted by the household’s stochastic
discount factor Ay, . Below we show that Ay, = e~ Jo rsds wwhere 1, is the real interest
rate.

We can split the entrepreneurs’ problem into two parts: a static profit maxi-
mization problem and a dynamic dividend-distribution problem. First, entrepreneurs

maximize firm profits given their productivity and net worth,
max {myfi(ze, ke, 1) — wily — Rk} (6)
Tyt

subject to the collateral constraint (4). Since the production function has constant
returns to scale, entrepreneurs find it optimal to operate a firm at the maximum scale
defined by the borrowing constraint whenever their idiosyncratic productivity is high
enough. Else they remain inactive, because they cannot run a profitable firm given
their low productivity. Factor demands and profits of operating firms are thus linear
in net worth, and there exists a productivity cut-off z; below which entrepreneurs

remain inactive. Firm’s demand for capital and labor is :

Yag, if z; > 27,
ki(ze, ar) = t (7)
O, if 2 < Z?,

Lz, a) = (m)l/a Lkt (2, ar). (8)

Wy

Firm’s profits are then given by

Oy (2y, ar) = max {I'zpp; — Ry, 0} yay;, where ¢ =« (



and the productivity cut-off, above which firms are profitable, is given by
FZ:gOt = Rt' (10)

Second, entrepreneurs decide the dividends d; that they pay to households. The

law of motion of an entrepreneur’s net worth (in units of capital) (3) can be rewritten

as
. 1
a; = q_ (D42, ar) + (Ry — Oqp)ay — dy]
t
1
= q_ [(ymax {T'zpr — Ry, 0} + Ry — 0qi)ar — dy] . (11)
t

The solution to this problem is shown in Appendix A.1. There we show how
entrepreneurs never distribute dividends until retirement, when they bring all their
capital home to the household. The intuition is simple: one unit of capital in the hands
of the entrepreneur receives at least a return of (R, — d¢;), while for the household
the return of this unit of capital is ezactly (R; — d¢g;). Since the terminal value is all
their net worth, ¢;a,, it is always worthwhile for entrepreneurs to keep their funds.
The household collects all these funds as dividends once the entrepreneur retires. To
keep things simple, we assume the representative household uses a fraction ¢ of these
dividends to finance the net worth of the new entrepreneurs, so net dividends are (1-

1) of the net worth of retiring entrepreneurs.

2.2 Final good producers

As usual in new Keynesian models, a competitive representative final goods producer

aggregates a continuum of output produced by retailer j € [0, 1],

1 e—1 5571
y, = ( i dj) | (12)
0

where € > 0 is the elasticity of substitution across goods. Cost minimization implies

N\ E 1 ==
Yjit (pj,t) = <%> Y;, where P, = (/ p;tsdj) .
t 0
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2.3 Retailers

We assume that monopolistic competition occurs at the retail level. Retailers pur-
chase input goods from the input good firms, differentiate them and sell them to final
good producers. Each retailer j chooses the sales price p;; to maximize profits sub-
ject to price adjustment costs as in Rotemberg (1982), taking as given the demand
curve y;, (pj:) and the price of input goods, p{. We assume the government pays
a proportional constant subsidy 7 on input good, so that the net real price for the
retailer is m; = my(1 — 7). This subsidy is financed by a lump-sum tax on the retailer
U,.” The adjustment costs are quadratic in the rate of price change (p;;/p;:) and

expressed as a fraction of output (V;),

i\ _ 0 (P’
o, (ﬂ) _? (ﬂ) .
Djt 2 \pj
where 6 > 0. Suppressing notational dependence on j, each retailers chooses {p;} £>0

to maximize the expected profit stream, discounted at the stochastic discount factor

of the household,
/ AO,t |:Ht (pt) — @t (]&):| dt, (13)
0 Pt

IL (pt) = (% - mt) (%) Y, -,

are per-period profits gross of price adjustment costs.

where

The symmetric solution to the pricing problem yields the New Keynesian Phillips
curve (see Appendix A.2), which is given by

Y, € e—1
(Tt_?z> 7Tt:§<mt_m*)+7:rt; m* = P (14)
where 7; denotes the inflation rate m;, = Pt /P,. Here again we exploit the fact that,
given the lack of aggregate risk, the household’s stochastic discount factor can be

expressed as Ag; = e~ Jomsds . The total profit of retailers, net of the lump-sum tax,

"This fiscal scheme is introduced to eliminate the distortions caused by imperfect competition
in steady state, as common in the optimal policy literature.



which is transferred to the households lump sum, is

0

2.4 Capital producers

A representative capital producer owned by the representative household produces
capital and sells it to the household and the firms at price ¢;, which he takes as
given. His cost function is given by (s + ® (¢4)) K} where ¢; is the investment rate
and @ (1) is a capital adjustment cost function. He maximizes the expected profit
stream, discounted at the stochastic discount factor of the household. Profits are paid
to the household.

Wt = HlaX]Eo/ AO,t (qtbt — g — (I) (Lt)) tht (16)
0

L, Kt

s.t. Kt = (Lt - 5) Kt. (].7)
The optimality conditions imply (see Appendix A.3)

gr — o (Lt) Ly Gl — b — o (Lt)
g —1— @ (1) @G —1—9 (1)

Tt = (Lt — 5) +
We assume adjustment costs are quadratic, i.e.,

¢ (e —0)%. (18)

P (n) = 5

2.5 Households

There is a representative household, composed of workers and entrepreneurs, that
saves in capital D, or in nominal instantaneous bonds whose real value is denoted
by BY Nominal bonds BY are in zero net supply. Workers supply labor L;. The

household maximizes

W, = max ]Eo/ e~ Phu(Cy, Ly)dt. (19)
0

Cy,L¢,BY Dy
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s.t. Dyqy +va +Cy = (R —6q;) Dy + (i — m) BtN +w Ly + T4, (20)

and T; are the profits received by the household, which is the sum of the profits of the
d)k
2
(IT; from equation 15) and net dividends received from entrepreneurs ((1 — 1)nA;).

1-¢ 149
We assume separable utility of CRRA form, i.e., u(Cy, Ly) = Cf—g —TLl’jrﬁ .

this problem (see Appendix (A.4) for details), we obtain the Euler equation, the labor

capital producer ([Ltqt —u— 5 (u— 5)2] K;), the profits from retail goods producers

Solving

supply condition and the Fisher equation, respectively:

Ct e — P?

G _ , 21

c, : (21)
rLY

Tt = it — Ty, (23)

where, for convenience, we have made use of the following definition of the real rate

Ry —0q: + g
qt

Ty = (24)
Integrating the Euler equation (21), we can verify that the stochastic discount factor

results in

u, (Cy)
uy, (Co)

t t
AOt =e fO p?ds = e fO Tsds.

2.6 Distribution

We assume that for each entrepreneur returning to the household, a new entrepreneur
arrives operating the same technology, that is, with the same productivity level. This
new entrepreneur receives a startup capital stock from the household in a lump-sum
fashion. As previously explained, we assume that the initial net worth of each new
entrepreneur is equal to a fraction ©¥» < 1 of the net worth of the entrepreneur she
replaces. The evolution of the joint distribution of net worth and productivity g,(z, a)

is then given by the Kolmogorov Forward equation

0 0 0 1 02
W) — e )il oz )] + sl )02
Retainearearnings Productivity cl’?arnging randomly
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n a
—ngi(z,a)  +glz, ) . (25)
Entrepreneurs retiring - —

Entrepreneurs entering

wheres,(z) is the entrepreneurs’ investment rate (11)

1
s¢(2) = q—(v max {2, — Ry, 0} + Ry — 0qy), (26)
t
and 1/1¢gy(z,a/1) is the distribution of new entrepreneurs entering.
Note that we can express the distribution also in terms of net worth shares defined
as w(z) = A% fooo agi(z,a)da. Given this definition and the structure of the problem,
wealth shares are non-negative, continuous, once differentiable everywhere and they

integrate up to 1. The law of motion of net worth shares is given by (see in Appendix

A.5)

P — Jsule) = G = (1= | eale) = pmp(n(a) + g oo @hanla). (21)

2.7 Market Clearing and Aggregation

Borrowing of an input good firm is the extra capital used for production in excess of
their net worth, b, = k; — a;, where b, > 0 if the firm is borrowing and b, < 0 if it is
saving. Adding up, we get

/ ka2, a)dG, (2, a) = / bo(2,a)dGy(z,a) + / Gz, a) (28)

J S . S

~~

v Vv
Agg. capital K; Firms’ net debt B Firms’ net worth A

Asset market clearing requires that net borrowing of entrepreneurs, B;, equals net
savings of the household, Dy,
Bt — Dt' (29)

Let ©(z) be the cumulative distribution of net-worth shares, i.e. Q(z) = [ w; (z) dz.
By combining equations (28), (29), aggregating capital used by firms (7), and solving

for A;, we obtain
D,

A0 -E) -1

12
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(30)



Labor market clearing implies

L — /0 (2 a)dGa(z, a). (31)

Aggregating up firms, one can express output as a function of aggregate factors
and aggregate TFP
Y, = Z, KL, 7, (32)

where aggregate TFP Z, is an endogenous variable given by

N ZO:D we (z) adz\ "
fem (B[ |2 > =])" = (F%)

(33)
This highlights that in terms of output the model is isomorphic to a standard rep-
resentative agent model with TFP Z,. The financial frictions faced by entrepreneurs
imply that capital is not optimally allocated. The entrepreneur operating the most
productive firm does not have enough net worth to operate the whole capital stock,
hence less productive firms operate as well. The degree to which capital is misallo-
cated is endogenous and implies that aggregate TFP, Z,, fluctuates over time and,
importantly, depends on monetary policy.®

Factor prices are

wy =(1 — a)my Z, K2 L, ™, (34)
R, =am, Z,K* 'L H“Z—:.
b T2y ¢ Elz |z > z/]

Finally, the law of motion of aggregate wealth of entrepreneurs is given by

A, .
A = é [7(1 — Q(27)) (aththa—lLtl_a — Rt) + Ry — g — q:(1 — 1/’)77)] . (36)

Appendix A.6 derives step by step these aggregate formulas.

8This mechanism linking aggregate TFP and monetary policy differs from the one in Benigno
and Fornaro (2018) or Moran and Queralto (2018), who focus instead on endogenous R&D.

13



2.8 Central Bank

The central bank controls nominal interest rates ¢; on nominal bonds held by house-

holds. The central bank solves the following Ramsey problem

max Eo / e_phtu(C’t, Ly,)dt
0

Z . oo
{Wt(Z)vst(Z)»wt77't7(It74/’t,Kt7At7Lt:Ct7Dt>Zt7Et [Z‘Z>Zﬂ’ﬂt72z7Lt,77t’mt,mt,lt7Yt,Tt}t70

subject to the private equilibrium conditions derived above and listed in Appendix
A.7 and initial conditions. The private equilibrium conditions include the law of
motion of the productivity-net worth distribution (equation 27). Notice that w;(z)
and s;(2) not only depend on time, but also on the idiosyncratic state variables. This
poses some difficulties when solving optimal monetary policy. In the next section we

deal with them in a general environment.

3 Computing optimal policies in heterogeneous-

agent models

Solving for the optimal policy in models with heterogeneous agents poses a certain
challenge since the state in such a model contains a distribution, which is an infinite-
dimensional object. In this section, we explain how such models can be solved in
a relatively straightforward manner. Our approach relies on three main conceptual
ingredients: (i) finite difference approximation of continuous time and continuous
idiosyncratic states, (ii) symbolic derivation of the planner’s first-order conditions,
and (iii) use of a Newton algorithm to solve the optimal policy problem non-linearly
in the sequence space.

We start by reviewing the three existing approaches to analyze optimal monetary
policy in models with non-trivial heterogeneity. Le Grand et al. (2020) employ the
finite-memory algorithm proposed by Ragot (2019). It requires changing the original
problem such that, after K periods, the state of each agent is reset. This way the cross-
sectional distribution becomes finite-dimensional. Bhandari et al. (2021), instead,
make the continuous cross-sectional distribution finite-dimensional by assuming that
there are N agents instead of a continuum. They then derive standard first-order
conditions (FOCs) for the planner. In order to cope with the large dimensionality of

their problem, they employ a perturbation technique. This precludes the use of their
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algorithm to problems with kinks, such as the one presented here, or with exogenous
borrowing limits, as in the standard Aiyagari-Bewley-Hugget framework. Nuno and
Thomas (2016) deal with the full infinite-dimensional problem in continuous time.
This implies that the continuous Kolmogorov forward (KF) and the Hamilton-Jacobi-
Bellman (HJB) equations form part of the constraints faced by the central bank. They
derive the planner’s FOCs using calculus of variations, thus expanding the original
problem to also include the Lagrange multipliers, which in this case may take the
form of distribution and (social) value functions. They then solve the problem using
the upwind finite-difference method of Achdou et al. (2017). The problem with this
approach is that it requires solving by hand the first-order conditions, which can be
demanding in medium-scale models such as the one presented in this paper.

The algorithm proposed here is distinct from the previous ones. If any, it can be
seen as the mirror image of Nuno and Thomas (2016). Instead of first computing
by hand the planner’s FOCs and then discretizing them using finite differences, we
propose to first discretize the private equilibrium conditions using finite differences,
and then to find the planner’s FOCs by symbolic differentiation. This avoids the
cumbersome mathematical derivations and allows us to solve the dynamic problem

nonlinearly in a few seconds using Dynare.

(i) Finite difference approximation A continuous-time, continuous-space heterogeneous-
agent model discretized using an upwind finite-difference method becomes a discrete-
time, discrete-space model. In this discretized model the dynamics of the (now finite-

dimensional) distribution p, at period ¢ are given by
-1
Ky = (I - AtA?) Hy 1, (37)

where At is the time step between periods and A; is a matrix whose entries depend
nonlinearly and in closed form on the idiosyncratic and aggregate variables in period

t.9 Similarly, the HJB equation is approximated as

PV = U + Appi Vi, — (Vi — Vi) /AL (38)

9Technically, this matrix results from the discretization of the infinitesimal generator of the
idiosyncratic states. In the example of Section 2, p, = wy and A; = By.
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Together with additional static equations, such as market clearing conditions or bud-
get constraints, and aggregate dynamic equations, including the Euler equations of
representative agents (if any) and the dynamics of aggregate states, they define the
discretized model.

Though we have ended up with a discrete-time approximation, casting the original
model in continuous time is central to our method. The discretized dynamics of the
distribution (37) and Bellman equation (38) present two advantages compared to their
counterparts in the discrete-time continuous-state formulation typically employed in
the literature. First, the analytical tractability of the original continuous-time model
implies that the agents’ optimal choices in the discretized version are always “on the
grid”, avoiding the need for interpolation, and are “one step at a time” making the
matrix I1; sparse.!® Second, the private agent’s FOCs hold with equality even at
the exogenous boundaries (see Achdou et al. (2017) for a detailed discussion of these

advantages).

(ii) Symbolic derivation of planner’s FOCs Once we have a finite-dimensional
discrete-time discrete-space model, we can derive the planner’s FOCs by symbolic dif-
ferentiation using standard software packages. For convenience, we rely on Dynare’s
toolbox for Ramsey optimal policy to do this task for us. To this end, we simply pro-
vide the discretized version of our model’s private equilibrium conditions to Dynare
(the discretized counterpart to the equations in Appendix A.7), making use of loops
for the heterogeneous-agent block, as in Winberry (2018). We furthermore provide
the discretized objective function, and Dynare then takes symbolic derivatives to
construct the set of optimality conditions of the planner for us.

A natural question at this stage is under which conditions the optimal policies of
the discrete-time, discrete-space problem coincide with those of the original problem.
The following proposition shows that, if the time interval is small enough (the stan-
dard condition when approximating continuous-time models), then the two solutions
coincide.

Proposition 1 : Provided that the Lagrange multipliers are continuous, the solu-
tion of the "discretize-optimize” and the "optimize-discretize” algorithms converge to
each other as the time step At goes towards 0.

Proof: See Appendix D.

10The introduction of Poisson shocks would not change the sparsity of matrix IT;.
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The proposition guarantees that both strategies coincide when At goes towards
zero and provides an error bound that depends on the value of the maximum change
in the Lagrange multipliers. This proposition is quite general, as most continuous-
time, perfect-foresight, general equilibrium models do not feature discontinuities for
t>0.

The model presented in Section 2 is arguably simpler than the general heterogenous-
agent model covered by Proposition 1, as it features an analytic solution for the HJB
equation. To get an idea of the performance of our method in a case in which the
HJB is also a constraint in the planner’s problem, as well as to showcase its generality
in dealing with different problems, we compute the optimal monetary policy in the
HANK model of Nunio and Thomas (2016) using our method in Dynare (see Appendix
D). We compare our results with those using their "optimize-discretize" algorithm at

monthly frequency At = 1/12. We conclude that both approaches essentially coincide.

(iii) Newton algorithm to solve the optimal policy problem non-linearly in
the sequence space Finally, we use the discretized optimality conditions of the
planner to compute non-linearly the optimal responses a temporary change in param-
eters (an "MIT shock") using a Newton algorithm. Instead of time iterations over
guesses for aggregate sequences, as is common in the literature, we use a global relax-
ation algorithm. This approach has been made popular in discrete-time models by
Juillard et al. (1998) thanks to Dynare, but it is somewhat less common in continuous-
time models (e.g. Trimborn et al., 2008). This approach helps to overcome the curse
of dimensionality since in the sequence space the complexity of the problem grows
only linearly in the number of aggregate variables, whereas the complexity of the
state-space solution grows exponentially in the number of state variables. Recently
Auclert et al. (2019) have exploited a particularly efficient variant of this approach in
the context of heterogencous-agent models.'* We build on these contributions when
we compute the optimal transition path. Again we make use of Dynare. We use its
nonlinear Newton solver to compute both the steady state of the Ramsey problem

and the optimal transition path under perfect foresight.'?> Our hope is that the con-

HCompared to Auclert et al. (2020), who break the solution procedure into two steps, first solving
for the idiosyncratic variables given the aggregate variables, we solve for the path of all aggregate
and idiosyncratic variables at once. Note that, besides the nonlinear perfect foresight method we
refer to here (see their Section 6), they also propose a linear method.

12To find the steady state, we provide Dynare with the steady state of the private equilibrium
conditions as a function of the policy instrument.
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venience of using Dynare will make optimal policy problems in heterogeneous-agent
models easily accessible to a large audience of researchers.

The solution to the perfect foresight problem can be easily adapted to the case with
aggregate shocks. As Boppart et al. (2018) show, the perfect-foresight transitional
dynamics to an "MIT shock" coincides with the solution of the model with aggregate
uncertainty using a first-order perturbation approach. We follow this approach to
analyze the optimal response to a cost-push shock below.

Finally, it is important to highlight that our solution approach is different from
the one in Winberry (2018) or Ahn et al. (2018). These papers expand the seminal
contribution by Reiter (2009), based on a two-stage algorithm that (i) first finds the
nonlinear solution of the steady state of the model and (ii) then applies perturbation
techniques to produce a linear system of equations describing the dynamics around
the steady state. Winberry (2018) illustrates how this can be also implemented using
Dynare and Ahn et al. (2018) extend the methodology to continuous-time problems.
However, these methods were not created to deal with the problem of finding the
optimal policies, the focus of our algorithm, as the first stage requires the computation
of the steady state, which in our case is the steady state of the problem under optimal
policies. Our algorithm finds the steady state of the planner’s problem, including the
Lagrange multipliers. Naturally, this steady does not need to coincide with the steady
state that can be found by looking for the value of the planner’s policy that maximizes

steady-state welfare.

4 Calibration

We solve the model using the method described above. Table 1 summarizes our
calibration. We work at quarterly frequency (time period At = 1/4). The rate of
time preference of the household p" is 0.025, which targets an average real rate of
return of 2.5 percent. The capital depreciation rate ¢ is set at 0.065, equal to the
aggregate depreciation rate in NIPA. The fraction of assets of exiting entrepreneurs
reinvested (1) is 0.1, so that the average size of entrants is 10 percent of that of
incumbents, in line with US data (OECD, 2001). Entrepreneurs’ exit rate (n) is 0.12
which, together with ¢, implies an average real return on equity of 11 percent, the
return of the S&P500 from 2009 to 2019. The borrowing constraint parameter 7 is

1.43, implying that entrepreneurs can borrow up to 43% of their net worth, which
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Table 1: Calibration

Parameter Value Source/target
p"™  Rate of time preference of HH 0.025  Av. 10Y bond return of 2.5% (FRED)
) Cabpital depreciation rate 0.065  Aggregate depreciation rate (NIPA)
) Fraction firms’ assets at entry 0.1 Av. size at entry 10% (OECD, 2001)
7 Firms’ death rate 0.12  Av. real return on equity 11% (S&P500)
~ Borrowing constraint parameter 1.43 Corporate debt to net worth of 43% (FRED)
o Capital share in production function 0.3 Standard
¢ Relative risk aversion parameter HH 1 Log utility in consumption
) Inverse Frisch Elasticity 1 Kaplan et al. (2018)
T Constant in disutility of labor 0.71 Normalization L = 1
¢*  Capital adjustment costs 10 VAR evidence
€ Elasticity of substitution retail goods 10 Mark-up of 11%
0 Price adjustment costs 100 Slope of PC of 0.1
r SS Aggregate Productivity 1 Normalization
Sz Mean reverting parameter 0.8 Persistence Gilchrist et al. (2014)
o,  Volatility of the shock 0.30  Volatility Gilchrist et al. (2014)

targets the level of aggregate US corporate debt as a percentage of net worth from
2009 to 2019. The capital share « is set at a standard value of 0.3. We assume
log-utility in consumption (( = 1) and the inverse Frisch elasticity 9 is also set to 1,
standard values in the literature. We set the constant multiplying the disutility of
labor T such that aggregate labor supply in steady state is equal to one. Capital
adjustment costs, ¢, are set to 10, such that the peak response of investment to
output after a monetary policy shock is around 2, in line with the VAR evidence of
Christiano et al. (2016).

Regarding the New Keynesian block, the elasticity of substitution of retailer goods
€ is set to 10, so that the steady state mark-up is 1/(1 — ¢) = 0.11. The Rotemberg
cost parameter 6 is set to 100, so that the slope of the Phillips curve is €/6 = 0.1 as
in Kaplan et al. (2018)

The aggregate productivity term I' is normalized to 1 in SS. We assume that

individual productivity z follows an Ornstein-Uhlenbeck process in logs

dlog(z) = —¢, log(z)dt + o, dW,. (39)
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By Ito’s lemma, this implies that z in levels follows the diffusion process
dz = p(z)dt + o(z)dWy, (40)

where p(z) = z (—gz log z + %2> and o(z) = 0,z. We calibrate the productivity
process using the estimates from Gilchrist et al. (2014), who find quarterly persistence
of 0.8 and volatility of 0.15 (0.3 annualized).

5 Optimal monetary policy

We now analyze optimal policy under commitment, i.e. we solve the central bank’s
Ramsey problem. We compare the optimal responses in our heterogeneous-firm
(HANK) problem to the responses in the representative-agent version (RANK). The
RANK economy is the standard New Keynesian model with capital. It is a special
case of the HANK economy where the borrowing constraint is set to infinite, so that
the productivity-net worth distribution becomes irrelevant and only the most pro-
ductive firm operates. In this case, capital allocation is efficient (no misallocation)
and TFP is exogenous. This contrasts with the HANK economy, in which the distri-
bution across firms matters due to financial frictions and determines the endogenous
component of TFP (see Appendix A.8 for more details regarding the RANK versus
HANK model). We stress the fact that the central bank’s only instrument is the
nominal interest rate. The way monetary policy affects real allocations is through its
impact on prices in the New Keynesian Phillips curve. For simplicity, we calibrate
the tax/subsidy 7 such that it undoes the New Keynesian mark-up distortion in the
steady state of both economies.

We start by analyzing how the central bank would behave if it is allowed to
re-optimize without pre-commitments, starting at the steady state of the Ramsey
solution. This is the "time-0 optimal policy" (Woodford, 2003). Next, we analyze the
optimal policy response when an unexpected (MIT) mark-up shock hits the economy
that was previously in its steady state. In this case, we adopt a "timeless perspective".
The timeless perspective means that the central bank cannot exploit the initial state
of the economy, but rather stick to its pre-commitments, implementing the policy
that it would have chosen to implement if it had been optimizing from a time period

far in the past. This is a concept that only makes sense in the presence of aggregate
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Figure 1: Net worth shares in steady state.
Notes: The figure shows the net-worth distribution w (z) in steady state.

risk. As discussed above, building on the argument by Boppart et al. (2018) one
can reinterpret the timeless response to MIT shocks as a first order approximation
to the response in a model with aggregate uncertainty under the ex-ante optimal
time-invariant state-contingent policy rule.

Before we get to the dynamics, we analyze the steady state of the Ramsey prob-
lem. It is well known that the RANK economy features zero inflation in steady state
under the optimal policy, since the zero inflation steady state is first best. We find nu-
merically that, for our calibration and several robustness checks, the HANK economy
also features zero inflation in the steady state of the Ramsey problem. This result
mirrors a similar result from the textbook New Keynesian model with a distorted
steady state (Woodford, 2003, Gali, 2008). Though the long-run Phillips curve allows
monetary policy to affect misallocation in the long run through positive inflation,
the benefits of this policy are compensated for by the cost of the anticipation of this
policy. The net worth share distribution in steady state is shown in Figure 1, with a
dashed vertical line showing the productivity cut-off z*. Entrepreneurs at the left of
z* remain inactive and rent out their net worth to active entrepreneurs at the right
of the cut-off (those in the shaded area).
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Figure 2: Time 0 optimal monetary policy.
Notes: The figure shows the deviations from steady state of the economy when the planner is allowed to re-optimize
with no pre-commitments in response to no shock. RANK is red dashed line, HANK is the solid blue line. The dotted
yellow line is the response of the HANK model in general equilibrium to a monetary policy shock of 500 basis points,
where the central bank follows the Taylor rule di = —v (it — (pi‘ +¢(m —7)+ 7?)) dt, with v = 0.8, which implies
a quarterly persistence of 0.8, and ¢ = 1.25. In panel h, the green dotted line shows the change in endogenous TFP
due to the net-worth distribution channel.

5.1 Time-0 optimal policy

Aggregate dynamics. Firm heterogeneity causes a time inconsistency problem
that does not exist in the standard RANK. Figure 2 shows this time-inconsistency
problem: starting at the steady state of the Ramsey problem, if the central bank
is allowed to re-optimize, it takes advantage of the lack of pre-commitments and
engineers a monetary expansion. It does so by reducing the nominal rate (not shown)
which leads to a reduction in the real rate (blue solid line, panel e) and an increase in
inflation and output (panels a and i) through the standard New Keynesian channels.
In the RANK, absent capital misallocation, the steady state is first best, so the central
bank does nothing. But why exactly is it optimal to engineer an expansion in HANK?

The surprise expansion is socially optimal because it shifts factor prices in such a

way that the allocation of resources improves, which leads to a temporary increase in
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aggregate TFP (panel g). This improvement is the result of two channels. First, the
threshold z* moves up (panel g), making the least productive entrepreneurs abstain
from producing. This is what we call the productivity threshold channel. Second,
firms’ profits increase (panel f), such that firms can accumulate more net worth,
partially undoing financial frictions. This is the net-worth distribution channel. The
net effect of these two channels, which we call the misallocation channel of monetary
policy, leads to an increase in endogenous TFP (panel h), which amplifies the boom
generated by the initial monetary policy expansion.

Quantitatively, the net-worth distribution channel explains almost all of the move-
ment in TFP. We isolate the contribution of this channel as follows. We plug the

dZ
dz*

the contribution of changes in the threshold to the dynamics of endogenous TFP. We

simulated path of z* and w(z) into the derivative (see equation 41) to compute
subtract this contribution from the simulated path for Z, to obtain a counterfactual
path for TFP that is purely driven by the net-worth distribution channel. The green
dotted line in panel h of Figure 2 plots this counterfactual path. It is evident that
the effect of the threshold channel is negligible.

Notice how the optimal monetary policy can be described as an expansionary
monetary policy shock. The yellow dotted line in Figure 2 displays the dynamics
after an expansionary monetary policy shock in the case of a central bank following
a Taylor rule. These results almost coincide with those under the Ramsey policy.

Heterogeneity in the response. Next, we dig into the heterogeneity of the
responses that drive the aggregate responses just explained. We define the firm’s

excess return on capital ®(z) as

_ ® 1—a)\""" 1 .
Oi(2) = k;_t = max { ['z« << >> my — (g (re +9) —G),0 »,

t wt (& J/

-

Ry

where the latter equality comes from equation (9). We speak of the excess return
here since it is the return that a firm makes net of the cost of capital R;. Since en-
trepreneurs do not distribute dividends until they retire, these returns are reinvested.
Hence we can understand this excess return as the investment rate of firm with pro-
ductivity z in excess of the investment rate of the marginal firm with productivity

2*.13 Because of this, we refer to ®;(z) as the excess investment rate from now on.

13Note that the investment rate of the marginal firm with productivity z* is equal to the risk free
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Figure 3: Heterogeneity one year after the shock hits.

Notes: Panel a): Idiosyncratic productivity is shown on the X-axis, the excess investment rate &’(z) on the Y-axis.
The solid blue line is the excess investment rate function in the SS, and the solid green line is the same function in
year 1. The rest of the lines show the excess investment rate function when only one price is changed at a time to its
year 1 value, keeping the rest of the prices constant to the SS value. Panel b): deviations from steady state of the

net-worth shares for each idiosyncratic productivity level z 1 year after the shock, i.e. %}j”

The blue solid line of panel a) in Figure 3 shows the excess investment rate ®gg(z)
in steady state. For low values of productivity, this value is 0, since entrepreneurs
with such low productivity prefer to remain inactive. From z* onwards, entrepreneurs
operate firms, and their profits increase linearly in productivity. The green solid line
shows the excess investment rate one year after the implementation of the time-0
optimal policy. The cut-off zf moves to the right. However, as already discussed,
the impact of this threshold channel on TFP is quantitatively negligible. More im-
portantly, the slope of the excess investment rate &)1(2) increases with the monetary
policy shock. This implies that investment increases relatively more the more produc-
tive an entrepreneur is. That is, as high-productivity firms accumulate more profits
they can undo financial frictions faster and operate at a larger scale, which improves
the allocation of resources through the net-worth distribution channel. Panel 2 of
Figure 3 displays the percent deviations of net-worth shares, [wi(z) — wss(2)] /wss(2),
after 1 year. Firms with productivities slightly above one see their shares increase,
whereas those below that threshold experience a decline. As a result, production now
concentrates more on high-productivity firms.

Direct versus indirect effects. We decompose the impact of monetary policy

return on the net worth of the firm.
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into direct and indirect effects, following Kaplan et al. (2018). Direct effects are those
directly operating through the real interest rate. We discuss them first.

Holding everything else constant, a decrease in real interest rates increases mis-
allocation on impact: a lower cost of capital makes production cheaper, but since
the most productive entrepreneurs are constrained by the borrowing constraint, this
reduction can only stimulate investment by entrepreneurs that would otherwise find
it unprofitable to operate. This is the direct effect of monetary policy through the
productivity threshold channel. A similar result was first illustrated numerically by
Gopinath et al. (2017). In our simpler framework, we can prove it analytically: a
fall in real interest rates decreases the productivity cut-off z*, which, in turn, induces
a decline in aggregate TFP. To see this, we plug the definition of z* (equation 10)
into the definition of TFP (equation 33), and take the partial derivative of TFP with
respect to 7, holding the other prices constant (¢; = ¢, ¢ = ¢, ¢ = 0):

9Zy «
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(41)

The derivative of TFP with respect to the interest rate is always non-negative, and
it is strictly positive as long as the distribution w(z) is non-zero for z > z;. This
means that, ceteris paribus, if interest rates decrease so does TFP. Note that the term
(E[z | z > zf] — #F) is a measure of the dispersion of productivity of active firms: the
larger the difference between the average productivity of active firms and the cut-off
productivity, the larger the impact of a change in interest rates is.

The previous result concerns the direct effect of monetary policy on TFP through
the threshold channel, which operates exclusively through changes in the cut-off z;.
At impact, this is the only direct effect, since the net-worth distribution cannot change
at impact. However, over time monetary policy may also have a second direct effect
through the net-worth distribution channel, if it changes the net-worth distribution
wy (2). Tt is easily verified that a real rate reduction increases the excess profit rate
and hence the excess investment rate. However it does so by the same amount for
all firms. Hence the real rate does not change the shape of the distribution of active

firms. The direct effect of monetary policy on TFP though the net-worth distribution

25



channel thus turns out to be 0.

Panel 1 of Figure 3 shows a decomposition of the partial-equilibrium impact of
each of the prices on the excess investment rate ®(z) one year after the shock. The
red dotted line illustrates the two direct effects of monetary policy just discussed: The
decrease in the real rate r; shifts the excess investment rate function parallel to the left.
The reduction in the real rate ceteris paribus makes capital cheaper and stimulates
investment across all firms. This leads to no change in the average productivity among
the firms above the steady state productivity threshold indicated by the vertical blue
dashed (net-worth distribution effect) but crowds in less productive firms (threshold
effect). The direct effect monetary policy is thus an increase in misallocation or,
equivalently, a reduction in TFP.

In general equilibrium, the response of TFP depends not only on the direct effects
of monetary policy through the real rate r, explained above, but also on the indirect
effects coming from changes in the other factor prices, namely the wage w;, the
price of capital ¢;, and that of the input good m;. Direct and indirect effects work
both through the threshold channel and the net-worth distribution channel. Under
our calibration, the change in the price of capital ¢; (yellow dashed line in 3) has the
exact opposite partial equilibrium effect to that of real rates. The increase in wages w;
(purple dashed-dotted line) both shifts the kink of the excess investment rate function
G
as wages increase. However, the increase in the price of the input good m, shifts z*

to the right and decreases its slope < 0. This reflects the reduction in returns
to the left and increases the slope of the return function significantly, % > 0 (light
blue dashed line). As the input-good price increases, firms’ returns and investment go
up, especially those of high-productivity firms. Which of these channels prevails is a
quantitative question. For our particular calibration, the result (green solid line) is a
tilt to the right, implying a rise in the threshold z; and an increase in the slope of the
profit function. Expansionary monetary policy thus reduces misallocation.'* This
quantitative result is robust to alternative realistic calibrations of the model. The
bottom line is that, by expanding demand through a more accommodative monetary
policy stance, the central bank increases the share of production carried out by high-
productivity firms, reducing misallocation and increasing TFP. We test this model

prediction below.

141t does so through both channels the threshold and the net-worth distribution channel, though
the latter dominates as we showed before.
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Figure 4: Optimal monetary policy response to a cost-push shock.

Notes: The figure shows the optimal response from a timeless perspective (in deviations from steady state) to a 10%
decrease in the elasticity of substitution e that is mean reverting with a yearly persistence of 0.8. RANK is the
dashed red line, HANK is the blue solid line, the response of the HANK model when fed exogenously the path of 7
obtained in the optimal policy of RANK is the yellow dotted line. In panel h, the green dotted line shows the change
in endogenous TFP due to the net-worth distribution channel.

5.2 Timeless optimal policy response to a cost-push shock

We turn next to the timeless optimal response to shocks. Figure 4 shows the opti-
mal timeless response of the central bank to a cost-push shock caused by a sudden
unexpected temporary decrease in the elasticity of substitution (e) of 10% that is
mean-reverting with yearly persistence of 0.8. This shock increases retailers’ markup,
reducing the price of the goods sold by heterogeneous firms. Each panel shows the
response of different equilibrium variables. The dashed red line in Figure 4 shows the
optimal response in the RANK economy to this cost-push shock. This shock induces
inflationary pressures due to the increase in markups (panel a). This induces a trade
off between inflation and output gap stabilization. The central bank reacts optimally
by driving output below its efficient level to dampen inflation (panels a and i). This
is the well-known policy of leaning against the wind (Gali, 2008).

The optimal response of the monetary authority is, however, very different in the
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HANK economy. In addition to the short-run trade-off between inflation and output
gap, the central bank also influences misallocation and TFP in the medium run.
This motivates the central bank to adopt a leaning with the wind policy. Instead of
containing inflation at the cost of a fall in output, the central bank allows inflation to
rise well above the optimal level in the RANK (solid blue line panel a). Thus, output
increases (panel i). By increasing inflation, the central bank generates a demand
expansion, increasing input good prices, wages, and real rental rates (panels b, ¢ and
d). This, in turn, increases the excess returns to capital (panel f), particularly for
the most productive firms, allowing them to undo financial frictions faster, which
increases endogenous TFP (panel h), aggregate capital and aggregate output.

To isolate the difference driven by the difference in policy from that driven by the
different model structures of RANK and HANK, we also consider a scenario where
the central bank in the HANK economy targets the suboptimal path for inflation of
the RANK (dashed yellow dotted line). The behaviour of the economy in this case
differs significantly from that under the optimal policy and is very similar to the
RANK economy. Instead of an expansion, aggregate output falls below its steady
state value, and so do profits, capital, and endogenous TFP. The policy conclusion
is that the misallocation channel of monetary policy calls for a more dovish policy

stance in the presence of cost push shocks.

6 Empirical evidence on the main mechanism

As outlined in Section 5.1, the difference in the optimal conduct of monetary policy
relative to the RANK model is driven by the effect of monetary policy on misalloca-
tion, and thus on endogenous TFP. According to our model, a monetary expansion
increases the profits of high-productivity firms relatively more than the profits of low-
productivity ones. This net-worth distribution channel allows the most productive
firms to increase their investment relatively more, which reduces misallocation and
increases TFP. This result is, however, of quantitative nature: the overall effect of a
monetary expansion on firm profitability and investment depends on the responses of
different equilibrium prices, whose individual effects can be positive or negative. For
the calibration considered here, the net effect is positive. Since this is the mechanism
that drives our policy prescriptions, we now test empirically whether, in response to

a monetary expansion, high-productivity firms indeed increase investment relatively
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more compared to low-productivity ones.

To address this question we consider an empirical application to the case of Spain,
combining firm-level panel data with a time series measure of exogenous monetary
policy shocks. We use yearly balance-sheet and cash-flow data of Spanish firms from
2000 to 2016 from the Central de Balances Integrada (see Appendix B.1 for further
details on the data). This dataset covers the quasi-universe of Spanish firms, including
large firms with access to stock and bond markets, but especially medium and small
firms more reliant on bank credit and internal financing.

We use the marginal revenue product of capital (M RPKj, 1) as a proxy for firm

level productivity. Note that, in our model,

* 1 — ITTO‘ 1
MRPKt:W:[F( wo‘) mta]zocz.
t

Since m and w are the same for all firms in our model, ranking firms according to
MRPK is equivalent to ranking firms according to raw productivity z. We use MRPK
for two reasons. First, it is a measure directly linked to capital productivity, and hence
to investment in capital. Second, its computation from the data is straightforward
and it does not rely on estimation.

The monetary policy shock e¥ is taken from Jarociniski and Karadi (2020). They
use high-frequency data and sign restrictions in a SVAR to identify monetary policy
shocks in the Euro area at the monthly level. The key idea behind their identifica-
tion strategy is that movements of interest rates and stock markets within a narrow
window around monetary policy announcements can help disentangle monetary pol-
icy shocks from information surprises. While an unexpected policy tightening raises
interest rates and reduces stock prices, a positive central bank information shock (i.e.
unexpected positive assessment of the economic outlook) raises both. We need to ag-
gregate their shocks to yearly frequency, as in our data. We follow the methodology
employed by Ottonello and Winberry (2020) to aggregate at a quarterly frequency.
Appendix B.2 provides more details on the construction of the monetary policy shock.

In order to test whether productive firms’ investment is more responsive, we follow
the same specification as Ottonello and Winberry (2020), but focusing on heterogene-
ity in productivity instead of leverage,

Alog kjy = o+ asy + B (MRPK; 1 — Ej [MRPK;)) e’ + N Zj4 1 +ujy.  (42)
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The dependent variable Alog k;, is the log increase in the capital stock of firm j
from t — 1 to t. The key parameter of interest in equation (42) is the coefficient
multiplying the interaction term between productivity and the monetary policy shock
. We demean M RPK ;1 by the firm average across time E; [M RPKj;] to ensure that
the results are not driven by permanent heterogeneity in responsiveness across firms,
as suggested in Ottonello and Winberry (2020). We lag M RPK;_; to address reverse
causality concerns. A positive value of S indicates that investment responds more to
a monetary expansion in the case of high-productivity firms. We also include firm
fixed effects (aj) to capture permanent differences in investment patterns, sector-year
fixed effects (as,) to control for aggregate shocks at the sector level, and a vector of
controls Z;;_; that includes the demeaned MRPK measure, total assets, sales growth,
net financial assets as a share of total assets, and the interaction of demeaned MRPK
with lagged GDP growth. The specification and the cleaning of the data is done
following very closely Ottonello and Winberry (2020), see Appendix B.1 for further
details.

Table 2: Heterogeneous responses of investment to monetary policy in

MRPK
(1) (2)

eMP x MRPK;_ 4 0.141**  0.201**

(0.06) (0.08)
Observations 5567706 3532022
R? 0.267 0.304
MRPK control YES YES
Controls NO YES
Time-sector FE YES YES

Time-sector clustering YES YES

Notes: The table shows the coefficient 5 that results of estimating equation (42). Column (1) only includes the
standardized demeaned MRPK as control, while column (2) introduces the all the controls Z; ;1 (standardized
demeaned MRPK, total assets, sales growth, and net financial assets as a share of total assets; and the interaction of
demeaned MRPK with lagged GDP growth). Standard errors are clustered at the sector-year level. We have
normalized the sign of the monetary shock syp so that a positive shock corresponds to a decrease in interest rates.
We have standardize (M RPKj;_1 — Ej [M RPK]) over the entire sample.

Table 2 shows the main results of the estimation. We perform the same normal-
ization as in Ottonello and Winberry (2020), so that the coefficient of interest, £,
is easily interpretable. First, we standardize (M RPKj,_1 — E; [M RPK]) over the

entire sample, which implies that the units are standard deviations in our sample.
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Second, we normalize the shock, so that the interpretation of 8 can be read as the
response to an expansionary monetary policy shock of 100bps (or in other words,
a decrease of 100bps in the EONIA rate). Results show that firms with high pro-
ductivity, proxied by high MRPK, respond more to expansionary monetary policy
shocks. Our baseline specification, column (2), shows that an expansionary monetary
policy shock implies a 0.2 higher semi-elasticity of investment when it affects a firm
one standard deviation more productive than the average in our sample (in terms of
MRPK). When we do not include firm controls (column 1), this effect is still positive
and significant, although of lower magnitude. Appendix B.3 shows that this result
is robust to several alternative specifications. It is worth noticing that this heteroge-
neous response is not driven by changes in the composition of firms in the data, since
keeping a balanced sample of firms, we finding even larger results (see Appendix B.3).
This points at the heterogeneous changes in investment of incumbent firms being the
main driver of the results.

Summing up, the empirical evidence supports the prediction that the impact of
monetary policy on investment is increasing in the productivity of the firms, which

is the key mechanism behind our optimal policy results.

7 Conclusions

This paper analyzes optimal monetary policy in a model with heterogeneous firms,
financial frictions, and nominal rigidities. The model features a link between monetary
policy and capital misallocation.

We identify a new source of time-inconsistency in monetary policy: though zero in-
flation is optimal in the long run, a benevolent central bank without pre-commitments
engineers a temporary surprise expansion. It does so because the surprise expansion
modifies equilibrium prices in such a way that capital misallocation is reduced. This
is even though a drop in the real rate has an unambiguously negative direct effect
on capital misallocation by crowding in low-productivity firms on impact (threshold
channel). However, the associated general equilibrium changes in other factor prices
favor high-productivity firms, allowing them to increase investment and grow faster
(net-worth distribution channel). Overall the latter indirect effects dominate, and the
capital allocation becomes more efficient. Using granular information about Spanish

firms, we provide empirical evidence that this mechanism is also present in the data:

31



high-productivity firms are more responsive to monetary policy shocks. We illustrate
how, when faced with a cost-push shock, the optimal prescription from a timeless
perspective is to lean with the wind, tolerating more inflation in exchange for a boom
in demand that will raise TFP further down the road.

The model presented in this paper abstracts from several relevant mechanisms
driving firm dynamics, such as endogenous default, size-varying capital constraints,
or decreasing returns to scale, among many others. This helps us to provide a clear
understanding of the different forces shaping optimal monetary policy, as well as
highlighting the similarities and differences with the standard representative agent
New Keynesian model. A natural extension would be to add more of these features
to study their impact on the optimal conduct of monetary policy.

The paper also makes what we deem as an important methodological contribution.
It introduces a new algorithm to compute optimal policies in heterogeneous-agent
models. The algorithm leverages on the numerical advantages of continuous time
and will allow researchers to solve optimal policy in heterogeneous-agent models with
or without aggregate shocks in an efficient and simple way using Dynare. It is our
hope that this will spur a new wave of research on the normative implications of

heterogeneous-agent models in the years to come.
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Online appendix

A  Further details on the model

A.1 Entrepreneur’s intertemporal problem

The Hamilton-Jacobi-Bellman (HJB) equation of the entrepreneur is given by

. oV aV  02(z) 92V oV
7“tVt(Z,CL)—lgtl%dﬁ-st(zaaad)%"'ﬂ(z)g*‘ 5 Q‘FU(%%—VZ(%G))‘FE-

We guess and verify a value function of the form V;(z,a) = k; (2) g;a. The first order

condition is

ke (z) — 1 = Ag and min{ Ay, d;} =0,

where Ay = 0 if ri(2) = 1. If K (2) > 1 Vz,t, then d; = 0 and the firm does not
pay dividends until it closes down. If this is the case, then the value of k; (z) can be

obtained from

(re +m) ke (2) g =
Oy N 0%(z) Ok N O (qike)

9z 2 15 ot

ng: + (ymax {Tzpp — Ry, 0} + Ry — 0qe ) ke (2) + 11(2) g
(43)

Lemma. k;(z) > 1Vz,t

Proof. The drift of the entrepreneur’s capital holdings is

1 R, — 46
sy = — [('V max {th% — Ry, 0} + R — 5%] > ek

qt qt

which is expected to hold with strict inequality eventually if 3 P (z; > 2;) > 0 (which

is satisfied in equilibrium since z is unbounded), and hence

t _a 't Rs—0dqs
Eoa; = anoefo sudt aoefo 98, (44)

The value function is then

Ko (2) @roat, = Vig(2,at,)

o) t
= [ / ¢ lolrornts (d¢ +ngraq) dt
0
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Re— 0gs + g
_ftto s gs q$+n ds

00 + d 0o
> Eto/ e fto('l“s-H?) sT]thLtdt _ Eto/ e nqtatdt
0 0
[e'e] Rs— 5qs_,’_ ds—1 0 Rs—6dgs
= E / ftO( * 77) B g nqraydt = / 2 'ftO( as +n) "N, ardt
0 0

o Rs—dqs t R 6 oo
— + s —04s d _
> Eto / fto ( s 77) tho aty€ f Sdt / € nthto Qg dt = Qto At s
0 0

where in the first equality we have employed the linear expression of the value func-
tion, in the second equation (5), in the third the fact that dividends are non-negative,
in the fourth the definition of the real rate 24 and in the last line the inequality (44).
Hence ky, (2) > 1 for any t.

A.2 New Keynesian Philips curve

The proof is similar to that of Lemma 1 in Kaplan et al. (2018). The Hamilton-

Jacobi-Bellman (HJB) equation of the retailer’s problem is

p— Pty(l —7) p\ ° 0, ovr  ov”
A S vy, — 222y gr
P U R T

B

WV () = ma

where where V)" (p) is the real value of a retailer with price p. The first order and

envelope conditions for the retailer are
ovr
p ap Y

ovr [ p\ Y, p—P'A—7)\ (p\ Y, o2vVr 9y
r=m 5y = (P) 5( R B) BT Ty

orY, =

In a symmetric equilibrium we will have p = P, and hence

ovr orY,
_ 7 45
o P (45)
ovr Y, p—P/(1-71)\Y, 1o VAR 22 VAs
(r—m) T 5( ) ™ 3,7 + iy



Deriving (45) with respect to time gives

o2V N 02Vr  OrYy N 07y Oy
s = —
b op? ~ Otdp P P P

?

and substituting into the envelope condition and dividing by %Y we obtain

Q-é%:%(p%p#))m.

Finally, rearranging we obtain the New Keynesian Phillips curve

A.3 Capital producers

The problem of the capital producer is
Wy = max EO/ ¢~ Jorsds (qete — 1 — ® (14)) Kydt.
Lt, I\ ¢ 0
Kt = (Lt — 5) Kt;
We construct the Hamiltonian

H = (tht — Ly — ) (Lt)) Kt + At (Lt — 5) Kt

with first-order conditions

(@ —1—9" () + A =0
(qtl/t — l — d (Lt)) + )\t (Lt — 6) = rt)\t — ).\t

Taking the time derivative of equation (48)

/'\t = - (Qt -9 (Lt) Lt)
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which, combined with (49), yields

(g — 1o — @ (0) = (@ =1 = @' (w0)) (0e = 0 — 1) = (G — D" (w0) i)
Rearranging we get

qr — o (Lt) it . qily — by — ) (Lt)
qt—l—(D/(Lt) qt—l—q),(bt>'

Tt:(bt—6)+

A.4 Household’s problem

We can rewrite the household’s problem as

o hi Ctl_c L;"W
Wi = E e -7 dt. 50
LT CLaDBY SN 0/0 ¢ 1—¢ 140 (50)
s.t. Dt = [(Rt - 5%) Dt + tht — Ct — 515\7 =+ Ht] /qt7 (51)

The Hamiltonian is

o Ctl*C B TL%+19
1—¢ 140

+or [(Re = 6a) Dy + wiLy — Cp — S + (quee — v — @ (w0)) Ko + 1) Jae] +mi [SY + (i — m) BY |

The first order conditions are

Ci¢—o/ar =0 (53)

— YL + oy /g = 0 (54)
—0t/q+m =0 (55)

e = pioe— o (Re — 6¢1) (56)
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= pyne — e [(ie — )] (57)

(53) and (54) combine to the optimality condition for labor

L}
e
(53) can be rewritten as
0 =Cq

Now take derivative with respect to time

or = —nC;" Cigr + G Gy

and plug this into (56) and rearrange to get the first Euler equation

¢, e pp
G on
(55) can be rewritten as
N = 0t/

Now take derivative with respect to time

. 0tGr — 01q
[
4y

Use these two expressions and the definition of ¢; in (57) to get the second Euler
equation '
2 _ (i — ™) — p)

Cy n

Combining the two Euler equations, we get the Fisher equation

Ry —0q: + g
qt

= (i — m)

we can rewrite the first Euler equation

Finally using the definition of r; = —Rf_‘;‘jf+‘jf

and the Fisher equation as in the main text.
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A.5 Distribution

The joint distribution of net worth and productivity is given by the Kolmogorov

Forward equation

9g:(2, a) 9 0 16

o _%[Qt(% a)st(z)a]—a[gt(z, a)u(z)]+§@[gt(z, a)o?(z)]=ng(z, a)+(775/8?§9t(27 a/v),

where 1/1¢g4(z,a/1) is the distribution of entry firms.
To characterize the law of motion of net-worth shares, defined as w;(z) = A% 15" agi(z, a)da,

first we take the derivative of w;(z) wrt time

Owy(z) A, /°° 1 [ Og(z,a)
o - A agt(z,a)da—i-At i o da. (59)

Next, we plug in the derivative of g;(z, a) wrt time from equation(58) into equation
(59),

awt(z) o At o 1 00 P
ot Ag/o agt(Z;CL)da—i-At/O a( aa[gt<2,a)st(2)a]) da

o 1 [ 1 , 1 [
— &M(Z)Xt/o ag(z,a)da + 3527 (Z)Xt/o ag(z,a)da
1 oo

1 o0
~ A T gz a)da + / na/bg(z, af)da.
A, 0 A, 0

Using integration by parts and the definition of net worth shares, we obtain the second
order partial differential equation that characterizes the law of motion of net-worth

shares,

O (2) = [st(z) A (1- ¢)77] we(2) — %u(z)wt(z) + %%02(2')%(2). (60)

The stationary distribution is therefore given by the following second order partial

differential equation,

0= (5() — (L= OM)lz) — mop(e) + 2 S0 Cholz). (61)



Remember that sf(z,a:,¢) = q—lt [D4(2¢, a¢) + (Ry — dq¢)ay], since entrepreneurs dis-

tribute zero dividends while active.

A.6 Market clearing and aggregation

Define the cumulative function of net-worth shares as

Qu(z) = /0 Cn(2)d=. (62)

Using the optimal choice for k; from equation (7), we obtain

K, = /kt(z,a)th(z,a) = /00 /yaigt(z,a)dadzflt =v(1—Q(2))A:.  (63)

By combining equations (28), (29) and (63), and solving for A;,we obtain

D,
A=) 1 (64

Labor market clearing implies

L= /0 (2, a)dGy (2, ). (65)

Define the following auxiliary variable,

X, = /OO cn(2)dz = E[2 ] 2> 2] (1 - Q(=)). (66)

p
2

Using labor demand from (8) , X; and using the definition of ¢;, we obtain

L, :/ ( i ) h I'zya:dGi(z,a) = < ot ) h A X:. (67)
0

ATy ATt

Plugging in (8) into production function (1), and using again the definition of

shares, we obtain

T
Y, — / S adGy(z,a) = T2 Xy A, = Z,A°L,'~, (68)
amy ammy
(2,a)
Yyt(z,a
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where in the last equality we have used equation (67), and we have defined

Z, = (TyX,)". (69)

Aggregate profits of retailers are given by
P99 — /vmax {Tz00 — Ry, 0} a:dGy(z,a) = [T Xy — Ry (1 — Q(2%))]vA;. (70)
We can also write the aggregate production in terms of physical capital,

Y, = Z, KL/, (71)

where the TFP term Zt si defined as

/ LXy T 22> 2"
Z= (i) =~ TEk1:> =" (72)

Aggregating the budget constraint of all input good firms, using the linearity of
savings policy (11) and using (64), we obtain

A, = /adG(z, a,t) — n/(l — )aydG(z,a,t) =

1
:/ q—(’y max {I'zp; — Ry, 0} + Ry — 0qr — (1 — ¥)n)adG(z, a),
0 t

Dividing by A; both sides of this equation, using the definition of net worth shares

and the fact that these integrate up to one, we obtain

A1
Et — q_(w%rxt — Ry(1 = Q(20)) + Ry — dg; — q:(1 — ¥)n). (73)
t t
Using the definition of X;, and substituting ¢; using equation (67), we can simplify
equation (73) as

A 1
IZ — ;(athtAta_lLtl_” — Ry(1 = Q) + Ry — 6qy — o (1 — 4)n). (74)

Finally, we can obtain factor prices
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Wt :(1 — Oé)thtAtaLtia (75)
%

R — ZAa—lL l—a_~t
t =AMy Ly Ay t 7Xt

(76)
where wages come from substituting the definition of ¢; into equation (67); and
interest rates come from plugging in the wage expression (75) into the cut-off rule
(10) and using equation (64). We could equivalently write equation (76) in terms of

real rate of return r, :

1 2k q
r,=—amZ,A* 'L 10‘—t) -0+ = 77
' qt ( e ' v Xy qt ( )

We can easily get these equations in terms of capital instead of net worth by simply

using equation (63), i.e. A; = %m, and using that E[z | z > z]] = U*Ezt)) =
fzotf zwi(2)dz

NEIEDR (see equation (69) and (72)).

A.7 Full set of equations

The competitive equilibrium economy is described by the following 22 equations, for
the 22 variables {w(z), s(z),w,r,q,0, K, A, L,C, D, Z.E (2| 2> z],Q, 2% ¢, m,m,m, 1Y, T}.

Remember that u(z) = z (—gz log z + %2> and o(z) = 0.z, and that government
bonds are in zero net supply (B = 0, hence X; = 0). Except from the last equa-
tion (Taylor rule), the other 21 equations are the constraints of the Ramsey problem

described in Section 2.8.
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Y, = Z,K°L,! ™
k

0 ¢
T,=(1-—m)Y; — §7Tt2yt+ (1 —Y)nAr+ {ug — 1 — E(Lt —5)2 K,

di = —v (iy — (o} + ¢ (m — 7) + 7)) dt.
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A.8 RANK vs HANK

In this appendix we want to highlight the differences between the heterogeneous-agent
New Keynesian model (HANK ) presented in this paper and the standard represen-
tative agent New Keynesian model with capital (RANK). Note first that the HANK
economy collapses to the standard RANK economy if the borrowing constraint is
made infinitely slack (assuming that the support of entrepreneurs productivity distri-
bution is bounded above). In that case entrepreneurial net worth becomes irrelevant
and only the entrepreneur with the highest level of productivity z; produces, since
she can frictionlessly rent all the capital in the economy. Her productivity determines
aggregate productivity Z, = (2"*T')*.In contrast, in the HANK model with incom-
plete markets, entreprencurs’ firms can only use capital up to a multiple v of their
net worth , i.e. ya; < k; . Thus entrepreneurs need to accumulate net worth (in units
of capital) to alleviate these financial frictions. Hence, in the HANK model, the dis-
tribution of aggregate capital across entrepreneurs and the representative household
matters and aggregate productivity depends on the expected productivity of active
firms, Z = (TE [z | z > 2/])*. The rest of the agents (retailers, final good producers,
capital producers) are identical in both economies.

Below we report the equilibrium conditions in the RANK economy. Comparing
them with those of the HANK economy reveals that they are identical up to the fact
that in HANK Z, is endogenous (and determined by a bunch of extra equations) and
up to a term in the condition equating the rental rate of capital R; with the marginal
return on capital.

The competitive equilibrium of the RANK model with capital consists of the fol-
lowing equations 16 equations, for the 16 variables {w, r,q,o, K, L C,D, Z., 1,7, m, i, Y, T}:
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my = my(1 —7)
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B Empirical Appendix

B.1 Firm level data

The empirical exercise relies on annual firm balance-sheet data from the Central de
Balances Integrada database (Integrated Central BalanceSheet Data Office Survey).
Being a detailed administrative dataset, the main advantage is that it covers the
quasi-universe of Spanish firms (see Almunia et al., 2018 for further details on the
representativeness of this dataset). Our dependent variable, the investment rate,
is defined as the log difference of firm’s tangible capital between periods ¢ and ¢t —
1. Firm’s marginal revenue product of capital (MRPK) is the log of the ratio of
value added over tangible capital. Leverage is computed as total debt (short-term
plus long-term debt) divided by total assets. Net financial assets are constructed
as the log difference between financial assets and financial liabilities, where financial
assets include short-term financial investment, trade receivables, inventories and cash
holdings; and financial liabilities include short-term debt, trade payables and long-
term debt. We proxy for size using log total assets. Real revenue growth is defined
as the log difference of revenue in two consecutive years. Variables are deflated using
industry price level to preserve the firm’s level price changes and consider a revenue-
based measure of MRPK (Foster et al., 2008). We use the value-added price deflator
for value added and revenues, and the investment price deflator for capital and total
assets. Descriptive statistics are reported in Table 3.

Data is cleaned following closely Ottonello and Winberry (2020). In particular, (i)
observations with negative capital or value added are dropped; (ii) the investment rate
and MRPK are winsorized at 0.5%); (ii) we use net financial assets over as a share of
total assets to control for firms’” savings, following Armenter and Hnatkovska, 2017,
instead of net current assets (as Ottonello and Winberry (2020) do), and we drop
values in absolute terms greater than 10; and (iii) negative values of leverage are
dropped, as well as values higher than 10. While Ottonello and Winberry (2020)
drop firms for which the time spell is shorter than 10 years, we prefer to consider the
full sample of firms without imposing an arbitrary threshold, and we show that our
results are robust considering a balanced sample where we keep only firms that are

present in our dataset for the whole time period considered.
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Table 3: Descriptive statistics

mean sd min  max
eMP -3.06 740 -17.99 7.94
eMP x MRPK, 4 -0.00  0.08 -1.60 1.82
MRPK; -0.00 1.00 -10.09 10.25
¢“PP x MRPK,_, 0.22 3.07 -40.36 46.81
MRPK; (lev) 0.51 2.09 -547 6.22
Sales growth 0.00 1.00 -17.84 13.56
Total assets 0.00 1.00 -5.57 7.07
Leverage -0.00  1.00 -0.57 25.95
Observations 9485676

Notes: The table shows the mean (column 1), standard deviation (column 2), minimum and maximum value
(column 3 and 4 respectively) of the main variables used in the analysis. eiw P is the annualized monetary policy
shock, renormalized so that a positive value is an expansionary shock. MRPK stands for the demeaned measure of
MRPK explained in Section 6. MRPK, sales growth, total assets and leverage are standardized, as in Ottonello and
Winberry (2020). MRPK (lev) is the raw variable of MRPK. g&PF stands for GDP growth.

B.2 Monetary policy shocks

We construct our yearly monetary policy shocks aggregating the monthly monetary
policy shocks of Jarocinski and Karadi (2020). Since firms have less time to react
to shocks happening at the end of the year, ignoring this issue would lead to biased
estimates. Therefore, similar to Ottonello and Winberry (2020), but on a month-
year level instead of month-quarter, we apply a weighting scheme that aggregates the
shocks happening in the fourth quarter of the previous year with increasing linear
weight, and uses linear and decreasing weights in the current year. Namely, we add
them using decreasing weights within the year w,(m), and increasing weights in the

last quarter of the previous year wy(m), i.e.

e’:‘i\/‘,P:Zwa(m)e’:‘%P—l— Z wy(m)eMr,

met meq4i—1
This is equivalent to say that a shock in January of period ¢ has more weight than a
shock in December of the same year, exactly because firms take time to adjust their
investment plans. Panel 1 of Figure 5 shows the time series of the shock built in this

way.
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Figure 5: Monetary policy shocks at annual frequency.

Notes: The figure shows the monetary policy shocks at an annual frequency, applying a weighting scheme at aggre-
gation that includes the shock in the fourth quarter of the previous period with an increasing linear weight and uses
linear and decreasing weights in the current year.

B.3 Robustness

In this section we check the robustness of our empirical results. We perform variations
of the main empirical specification explained in the main text, equation (42), which

we repeat here for the sake of completeness.
Alog kj; = aj + g+ B(MRPK;; 1 —E; [MRPK;)) e}t +T'Z;4 1 + ujy.

Following Ottonello and Winberry (2020) and Eberly et al. (2012), we control for
the lagged of the dependent variable, i.e. firms’ lagged investment rate, since it has
been shown that it is a good predictor of a firm’s current investment. Columns (1)
and (2) in Table 4 show that results are robust to adding this variable, even stronger
in magnitude, and R? does not change significantly. Columns (3) and (4) in Table
4 show the results using the baseline monetary policy shock eM¥ but interacting
this shock with the lagged MRPK in levels, instead of the demeaned standardized
measure. We see that the coefficients are still positive and significant. Finally, we
estimate the baseline equation (42) considering the balanced panel, i.e. keeping only

firms that we observe during the entire time sample period, in order to focus on pure
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incumbents. Columns (5) and (6) in Table 4 not only confirm the baseline results,
but show that the effect can be even larger for incumbent firms. All these robustness

exercises point at a higher heterogeneous response of investment for high MRPK

firms.
Table 4: Robustness
(1) (2) (3) (4) (5) (6)

eMP x MRPK; 4 0.238*** 0.332*** 0.177* 0.250***

(0.06) (0.10) (0.07) (0.09)
NV -0.0310***  -0.0280***

(0.00) (0.00)
eMP x MRPK; 1 (lev) 0.419%**  (0.458***

(0.05) (0.06)

Observations 4162114 3023427 5551870 3527360 283835 225976
R? 0.279 0.314 0.275 0.313 0.153 0.181
MRPK control YES YES YES YES YES YES
Controls NO YES NO YES NO YES
Time-sector FE YES YES YES YES YES YES
Time-sector clustering YES YES YES YES YES YES
Panel FULL FULL FULL FULL BALANCED BALANCED

Notes: Results of estimating equation (42), departing from some of the specifications of the estimation in the main text (Section 6).
Columns (1) and (2) include as control the lag of the investment rate (log(ki—1) — log(ki—2)). Columns (3) and (4) use MRPK in
levels, MRPK (lev), instead of the demeaned standardized value. Columns (1) , (3) and (5) use only MRPK as controls, while
columns (2), (4) and (6) include all the controls: MRPK, total assets, sales growth, and net financial assets as a share of total
assets; and the interaction of MRPK with lagged GDP growth. Columns (1),(2), (5) and (6) use the demeaned standardized
measure of MRPK explained in the main text, while columns (3)-(4) use MRPK in levels.
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C Numerical Appendix

C.1 Finite difference approximation of the Kolmogorov For-

ward equation

The KF equation is solved by a finite difference scheme following Achdou et al. (2017).
It approximates the density w; (z) on a finite grid z € {z1, ..., 25}, t € {t1,...,tx} with
steps Az and time steps At. We use the notation wj = wpat(25), j = 1,...,J, n =

0,..,N. The KF equation is then approximated as

e S (snw Ao wm) wnlz)

At A,
Cwip(z) —wip(zi-) N w10 (2j41) + w107 (2j-1) — 20757 (25)
Az 2 (Az)? ’

which, grouping, results in

wi —wi A, pz) (%)
At = [(Sn(zj) - A_n - (1 - 1/1)77> A (A )2 Wn(zj)
((zi-1) | (2] . o’ (zjy1)|
+ |: Az ) (AZ)2 :|ij—1 |: 9 (AZ)Q :| J+1-

The boundary conditions are the ones associated with a reflected process z at the

boundaries:'°

n n—1

Wy —Ww n n n n

-4 1 Atl = (8 Jr><1)‘JJn(Z1)+X2Wj+17
n n—1

Wy —w n n n n
1 At I — (B + o) wnl2s) + 0j—1%Wj_1-

15Tt is easy to check that this formulation preserves the fact that matrix B"™ below is the transpose
of the matrix associated with the infinitesimal generator of the process.
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If we define matrix

[ AP X x5 00
ot By x3 0

0 3 n n

po|

07 5 B7, X
0 07 1 53 + 05 i

then we can express the KF equation as

n n—1
w' —w
_ Bn—lwn
At ’
or
W' = (I- AB" ) W, (78)
T
where w" = | W} WY ... Wi, WY } , and I is the identity matrix of dimension
J.

Extension to non-homogeneous grids Our model has been solved using a ho-
mogeneous grid and all the results presented in the paper have been computed using
homogeneous grids. However, in some robustness tests that we have performed to
assess the accuracy of the method, we have used non-homogeneous grid for the state
zto economize on grid points. . We could not find a universally applicable way to
implement non-homogeneous grids in the economics literature, so we propose the fol-
lowing discretization scheme.'® We have used this scheme to verify that our numerical
results are accurate in the sense that they do not change if we add additional grid
points to the w grid — no matter whether we add them where most of the mass of
w(z) is located or in the range in which z; moves.

Be z = [ 21, 22, ... Zj_1 zy | the grid. Define Az,;, = 2z, — 2, and let Az =

16Qur approach builds on the one in the appendix to Achdou et al., 2017. It differs from theirs in
two ways. First, it can be derived as a finite difference scheme to the KFE. Their approach delivers
a finite difference approximation for the HJB, but not for the KFE, and hence it requires the grid
to be constructed such that the step size to both sides of any grid point converge to one another.
Furthermore, our approach is not an upwind scheme and has only been tested in the current model,
which features no endogenous drift.
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% AZLQ, AZLg, AZQA, ey AZ‘]_Q’J AZ«]—LJ . We approximate the KFE (27)

using central difference for both the first derivative and the second derivative.

wi — w?_l A, (2 )we (2j41) — p(z-1)wr (25-1)
—Ar (Sn(z) —(1=9)n— A_n) wy (27) — { Az i }

1Az ;0% (24w (241) + Azjino?(zi-)wi (z5-1) = Az 1102 (25)we (2)
2 5 (Azj1 ) Az Azjy

which, grouping, results in

n_ ,,n—1 2
S - [(sm — (- j—) wn (2) + A"ijjﬁ;?jf’j]%(%)
L[ pEe (zm) | 0P (ze)w (24) ]w@
L Az (Azj1y1) Azjin ] 77
e
+__M(Zj+1)wt (2j+1) 0*(zj1)we (2j+1) ]w’? '
L Az (Azj_jm) Azjyn ] 7
X

The law of motion of w can equivalently be written in matrix form

n n—1
W' —w _ Bn—lwn

At

where

Br+xi x2 0 0
o7 2 X3

0 o5 By Xj

BTL
0 o 5771 X'
0 o, By+oj

Abstracting for brevity from the term (sn(z) —(1—=4¢)n— ﬁ—n>, which is independent

of the grid, and spelling out B" we have
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M ou(z) o(z1) a(z1) _ (z2) o(z2) 0
Az1,2 Az1,2021,2/2 Az12Az1 2 Az 2 Az12Az1 2

p(z1) a(z1) _ o(z2) _ p(z3) o(z3)
n n—1 A2173 Az1,3Az172 AZLQAZQQ, Ang, Az173Az2,3
w w _ 0 p(z2) + a(z2) N C))
At Azz 4 Azz 4Az2 3 Azp 3Az23 4
0 0 p(23) + o(z3)
Az3z 5 Az3 4Az3 5

We can rewrite this as follows

[ pz) _ _ o(z2) _ p(z2) Azp 30(22) 0
Az12 Azy 2Az 2 Az12 Azg 3(Az1,2A21,2)
p(z1) o(z1) _ (Az1 94 Az 3)0(22) _ pl(zs) Az3,40(23)
W w1 Az1,3 Az 3Az12 ( )AZ1,3(AA21,2AZ(2,3)) AZI,?A A224(A)2163A)Z2,3)
— u(z z1,20(z2 223+Az34)0(23
At - 0 Aza 4 + Az12(Az2 4A%0 3) Azp 4(Az2 3023 4)
0 0 p(z3) Az 30(23)
Az3 5 Az33(Az3,4A23 5)

Note that the bold terms in line i are equal to 1/Az;. Thus the columns of B"Az sum

up to 1 and the operation is mass preserving, in the sense that the above relationship

Z w;‘Azj = Z w;‘_lAzj

where Y w?Az; is a trapezoid approximation of the integral [ w"(z)dz.

guarantees that

C.2 Finite difference approximation of the Integrals

To approximate the integrals in [ w; (2)dz and [ zw;(z)dz we use the trapezoid
t
rule. Le. if f(z) is either w; (z) or zw,(2) and z; < Z < 2,41 then the integral from

the closest lower gridpoint is given by

1 (Z—Z])

[ 1=+ 51 e - 1 E 52 )

We use this formula to construct the integrals over a larger range piecewise. For
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example:

f (=)
/wﬂ@w: 1 1l f%)
) e
and
[ f(2) ]
/:*f(z)dz = |3 11 1 %} f('z2)
| _f(:z]-*)_

b ) — £ ) EE

where j*=argmin {j < J|zj= > 2"}
J

C.3 Algorithm to solve for the SS

Here we present how to solve for the SS of the private equilibrium, that is for the SS
when the central bank sets a certain level of the nominal interest rate in SS 5.

We know that in SS consumption does not grow, hence from (21)

r = ph (79)

We also know that in SS, the investment rate is equal to the depreciation,

5 = . (80)

This means that, from equation (?7) and the functional form we assumed for the

capital adjustment costs (18),

(g =1 =" (w)) (re = (e = 0)) = G = D" (0) i — (@ts — s — P () (81)

<qss -1 _qbk(bss _5)) (phh o (LSS _5)) — 0_¢k «0 — (qssLss — 5 _¢k(bss _5))
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phh<qss o 1) — 5(1 o qss>
.From here we can solve for the steady state value of ¢°¢, which is given by
q* =1 (82)

Furthermore, combining (79) with the fisher equation and the fact that the planner

sets a certain nominal rate ¢*° we get that
ss __ sss _ _h 83
T =i — ph, (83)

In SS, 7, = 0 and Y; = 0. Hence, from equation (14) we obtain

7
mss = (m* ~|»ph7T88—> ] (84)
£
Using equation (35) and (79),
o= 1 (athtAf‘lLl“" % ) ) (85)
q>* ¥ Xy

From equation (36) and (79),

A 1
Xt =0= q—(athtAta_lLtl_a —RI'(1—Q%)) + R — ¢ — (1 —)n).  (86)
t t

Plugging the latter equation into the former, using ¢°° = 1 and using the definition

of r, we obtain:

*

P8 = [0+ 6) (0 = 9(ED) = )+ (L= +0] (87)

In the algorithm, we use a non-linear equation solver to obtain z* from this equa-

tion.
The Algorithm.

o Get r** = p" 7% = 7 and i** = p" + 7% and R* = ¢**(p" + ) and m** =
il

e Given that our calibration target for L** = 1, we “guess” L* =1
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e Let n now denote the iteration counter. Make an initial guess for the net worth

distribution w®

1. Use a non-linear equation solver on equation (87) to obtain z* from equa-
tion (87).
2. Obtain Z,, = (W[, X)*.

3. Find A from equation (34),

1

ss h Sa’s a—1
U ] ‘

Z*
amy, Zanl—a ’Y_)t(t

4. Find the stocks K, = v(1 — Q"(2*))A", D,, = K,, — A,.

>(1—a)/a ssl

5. ComPUte Wy, = (1 - a)mSSZnAnaLn_aaSOn = <(1*O‘) m

Wn

6. Get aggregate output Y = Z, AL~ transfers T, = (1 —m*)Y, —

g (7‘(‘35)2 Y, + (1 —¢¥)nA; , and consumption C,, = w, L,, + 7°°D,, + T,,.

7. Update 57 = qis (ymax {T'z¢, — R,,0} + R, — 0¢*°) and employ it to con-
struct matrix B" 1.

n+1 : : w'tl—w” _ pn, ;n+l
8. Update w using equation “——*- = B"w"™".

9. If the net worth distribution do not coincide with the guess, set n =n+1

and return to point 1

e Set 1" = (szloL_Zl) to ensure our “guess” for L*® is correct.

D Proof of proposition 3

Proof: The proof has the following structure. First, we set up a generic planner’s
problem in a continuous-time heterogeneous-agent economy without aggregate uncer-
tainty. Second, we derive the continuous time optimality conditions of the planner’s
problem and discretize them. Third, we discretize the planners problem and the derive
the optimality conditions. Fourth, we compare the two sets of discretized optimality

conditions.
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1. The generic problem The planner’s problem in an economy with heterogeneity

among one agent type (e.g. households or firms) can be written as

L)oo | epl-an iz )
s.t. Vit
X = A(2) (89)
U = fZ) 0
0 - f3(Z) (01)
ﬁt = /f4 (x,u(x), Zy) py () do (92)
pve(z) = O (z )+f5(x u(x), Zy) (03)
Ovy(x I I (x)T)z 82%@)
+Zb x,u (), Zy) P, +2121 5 & rude) v
0 _ ofs Ob; Ovy(x) Lo T, o

’
@uj,t i1 an7t @xz

— 8.’131
LA .
+§ZZ Sr.0m [(U(x)o(x) )zk“t (:L‘)} , Vo
X = X (96)
po(z) = fo(x) (97)
limeU =  Ua (98)
limisoov(z) = (%) (99)

where we have adopted the following notation:
e Variables (capitals are reserved for aggregate variables):

z individual state vector with I elements

— wu individual control vector with J elements

v individual value function vector with 1 element

— u(x) control vector as function of individual state
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p(x) distribution of agents across states
— v(x) value function as function of individual state
— X aggregate state vector (other than pu)

- U aggregate control vector of purely contemporaneous variables

U aggregate control vector of intertemporal variables

— U control vector of aggregator variables

= {Ut, U, Uy, Xt} vector of all aggregate variables
e Functions

— b function that determines the drift of z
— fo welfare function

— fi1, fo, f3 aggregate equilibrium conditions
— f1 aggregator function

— f5 individual utility function

Line (88) is the planner’s objective function.'” Equations (89)-(91) are the aggregate
equilibrium conditions for aggregate states, jump variables and contemporaneous vari-
ables. In our model, examples for each of these three types of equations are the law
of motion of aggregate capital, the household’s Euler equation and the household’s
labor supply condition, respectively. Equation (92) links aggregate and individual
variables, such as the definition of aggregate TFP in our model. Equations (93) and
(94) are the individual agent’s value function and first order conditions, which must
hold across the whole individual state vector x. In our model we do not have these
two types of equations since we can analytically solve the individual optimal choice.
The Kolmogorov Forward equation (25) determines the evolution of the distribution
of agents. Finally (96)-(99) are the initial and terminal conditions for the aggregate
and individual state and dynamic control variables. In our model these are the initial
capital stock and firm distribution and the terminal conditions for variables such as

consumption.

1"Notice that the planner’s discount factor, o, can be different to that of individual agents, p.
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2. Optimize, then discretize First we consider the approach introduced in Nuno
and Thomas (2016), namely to compute the first order conditions using calculus of

variations and then to discretize the problem using an upwind finite difference scheme.

2.a The Lagrangian The Lagrangian for this problem is given by:!®

£= [ e i@

ALy (Xt - f1<zt))

Ao (Ut - fQ(Zt))

A3t (f3(Zt))

Aus <Ut— / Fa (@ i), Z2) e () dx)

+ o+ o+ o+

I

Ve T ! o;\x 2’Ut X
+ f [As,tw (—pw) (o) + ol (o). 20+ Y b (o). 2) T+ 3 BT )>] “
i=1 ! i=1 t
J
o 3 st (7 43 P )
= 7.t Xg
I 52
+ / [)\m(fv) ( ( Z 8:6 (@, ue(x), Zt) pue ()] +%Z ﬁgm (o2 () e (1:)]))] da:m } dt
(2 i=1 (2

dx

where Ay to A; denote the multipliers on the respective constraints. For conve-
nience, we write the time derivatives in a separate line at the end. The Lagrangian
becomes:

£= [ e i@

+ A (—fi(Z))
+ A2t (—fa(Zt))
+ Az (—f3(Z1))
s e (0= [ i nte). 2 (o) o)
! 8vt ! o? (z)
+ /!)\5775(33) (—pvt(l‘)—{—f5(x,ut(l‘),Zt)+z;bi (z,ut(z), Zt) Oz +z; 32% )] dz

18For simplicity, we assume that the Wiener processes driving the dynamics of the state x are in-
dependent, though the proof can be trivially extended to that case, at the cost of a more cumbersome
notation.
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+ /[m(x) (‘Zaii 1bi (, u (), Z2) e ()] + Z ’ o @ (@ >]>] d:c]]}dt

41
2
+ / {6_gt H)\l,tXt + o, Uy +/ [As,:0¢ ()] da / [A7,¢tie (@ ﬂ}dﬂ
0

We have ignored the terminal and initial conditions but we will account for them
later on. Now we manipulate the Lagrangian using integration by parts in order to
bring it into a more convenient form. We start with the last line. Switching the order

of integration, the last line becomes

/O T [ e+ /0 T et at + / |[ /0 et (2)in(a)] dtﬂ dz
- / |[ /0 N [e™ N\ o () iy ()] dtﬂ dx

Now we integrate this expression by parts with respect to time ¢, using

/ G_Qt [[(Itb'tﬂ dt = [6_Qtatbt]go _ / [[e_gt(d'l,t _ Qafl,t)bt]] dt
0 0

= lim e_gtatbt — CL(]bO — / [[e_gt(dt - Qat)bt]] dt
0

t—o00

to get

lim e —ot )\1 tXt )\170X0 — / e_gt<}\17t - QA1’t>Xtdt + thm e_gt)\gtht - )\270U0
0 — 00

t—o0

—/ 6797&(}\2’1‘/ — Q)\Qﬂg)Utdtl’
0

+ /<hme 2 s () 0e (@) — Aso(@)vo(z dx—// o (A5 () — 0Nso(2))vy(x)dtd

t—

— / lim e N7y (2) e (2) — Ay o(@) po(x)d + //0 e~ (Mo (z) — oAg o)) () ditda

t—o00

Now we use the initial and terminal conditions to drop some lim; ,,, and t = 0

terms,

+ o lim e N, X — Ao oUo — / e~ (A\y — 0he) Xydt — / e~ (A — 0N Updt
—00 0 0
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B //\570(x)v0(x)dx+ //OOO e (s () — oXs s (2))v(2)dtda
B / lim e Az () s () dr + / /0 ) e (Are(z) — oA7(@)) e () dtd

Next we integrate lines 6 to 8 by parts with respect to x. This yields:

I

+ / { [ —pXs i (2)v(x) + f(x, w(x), Zy) — Z %: <x’ut(?x’izt) )\S’t@)l}t(x))] dx

Putting this all together the Lagrangian has become:

= [ et

+ M (—fi(Z)
+ Ao (—f2(Z))
+ Az (—f3(Z))
+ Ag (Ut — /f4 (x,ue(x), Zy) py () dx)
- f (—pAS,t<x>vt<x>+A5t< Vol 7 — 32 L) 2 A ”w)) "
+ / (%Z 8(3332- [af(:v))\g,,t(a:)] vt(:c)> dx
J I 9 )\67”( )?th
+ Z/ |:/\6,jt( )gii _Z [ oz, ¢ }Ut(x)] dx
(LT TRAEPAATS L | A |
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+ tllm G_Qt)\LtXt — )\270U() — / B_Qt<>.\17t — Q)\Lt)Xtdt — / B_Qt(}\zt — Q)\QJ)Utdt
+ /—)xao(x)vo(:c)dx—i- // €% (N0 () — 0Ns o () (z)dtda:
— / lim e~ %Ay 4 (2) e () de + // )\” — 0 74(x)) e () dtde.

2.b Optimality conditions in the continuous state space We take the
Gateaux derivatives in direction hy(z) for each endogenous variable x. These deriva-
tives have to be equal to zero for any h(x) in the optimum. This implies the following
optimality conditions:

Aggregate variables:

U: 0= —(\yy — 0May) (100)
Ofor . Ofi \ Ofs . Ofs . [ Ofu
o0, ~Man, a0, 8Ut ~ Mgy, ~ M [ St (@) da(101)

af51t abztavt
102
Yol <8Ut Z U, O, )] a (102)
J I
‘ f5,t abi,t 3Ut($)
+Z/ [)\673715(17) <8Uj,taUt + 22:1: an’taUt axz dx (103)

e (—Z . [?;]u <x>m s, (104)

vt >0, (105)

0= . (106)

Xt 0= —(Al,t - Q>\1,t)
Ofo O0fi Ofar 0fs4 Ofas
0X, Ave 0X, Azt 8Xt Asy 0X, Ave ax, M

af5t abztavt
/A‘“ <axt Zaxt oz, >]d””
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f5t 8bi,t (%t(x)
+Z/ [)\GJt (an7taXt + zz:; an7taXt 8:1:1 du

t—o00
U: 0= 0
Ofou Of14 Ofar Ofss Ofas
L 2or — A Y g | EA () da
ou, ““or, Zt(?Ut ou, M) oo ¢ (@)

Ofs Ob; 1 Ovy(x)
+ A = + ——=||d
/ s#l2) <8Ut Z o0, or )|
I

J
+Z/ /\th f5t abzt avt( ) du
j=1 8U] t@Ut i=1 auj t@Ut axz

f o (- z [Tnc]) o

vt > 0.
015 0= )\4,t
9 ) 0 4 0
+ f?’t — At St — Agp—=- fau — A3 —=- Jau — Ay fil,t t(z) dx
aUt aUt aUt aUt aUt

Ofss o= Ob;; Ov()
A 5t i d
5,t<x>(aUt 3 220,

a2f5 t ! Ob; avt(lf)
+ A6,j —— + — d
Z / [ Gt (l‘) (871, ‘J@Ut Z an7taUt axz ’

=1

Value function, distribution and policy functions
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— (‘9@ i—1 azxz
XJ:XI: 0 ()\ (:E)@b (x,u () Zt))
— 6,5,t
7j=1 i=1 8$7’ 8u]t
—(}\5,t(37) - QA5,t(x))7
vVt > 0,
O: )\570(17)

pe () 0 0= =g fa(w,u(z), Z;)

+A7:() (Z 8)\5;Ex)b¢ (z,us(), Z;) + Z 0 gg;f$) Uz‘éx))
(@) — 0Are()),

vt >0,

0= lim e %N ().

t—o00

=O

R Z 0b; Ovy(x
5T 3Ult Ouyy 8%
02 f 9% vy ()
+ Z%‘,k,t(ﬁ) <6ult3u]t Z@ult(‘?uﬂ Ox;

Z a)\7 t abz t (CE)
(91:1 aUl t .

_|_
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2.c Discretized optimality conditions Now we discretize these conditions
with respect to time and idiosyncratic states.

The idiosyncratic state is discretized by a evenly-spaced grid of size [V, ..., Ny]
where 1, .., I are the dimensions of the state x. We assume that in each dimension
there is no mass of agents outside the compact domain [z; 1, z; n,]. The state step size
is Az; We define 2™ = (21, .o, Tinyy s 1y )s Where ng € {1, N1}, ...,ny € {1, Ny}
We are assuming that, due to state constraints and/or reflecting boundaries, the
dynamics of idiosyncratic states are constrained to the compact set [z1 1,21 n,] X
[T2.1, Tan,| X oo X [211,21n,]. We also define 2™ = (21, oy Tiny 41y oo Thny ),
TN = (Tygyy ey Ting—1y oy Trmy) J10 = [ (2™ 0, Zy), il = f(@mtul Z,) and

it = f (gt ur Z,). Le. the superscript n indicates a particular grid point and
the superscript n; + 1 and n; — 1 indicate neighboring grid points along dimension .

To discretize the problem we now replace (i) time derivatives of multipliers by

backward derivatives, (ii) integrals by sums (iii) derivatives with respect to = by the

upwind derivatives V or Y

r nz+1 n n nz_l
Vilop] = [Ty somo—t Ty oot
(2 t — I i,t>0 AI’Z i,t<0 A ; 9
B n;+1 n;—1
. Lt gite™ ™ — Dopcopty” Lop,soptd — Lni-1g g
n _ it ’ ) it
Z; £y

for any discretized functions v}, up'. We simplify the notation for sums ) =
ane{L Nibomre(l,.,N;} - We maintain the subscript ¢ even if it refers now to discrete
time with a step At, that is, X;,1is the shortcut for X;, o;. The second-order deriva-

tive is approximated as

A [f] = [(U?Z )+<(£ii)2)_2(v?)].

We start with the optimality condition for Uy

Aot — Aoy
Ug: 0= — (MTtZ“ - Q>\27t> (107)
dfo dfr E afy
_ _ E [ 1
+8Ut At ou, A, taUt A3, t — Ay 8Ut (108)
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Xt: O:

j=1 n
n va Znt n
vt > 0.

Mot — Mo
_( 1,t 5 Lt—1 Al,t)
dfo dfy dfs 0fs ofy
0X, A“6)@ A“axt A5‘”@)@ “Zaxt

. (OfF o}
>\5,t (aX +ZaXt [ ])]
d o2 L o
* Z 2 M 0u1,0X; ; u;0X, Vile]

n ! - abzt n
Vi >0
0
dfo 0fi Ofs Ofs ofr
GO 9Ny 02\ Ofs 94 n
ou,  “Mar, Q’taUt a0, 4’tZaUt” !

0 ob?
+Z A?t<af5t ZalV[ ])]
OPfy N~ OV o
+;;[ (a av*leaujamvl[t])]
! or,
2| {aUt }
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Ut O: )\4t
Ofe , Oh , Of . Ofs 7
TR R YL D WL eE
ou, "o, “eou, "o, “; o0,
afr <~ obr
+ A | =+ A v
> | (2 +3- S
2 I

The discretized optimality condition with respect to the value function v, (z), the

distribution g, () and the individual jump variable u;,(x) are.

I
ve(w): 0= —A5;p— Z@Z (A2 b2, ] (110)
=1
1 I I
+5 >N Vi [oar]
=1 k=1
J . a nt
23 (% o |)
AL AR
—(ZE o)
pe () s 0= —Aqefiy (111)
I I
) (z b (2), 2V ] + 53 (02)" w,t])
i=1 i=1
A — A
7t At?ztfl . Q/\Tzit
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3. Discretize, then optimize We follow here the reverse approach, discretizing
first and optimizing next.3.a The discretized planner’s problem

Now first discretize the optimization problem with respect to time (time step At)
and the idiosyncratic state (N grid points, grid step Az;). We define the discount
factor B = (14 oAt)™" .

Zy g}%}g ¢ ZBth(Zt)
Ut s My Vg +
s.t. Vt
% - f(Z) (113)
Ui — U,
il Tt — VA 114
- 7:(2) (114)
0 = f3(Zy) (115)
) N
Ui = Zﬁl (", ' Ze) (116)
n=1
n n I
vt — v
pvy = %tt + fs(a", uy, Zy) + sz‘ (x",ui, Zy) Vi [v?] (117)
i=1
1A
+§Z(0’2) NG o], vn
=1
Off = b,
0 = B S g vin 118
oult, +Z 8uﬂtv [vr] S (118)
—1 Y,
n __ N ! ~
Mt+1At My _ _ Zvi [b?:t/i?] (119)
i=1
41 iai [024] (120)
2 p 1 Mt
Xo - XO (121)
po = Mg (122)
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3.b The Lagrangian The Lagrangian is

L = th@tfo%)
+ZBMH{X”1 - )
+Zm2t{““ © - )
+ thﬁ X {—fs(Z0)}
+ ;m,t {a =Y fa(@ iy, Z) u?}

n
’Ut+

tyn —pui + itv + f5(z" Ut,Zt)ﬂLZz L bi (2™ u, Zy) Vi [op]
PR A{ 3, A2 (] }

of, <o,
+zzzm{ By piv]

n j=1

- #t+1 I8 21 . V [ t:uﬂ
A
+¥;ﬁ ”{ +2 Zi:l AT }

3.c The optimality conditions The FOCs are

8[/ 0 — 8f0t_)\1t3f1t 8f?t

: : 1 : 1 L 6fst
au, av, ~ Mo, H“{ At aUt}+6 VAL TiA A“meﬁ
sy e o
R { au, "2,

2f5t ~ O,
+ZZ 53¢\ Ju, U, Zau U, ]

n j=1

8bnt 5

I
ob}
n nifl n1+1 n R
+ g {E ()\”—)\7,75 [Hb <030, Al‘l] +Z )\ )‘7t [Hb >050, Al‘l}}
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X,

oL
ou,

oL
ouU,

Ofor 1 0
—/\1,t{—+ E }+5 1>\1t 17 ! )\2,1:%—)\37:%—/\4 af4t 1y
0X, oX, 2 gx !

Jt Ui
I
, by !
+ Z {Z <)\771t — )\7711;1 []Ib t M } it ov
M co— L ST (=) t L
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1 o Ipco —Iypso o 2(02)"

b >0 _ (Uz)n
it )\m 1 7
sz zz—l: ot 2 (AI'Z)Q
]I n;+1 I PANL
bt <0 ) (0)
)\nz—i-lbnﬁ—l it + )\nﬁ—l 7
Azx; ZZI S:t ( mi)Q
A\ abzt ]Ib +<0 ]Ibnt>0 AP -1 8b?:ﬁ ' ]Ib?zt >0 _ \nitl ‘%?2“ anﬁ_l
028 Qun, Ax; 6.5t u; LA 6 oumtt Aux;

45 W%t { 5}

(125)
I I
b}y —2(07)"
At Z (0= n,00) 3| = 2 A
m—l |i]Ib"t<Ob@ t‘| + i (0-12)71
sz i—1 2(A$z)2
by ! 2\
AnicH] Loy 03 (07)
; -
{ Az; } Z; 2 (Ax;)” }
(126)

Oy
Ty S }
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! b, un
n; n Ut
SRRl

By the individual agents’ optimality condition, line 2 of this expression is equal to 0.

4. Compare Finally, by comparing the respective discretized optimality condi-
tions, we show that the two procedures yield the same equilibrium conditions in the
limit. Consider first the condition for U;. The optimize-discretize condition is given

by (107), which we reproduce here

Aot — Aoy
U : 0= —(%_Q)\Z,t)
0 fo 0 fy 0 fs 8f3 8f4
70, Ars 70, Aot 70, — Ao mZ TR

9 o
DALy }
32f L o .
+ZZAW{3 g?fﬁgawémvi[vt]}

n j=1

The discretize-optimize condition (123), rearranges to

(9_L.0 N O T T gt — )\
ou, At N
afOt aflt af2t af3t 8f4t
— A —A b\ — A I
ou, ““ou, "*ou,  “*ou, ‘“Z au,

N
. ) Of5 (%”
+ ; )\S,t { 8Ut Z 8Ut }
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N J

I
+ (AT A7)

=1

n 82f5nt a2b? n

" 2 2 N { 5ur, o0, * dur,o0, v ) }
n=1 j=1 I Js
ob?
nl—l t My
T3 On ) [ 2]
n i=1 ¢

Yt >0

by py
bi’t>0 aUt AIZ

k

The second to fourth lines are evidently identical. The last lines also coincide once

n+1

b, ni+1 vy,
“ obn an¢+1<0 BUt Byt Hb <0780, BUt I
3 LI it M — L, t

we take into account the definition of V; [Twut] = Az, +

a?, ab’fi_l ni—1
Hbﬁt>0TlZf;s”?7Hb?fl>o e U

Ax;
. . . —1
Finally compare the first lines. Since 5 = (1 + pAt)” we have that 2 =0.

The difference between these two equations hence is || o (A2t — A2s—1)]|. In the limit as

At — 0, and provided that Ay, features no jumps for ¢ > 0,this difference converges

to zero. The same argument applies to the optimality conditions with respect to X,

with the difference now proportional to ||@ (A1 — A1+-1)||. The optimality conditions

with respect to U, and U, are identical, that is, there is no difference.

Next consider the two discretized optimality conditions with respect to v} (110)

and (124). After some rearranging they are given by

]

n n . 1in;—1 n -‘rl Uz +1 n n
o T (T oM = Dot MO s ASSEE — To o8
Ve \ T = — E :
i—1 AJIZ Al’l
1 2\ni+1 \n;+1 \ni—1 \n;—1 2\ \n
—i—l (07) s+ (07) si o —2(07)" A5,
2 (Az;)?
=1 ?
b ottt b, an?,
n it n; 1 i,t n1+1 n
ZJ ZI Top 08 e, — Tymi—150M605e Buls T Ty 065 5, T — Ly <0AG i g,
i A.TZ AIZ
ATL n
n 5,t 5,t n
)‘5,tp —( Al Q/\5,t)
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and

oL &= Tpp<o = Tip>o _]Ib">0
8_1)?: = A5t{2b Z

)

! 1 1ani_1>0 d 1 (0'2)n
+ A\~ b?r it + A\~ v
R R M L
I ng n
+ {_ Z )\nl+1bnz+1 bz t+1<0 + Z nz+1 'i }
5,t ,t )
=1 X

J n o ni+1 ] .

+ Z A\ 8bz t Hby<0 - I[b,’;>0 + il 8bi,:ﬁ Hbfz '>0 N\t abi}s Hby“<0
E 6,5, j t — - j -

: I au Az, 6,7, 8u% 1 Az 6,j,t au}zftﬂ Az,

j=1 i=1

T L S
_p)\g,t - ( 2 At57t - — At A;t—l) (127)

Again these, two expressions are identical up to the last time index in the last line
(AF), and thus the difference is |0 (A5 — As—1)]| -
Next, consider the two discretized optimality conditions with respect to uy (111)

and (125). After some rearranging they are given by

ple) 0= Ay (128)
i - L X%t A?;‘l Ly AT N — 2,
+ b’L ]I +]In _— _I__ ) ’ )
Z [ il Y b
)‘7, >‘7, -1 n
R o
oL
: = —\fy 129
o 1t f 1y (129)
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I I 2\
b >0 zt i 0-)
+ /\n i1 Vit :| + >\nl+1 7
Z[ Z "2 (An)’
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which again differ in |0 (A7 — A7-1)]] -
Finally, consider the two discretized optimality conditions with respect to u?, (z),

(112) and (126). After some rearranging they are given by

0 fa
we): 0= Agely (130)
J 2f5t I 82b”t v;zzﬂ — v — U;ﬂ
b Lnog—— " 4+ Thn qg—m >
+ Z du ouf, +i218uj7t8 ul, [WO Az, 0T AL }
! Aan ?t ?t - nﬁl ab?t n
- Z by >0+’+Hb3t<0 7A ' 8ultﬂt
oL o Ok,
8u§ft 4’t8u§ft ¢
82 glt nz+1 _ Un Un o Uni—l
/\n s t ]I n t t
—i—Xj: 6.t {—au?ﬁu?,t + ‘ { >0 A T b“<0—Ax,-
I I
1 ob?
n n;—1 n,+1 ,t n
AT T SN 1

which are identical. To summarize, whether one discretize the optimality conditions of
the planner and then discretizes them, or one discretizes the planner’s problem and
then derives the optimality conditions, one arrives to a set of optimality conditions
that coincide in everything but the timing of the multiplier in the term p\;. Provided
that multipliers experience no jumps, the difference between the two approaches goes

to 0 as At — 0. Note that this issue has nothing to do with heterogeneity.

D. Solving the Nuno and Thomas model using Dynare

Here we apply the “discretize-optimize” methodology outlined in Section 3 to the
heterogeneous-agent model introduced in Nuno and Thomas (2016). This is a model
a la Aiyagari-Bewley-Huggett with non-state-contingent long-term nominal debt con-
tracts. Finding the optimal policy in this problem requires that the central bank
takes into account not only the dynamics of the state distribution (given by the KF
equation) but also the HJB equation. Figure 6 displays the time-0 optimal policy (in-

flation) in this case, compared to the one obtained through the “optimize-discretize”
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methodology employed in Nuno and Thomas (2016). Optimal inflation coincides in
both cases, up to a numerical error that is reduced as we increase the number of grid

points and we reduce the time step.

Optimal inflation

- - -Discretize-Optimize
0.8 —— Optimize-Discretize

0.6 |

0.2 1

-0.2 J ' ' * ‘ J
20 40 60 80 100 120

Time (years)

Figure 6: Time-0 optimal monetary policy using the two approaches.

Notes: The figure shows the optimal path of inflation in the Nufio and Thomas (2016) model using the “discretize-
optimize” and “optimize-discretize” methods.
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